
Le
ture 15: Se
tional 
urvature.Prop Let � � TpM be a two dimensional subspa
e and let x; y 2 � be linearlyindependent. Then the se
tional 
urvatureK(x; y) = R(x; y; x; y)jx ^ yj2 ; where jx ^ yj2 = jxj2 jyj2 � hx; yi2does not depend on the 
hoi
e of x; y 2 �.Pf It follows from K(x; y) = K(y; x), K(x; y) = K(�x; y), K(x; y) = K(x+ �y; y).Lemma Suppose the R(x; y; z; t) and R0(x; y; z; t) satisfy(a) R(X;Y; Z; T ) +R(Y; Z;X; T ) + R(Z;X; Y; T ) = 0(b) R(X;Y; Z; T ) = �R(Y;X;Z; T )(
) R(X;Y; Z; T ) = �R(X;Y; T; Z)(d) R(X;Y; Z; T ) = R(Z; T;X; Y )Then if R(x; y; x; y) = R0(x; y; x; y) it follows that R(x; y; z; t) = R0(x; y; z; t).Pf Sin
e R(x+ z; y; x+ z; y) = R0(x+ z; y; x+ z; y)it follows thatR(x; y; x; y)+2R(x; y; z; y)+R(z; y; z; y) = R0(x; y; x; y)+2R0(x; y; z; y)+R0(z; y; z; y)and hen
e R(x; y; z; y) = R0(x; y; z; y)It follows that R(x; y + t; z; y + t) = R0(x; y + t; z; y + t)and hen
e R(x; y; z; t) + R(x; t; z; y) = R0(x; y; z; t) +R0(x; t; z; y)whi
h 
a be written asR(x; y; z; t)� R0(x; y; z; t) = R(y; z; x; t)�R0(y; z; x; t)It follows that the expression is invariant under 
y
li
 permutations and by (a)3R(x; y; z; t)� 3R0(x; y; z; t) = 0Corollary If M has 
onstant se
tional 
urvature thenR(X;Y;W;Z) = K�hX;W ihY; Zi � hY;W ihX;Zi�:Lemma Let f : R2 !M be a parameterized surfa
e and let V (s; t) be a ve
tor �eldalong f(s; t). Let D=�s be 
ovariant di�erentiation along the 
urve s ! f(s; t0)and D=�t be 
ovariant di�erentiation along the 
urve t! f(s0; t). ThenD�t D�sV � D�s D�tV = R��f�s ; �f�t �We also gave the de�nitions of Ri

i 
urvature and s
alar 
urvature.1


