
Le
ture 18: Isometri
 immersions.Let f : M !M be a di�erentiable immersion of a manifold M of dimension n intoa Riemannian manifold M of dimension n+m (i.e. dfp is inje
tive.)The Riemannian metri
 on M indu
es a metri
 on M : for v1; v2 2 TpM de�nehv1; v2i = hdfp(v1); dfp(v2)i. Then f be
omes an isometri
 immersion of M into M .In the 
ase of a surfa
e S in R3 whi
h is a graph z = f(x; y) of a fun
tion withf(0; 0) = fx(0; 0) = fy(0; 0) = 0, S 
lose to 0 2 R3 looks like z = II(x; y)=2, whereII(x; y) = fxx x2 + 2fxy(0; 0)xy+ fyy(0; 0) y2II is 
alled the se
ond fundamental form of S. The Gaussian 
urvature is given byK = fxxfyy � f2xy:We want to give the general de�nition of the se
ond fundamental form of M in M .We will see that there is a relation between the 
urvature on M and M and these
ond fundamental form generalizing the above formula.The se
ond fundamental form. We haveTpM = TpM � (TpM)?where (TpM)? is the orthogonal 
omplement of TpM in TpM , i.e. if v 2 TpM we
an write in a unique wayv = vT + vN ; vT 2 TpM; vN 2 (TpM)?We 
all vT the tangential 
omponent of v and vN the normal 
omponent.The Riemannian 
onne
tion on M will be denoted by r and that of M by r.If X;Y are ve
tor �elds on M and X;Y are lo
al extensions to M we 
laim thatrXY = (rXY )TIn fa
t, its a symmetri
 
onne
tion 
ompatible with the metri
 and as su
h unique.If X;Y are ve
tor �elds on M thenB(X;Y ) = rXY �rXYis ve
tor �eld on N normal to M . B(X;Y ) is independent of the extensions X;Yand hen
e is well de�ned. Let X (M)? denote the ve
tor �elds normal to M .Prop The mapping B : X (M)� X (M)! X (M)? is bilinear and symmetri
.Pf The symmetry follows from the symmetri
 of the Riemannian 
onne
tionrXY �rXY = rYX + �X;Y ��rYX � [X;Y ℄ = rYX �rYXThe se
ond fundamental form along the normal ve
tor � 2 (TpM)? is thequadrati
 form:II�(x) = H�(x; x); where H�(x; y) = hB(x; y); �i:Asso
iated with it is a self-adjoint operator S� : TpM ! TpM given byhS�(x); yi = H�(x; y)Prop Let N be a lo
al extension of the normal �. Then S�(x) = �(rxN)T .Pf Sin
e hY ;Ni = 0 and hrXY;Ni = 0 it follows thathS�(X); Y i = hB(X;Y ); Ni = hrXY �rXY;Ni = hrXY ;Ni = �hY ;rXNi:1


