
Le
ture 11: Geodesi
s.A parameterized 
urve 
 is 
alled a geodesi
 if(1) Ddt d
dt = 0:In lo
al 
oordinates 
(t) = (x1(t); : : : ; xn(t)) this be
omes(2) d2xkdt2 + �kij dxidt dxjdt = 0; k = 1; : : : ; n:We 
onsider this as the system(3) dxkdt = Y k; dY kdt = ��kijY iY j :This system of ODE has a unique lo
al solution for given initial 
onditionsx��t=0 = x0; Y ��t=0 = Y0:Moreover, given (x1; Y1) there is a "1 > 0 and a Æ > 0 su
h that the system has aunique solution for jtj < Æ if jx0 � x1j < "1 and jY0 � Y1j < "1.Any 
urve 
(t) in M determines a 
urve (
(t); 
 0(t)) in the tangent spa
e TM .Lo
al 
oordinates in TM ; (x1; : : : ; xn; Y 1; : : : Y n), are obtained by for a given lo
al
oordinate system (x1; : : : ; xn) of M expressing the tangent ve
tors as Y k�=�xk.The integral 
urves of the geodesi
 ve
tor �eld:G = Y k ��xk � �kijY iY j ��Y kon TM are exa
tly the solutions to (3), i.e geodesi
s on M . That G is invariantlyde�ned on TM follows sin
e if f is a fun
tion on TM and 
(t) is a geodesi
 thenddtf(
(t); 
 0(t)) = Gf(
(t); 
 0(t));as is seen in lo
al 
oordinates. The left hand side is 
learly invariantly de�ned.The existen
e theorem 
an also be stated in an invariant way:Th Given p 2M there is an open set p 2 V �M , Æ > 0, "1 > 0 and a C1 mapping
 : (�Æ; Æ)� U !M; U = f(q; v); q 2 V; v 2 TqM; jvj < "1gsu
h that the 
urve t ! 
(t; q; v), jtj < Æ, is the unique geodesi
 whi
h, at t = 0,passes through q with velo
ity v, for ea
h q 2 V and for ea
h v 2 TqM with jvj < "1.Res
aling lemma If 
(t) is a geodesi
 then 
(t; q; av) = 
(at; q; v).Pf If x(t) is the expression for 
(t; q; v) in lo
al 
oordinates then y(t) = x(at) is ageodesi
 with y(0) = x(0) and _y(0) = a _x(0). In fa
t,d2yk(t)dt2 + �kij(y(t))dyi(t)dt dyj(t)dt = a2�d2xkdt2 (at) + �kij(x(at))dxidt (at)dxjdt (at)� = 0:1



2Using the res
aling lemma we 
an reformulate the existen
e theorem:Th Given p 2M there is an open set p 2 V �M , Æ > 0, " > 0 and a C1 mapping
 : (�2; 2)� U !M; U = f(q; v); q 2 V; v 2 TqM; jvj < "gsu
h that the 
urve t ! 
(t; q; v), jtj < 2, is the unique geodesi
 whi
h, at t = 0,passes through q with velo
ity v, for ea
h q 2 V and for ea
h v 2 TqM with jvj < ".We now de�ne the exponential map byexp (q; v) = 
(1; q; v); (q; v) 2 Uand set expq(v) = exp (q; v).Th Given q 2M , there exists an " > 9 su
h that expq(v) : B"(0) � TM ! TM , isa di�eomorphism of B"(0) onto an open subset of M .Pf d(expq)o(v) = ddt(expq tv)���t=0 = ddt�
(1; q; tv))���t=0 = ddt
(t; q; v)���t=0 = v:i.e. d(expq)o is the identity map of TqM , and it follows from the inverse fun
tiontheorem that expq is a lo
al di�eomorphism.


