
Le
ture 16: Tensors. A 
ovariant tensor of order r is a multilinear mapT : X (M)� � � � � X (M)! D(M)i.e. given r ve
tor �elds Y1; : : : ; Yr on M , T (Y1; : : : ; Yr) is a fun
tion on M , and Tis f -linear in ea
h argumentT (Y1; : : : fX + gY; : : : ; Yr) = f T (Y1; : : : ; X; : : : ; Yr) + gT (Y1; : : : ; Y; : : : ; Yr)A tensor is a pointwise obje
t: Lo
ally in a neighborhood of a point we 
an �nd abasis E1; : : : ; En 2 X (M), and expressing Yk = Y ikk Eik we �nd that by f -linearityT (Y1; : : : ; Yr) = Y i11 � � �Y irr T (Ei1 ; : : : ; Eir)Here Ti1:::ir= T (Ei1;:::; Eir) are 
alled the 
omponents of T in the frame fEig.Ex The 
urvature 
onsidered as map X (M)� X (M)�X (M)� X (M)! D(M):R(X;Y; Z;W ) = hR(X;Y )Z;W iis a tensor (we have showed that its f -linear in ea
h argument).Ex The 
onne
tion r 
onsidered as a map X (M)�X (M)� X (M)! D(M):r(X;Y; Z) = hrXY; Ziis not a tensor, sin
e it is not f -linear in Y ; rX(fY ) = X(f)Y + frXY .The 
ovariant di�erentialrT of a tensor T of order r is the tensor of order r+1:rT (Y1; : : : ; Yr; Z) = Z�T (Y1; : : : ; Yr)��T (rZY1; : : : ; Yr)�� � ��T (rZY1; : : : ;rZYr)It follows dire
tly from the de�nition that the 
ovariant di�erential is f -linear.The 
ovariant derivative rZT of T relative to Z2X (M) is the tensor of order r:rZ T (Y1; : : : ; Yr) = rT (Y1; : : : ; Yr; Z)Let p 2 M and �(t) be a 
urve with �(0) = p, �0(t) = Z(�(t)). Let fe1; : : : ; engbe a basis for TpM and let ei(t) be the parallel transport of ei along �(t). LetTi1:::ir = T (ei1 ; : : : ; eir ) be the 
omponents in the basis fei(t)g along �(t). Then(rZT )�ei1(t); : : : ; eir (t)�= ddtTi1:::ir � T (rZei1(t); : : : ; eir (t))� � � � � T (ei1(t); : : : ;rZeir (t))Here rZei(t) = 0 so (rZT )�ei1(t); : : : ; eir (t)� = ddtTi1:::irEx We 
an identify a ve
tor �eld X 2 X (M) with a tensor X (M)! D(M) byX(Y ) = hX;Y iThe 
ovariant derivative of the tensor X : X (M)! D(M) with respe
t to Z isrZX(Y ) = Z(X(Y ))�X(rZY ) = ZhX;Y i � hX;rZY i = hrZX;Y i;i.e. the tensor rZX 
an be identi�ed with the ve
tor rZX.Ex The 
ovariant derivative of the metri
 tensor G : X;Y ! hX;Y i, is 0:rG(X;Y; Z) = ZhX;Y i � hrZX;Y i � hX;rZY i = 0:1


