
Le
ture 14: Curvature.For ea
h pair of ve
tor �elds X;Y 2 X the 
urvature is an operator on the ve
tor�elds R(X;Y ) : X ! X :R(X;Y ) = rYrX �rXrY +r[X;Y ℄It vanishes if the metri
 is Eu
lidean. Then in 
oordinates rXY = X(Y `)�`, sorYrXZ = Y �X(Z`)��` and hen
e rYrXZ �rXrY Z = �Y X �XY )(Z`)�`.Prop (f-linearity) If f; g 2 D are fun
tions then for any ve
tor �elds:R(fX1 + gX2; Y ) = fR(X1; Y ) + gR(X2; Y );R(X; fY1 + gY2) = fR(X;Y1) + gR(X;Y2);R(X;Y )(fZ1 + gZ2) = fR(X;Y )Z1 + gR(X;Y )Z2Prop (Bian
hi Identity)R(X;Y )Z + R(Y; Z)X +R(Z;X)Y = 0:The proof uses that sin
e the 
onne
tion is symmetri
 rXY �rYX = [X;Y ℄.With a slight abuse of notation letR(X;Y; Z; T ) = hR(X;Y )Z; T iThen we have the following symmetry properties:Prop (a) R(X;Y; Z; T ) +R(Y; Z;X; T ) + R(Z;X; Y; T ) = 0(b) R(X;Y; Z; T ) = �R(Y;X;Z; T )(
) R(X;Y; Z; T ) = �R(X;Y; T; Z)(d) R(X;Y; Z; T ) = R(Z; T;X; Y )(a) is the Bian
hi identity and (b) follows dire
tly form the de�nition. (
) is equiv-alent to R(X;Y; Z; Z) = 0. (d) follows from (a).It is 
onvenient to express all these identities in 
oordinates. Let Xi = �=�xi andRijk` = R(Xi; Xj; Xk; X`); R(Xi; Xj)Xk = RìjkX`Then the above proposition be
omesRijk` +Rjki` +Rkij` = 0Rijk` = �Rjki`Rijk` = �Rij`kRijk` = Rk`ijRe
all that we de�ned rXiXj = �ìjX` and sin
e rX(fZ) = X(f)Z + frXZ;R(Xi; Xj)Xk = rXjrXi �rXirXj = rXj��ìkX`��rXi��j̀kX`�= � ��xj �ìk � ��xi�j̀k + �mik�j̀m � �mjk�ìm�X` = RìjkX`1


