
Le
ture 19.Let M be a submanifold of a Riemannian manifold M with indu
ed metri
 on M .Let r be the 
onne
tion on M and r be the 
onne
tion on M . Then rXY =(rXY )T , where X;Y are extensions to M of the ve
tor �elds X;Y on M , and thetangential 
omponent WT stands for the orthogonal proje
tion of TpM to TpM .The se
ond fundamental form is given by B(X;Y ) = rXY � rXY , or if � is anormal ve
tor �eld H�(X;Y ) = hB(X;Y ); �i = hS�(X); Y i, where S� is selfadjointoperator given by S�(X) = �(rXN)T , where N is an extension of � to M .Th (Gauss) Let K be the se
tional 
urvature onM and K the se
tional 
urvatureon M . Then K(X;Y )�K(X;Y ) = hB(X;X); B(Y; Y )i � jB(X;Y )j2Before we give the proof let us look at a 
ouple of spe
ial 
ases. If M = RNthen K = 0 and this in parti
ular implies the famous Theorem Egregium of Gauss,whi
h says that the Gaussian 
urvature of a surfa
e in spa
e is an invariant underisometries. On the other hand the theorem above also give an interpretation of these
tional 
urvature of M . Namely, let � � TpM be a two plane and let M be theimage of the exponential map of a neighborhood of the origin on �. Then we 
laimthat the se
ond fundamental form of M vanishes at the p. In fa
t if � is a normalve
tor and if N is an extension of � and X is an extension of a ve
tor in � su
hthat hN;Xi = 0 thenH�(X) = hS�(X); Xi � hrXN;Xi = �XhN;Xi+ hN;rXXi = 0sin
e X is an extension of the velo
ity ve
tor �eld of a geodesi
.We pro
eeded with proving the theorem above as in the book.
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