
Le
ture 2: Curvature of submanifolds of Eu
lidean spa
e.Let M be a C� submanifold of dimension n in RN. This means that for everyp2M there is a neighborhood U of p in RN and a neighborhood 
 of 0 in Rn anda map f 2C�(
;RN), whi
h is a bije
tion f : 
!M\U with inje
tive di�erential.The map is 
alled a lo
al parametrization. Note that there are many lo
alparameterizations, in fa
t if � :
0!
 is a di�eomorphism then f Æ� is another.If I 3 t! X(t) 2M is a C� 
urve in M and f a parametrization near X0 = X(t0)then sin
e f is invertible we 
an write X(t)=f(x(t)) where x(t)2
, for t 
lose to t0.The tangent ve
tor to the 
urve isdXdt = d f(x)dt = f 0(x)dxdt = dxjdt fj(x); where fj(x) = �f(x)�xj = �jf(x)and we used the 
onvention that repeated upper and lower indi
es are summed over .The tangent ve
tors of all C1 
urves passing through f(x) span the tangent plane:Tf(x)M = f 0(x)RnThe tangent plane is independent of the parti
ular 
hoi
e of f .The ar
 length s on along the 
urve x(t) is given by�dsdt �2 = DdXdt ; dXdt E = gij(x)dxidt dxjdt ; where gij(x) = hfj(x); fk(x)iThis 
an be 
onsidered as quadrati
 form on the tangent spa
e Tf(x), 
alled the �rstfundamental form, sin
e it is the restri
tion of the Eu
lidean metri
 in RN tothe tangent spa
e Tf(x)M , and so is independent of the parti
ular parametrization f.Let us now look at the se
ond derivative of the 
urve:d2f(x(t))dt2 = d2xjdt2 fj(x(t)) + dxidt dxjdt fjk(x(t)); where fij(x) = �i�jf(x)The �rst sum is in the tangent plane and if we proje
t on the normal plane Nf(x)Mto Tf(x)M (i.e. all ve
tors orthogonal to Tf(x)) we 
an eliminate this sum and obtain:Let hij(x) be the orthogonal proje
tion of fij(x) in the normal plane Nf(x). The sumhij(x)dxidt dxjdt
an be thought of as quadrati
 form on Tf(x)M with values in Nf(x) independent ofthe parti
ular 
hoi
e of parametrization f sin
e it is the proje
tion of �X and sin
eRn3 _x!f 0(x) _x = _X2Tf(x)M is a bije
tion. It is 
alled the se
ond fundamentalform. Classi
ally it was derived for hypersurfa
es n=N�1 in whi
h 
ase it is afun
tion times the normal. It measures how the hypersurfa
e is 
urving in thesurrounding spa
e. It is the se
ond order derivatives of the hypersurfa
e measuredin a way whi
h is independent of the parametrization, similar to how the 
urvatureof a 
urve was de�ned so it did not depend on a a parti
ular parametrization.Th For every C2 
urve on M with the unit tangent ve
tor f 0(x) _x at f(x) the sumabove is the 
urvature of the 
urve times the orthogonal proje
tion of the prin
ipalnormal of the 
urve (de�ned in the previous se
tion) in Nf(x).1


