
Le
ture 12: Mimimizing properties of geodesi
s.A pie
ewise di�erentiable 
urve is a 
ontinuous 
urve 
 : [a; b℄!M su
h thatthere is a partition a= t0<: : :<tk=b su
h that 
 : [ti�1; ti℄!M are di�erentiable.Parallel transport extends to pie
ewise di�erentiable 
urves.A parameterized surfa
e is a di�erentiable mapping A!M , where A=[a; b℄�[
; d℄.For ea
h v0, u! s(u; v0) is a 
urve in M and �s=�u � ds(�=�u) is a ve
tor �eldalong this 
urve and hen
e along the parameterized surfa
e. For a ve
tor �eld Valong the parameterized surfa
e we de�ne the 
ovariant derivative DV=�u as the
ovariant derivative along the 
urves u!s(u; v0). Similarly for �s=�v and DV=�v.Symmetry lemma If M is a di�erentiable manifold with a symmetri
 
onne
tionand s : A!M is a parameterized surfa
e then:D�v �s�u = D�u �s�vRem Note that for an isometri
ally imbedded manifold the 
ovariant derivative isjust the orthogonal proje
tion to the tangent plane of the derivative so the lemmathen follows from the equality of mixed partial derivatives.Pf If x :V �Rn!M are 
oordinates then x�1Æs(u; v)=(x1(u; v); : : : ; xn(u; v)) and�s=�u is the ve
tor �eld whi
h on fun
tions is �f Æ s(u; v)=�u = �f=�xi �xi=�u soD�v� �s�u�= D�v��xi�u ��xi �= �2xi�v�u ��xi + �xi�u r�xj�v ��xj ��xi = �2xi�v�u ��xi + �xi�u �xj�v r��xj ��xiSin
e the 
onne
tion is symmetri
 this is invariant under inter
hange of u and v.In what follows we will identify the tangent spa
e to TpM at v 2 TpM with TpM .Gauss lemma Let p2M , v2TpM su
h that expp v is de�ned. Let w2TpM . Then
(d expp)v(v); (d expp)v(w)� = hv; wi:Pf Note �rst that(d expp)v(v) = ddt expp (tv)���t=1 = ddt
(t; q; v)���t=1and sin
e j _
(t)j2 = j _
(0)j2 = jvj2, the lemma follows if w is a multiple of v.We 
an hen
e assume that hv; wi=0. Sin
e exppv is de�ned there is a ">0 so thatf(t; s) = expp (tv(s)); (t; s) 2 A = f(t; s); 0 � t � 1; �" � s � "gis de�ned if v(s) is a 
urve in TpM with v(0) = v, _v(0) = w, jv(s)j = 
onst. We have(1) 
�f�s ; �f�t �(1; 0) = 
(d expp)v(w); (d expp)v(v)�and ��t
�f�s ; �f�t � = 
D�t �f�s ; �f�t �+ 
�f�s ; D�t �f�t �The last expression is zero sin
e �f=�t is the tangent ve
tor of the geodesi
. Fromthe symmetry of the 
onne
tion the �rst 
an be written
D�t �f�s ; �f�t � = 
D�s �f�t ; �f�t � = 12 ��s
�f�t ; �f�t � = 0Hen
e (1) is independent of t and the lemma follows sin
e �f=�s(0; 0) = 0.1


