
Le
ture 13: Minimizing properties of geodesi
s.If expp is a di�eomorphism of a neighborhood V of the origin in TpM then expp Vis 
alled a normal neighborhood of p. We have shown that ea
h point has anormal neighborhood.Proposition Let U be a normal neighborhood of p and B � U be a normal ballof 
enter p. Let 
 : [0; 1℄! B be a geodesi
 with 
(0) = p. If 
 : [0; 1℄! B is anypie
ewise di�erentiable 
urve joining 
(0) to 
(1) then `(
) � `(
) and if equalityholds then 
 = 
. Here the ar
 length `(
) = R 10 j _
(t)j dt.Proof Suppose �rst that 
 is 
ontained in B. We 
an write 
(t) = expp u(t), andu(t) = r(t)v(t), where jv(t)j = 1 and r(t) = ju(t)j. Hen
e 
(t) = f(r(t); t), wheref(r; t) = expp (rv(t)). We 
an assume that 
(t1) 6= p, for t1 > 0, otherwise ignorethe interval [0; t1). Hen
e d
dt = �f�r drdt + �f�tFrom Gauss lemma h�f=�r; �f=�ti= 0. Sin
e j�f=�rj = 1,����d
dt ����2 = ����drdt ����2 + �����f�t ����2 � ����drdt ����2so `(
) = Z t0 ����d
dt ���� dt � Z t0 ����drdt ���� dt � Z t0 drdt dt = r(1)� r(0) = `(
):If 
 is not 
ontained in B, 
onsider the 
urve restri
ted to [0; t1) where t1 is the�rst time 
 leaves B.Note that a geodesi
 is in general not globally minimizing, as is seen on the sphere.We shall prove that if a pie
ewise smooth 
urve is minimizing then it is a geodesi
.For a smooth 
urve this follows from the existen
e of normal neighborhoods but foronly pie
ewise smooth 
urves we need to show that every point has a neighborhoodwhi
h is normal to all its points. This is 
alled a totally normal neighborhood:Theorem For any p 2M there is a neighborhood W of p and a Æ > 0, su
h that,for every q 2W , expq is a di�eomorphism on BÆ(0) � TqM and expq(BÆ(0)) �W .Proof Let U = f(q; v); q 2 V; v 2 TqM; jvj < "g be su
h that expq v is de�ned andF (q; v) = (q; expq v)Then F (p; 0) = (p; p) and we 
laim thatdF(p;0) = � I I0 I �In fa
t, sin
e (d expp)0 = I we havedF(p;0)(0; w) = ddt(p; expp (wt))���t=0 = (0; w)dF(p;0)(�0(0); 0) = ddt(�(t); exp�(t) (0))���t=0 = (�0(0); �0(0))1



2It follows that we 
an apply the inverse fun
tion theorem and 
on
lude the exis-ten
e of a neighborhood U 0 = f(q; v); q 2 V 0; v 2 TqM; jvj < "0g, where V 0 � V isa neighborhood of p, su
h that F maps U 0 di�eomorphi
ally onto a neighborhoodW 0 of (p; p). Let W be a neighborhood of p su
h that W �W �W 0.Corollary If a pie
ewise di�erentiable 
urve 
 : [a; b℄ ! M , with parameter pro-portional to ar
 length, has length less than or equal to the length of any otherpie
ewise di�erentiable 
urve joining 
(a) to 
(b) then 
 is a geodesi
.Convex neighborhoods.A subset S is 
alled strongly 
onvex if for any two points q1; q2 in the 
losure S,there is a unique minimizing geodesi
 
 joining q1 to q2 whose interior is in S.Prop For any p there is a �>0 su
h that the geodesi
 ball B�(p) is strongly 
onvex.Lemma for any p there is a 
 > 0 su
h that any geodesi
 that is tangent at q tothe geodesi
 sphere Sr(p) of radius r < 
 stays out of the geodesi
 ball Br(p) forsome neighborhood of q.


