Lecture 21: Cartan formalism.

Let E4,..., E, be an orthonormal frame for T, M, depending on p € U C M and
let 61, ...,0™ be the dual frame of one forms, i.e. 0°(F;) = §;;. We have

Prop There are one forms wij, such that

do* = —wij D wij = —w’.

Pf We define wij by
VxEj = w(X)E;

Since Vxg = 0 if g is the metric tensor it follow that
0= g(VxE;, B;) + g(Ei, Vx Ej) = w}(X) + w(X).

By the invariant definition of the exterior derivative in terms of the directional
derivative Dx f = X(f) = X0, f,

d0*(Ey, E¢) = Dg, 0" (Ey) — Dg,0"(Ey) — 0°([Ex, E¢]) = —0"([Ex, Ed)).
On the other hand

— (W% NOT) (B, By) = —w';(Bp)0? (By) + ' (Ee)0? (Ey) = —w'y(Er) + w (Ey)
= 0(Vi, By) — 6*(V i, Er) = —6*([Ex, Ex))

Prop The equations . . .
QY = dw’; + Wi A w’;-

defines a skew-symmetric matrix of 2-forms that also gives the curvature tensor via
R(X,Y)E; = Q%(X,Y) - E;
Pf Recall that the curvature is defined by
R(X,Y)E; = VxVyFE; —VyVxE; — Vix y|Ej.
We have

dw’ (X, Y) - E; + wj, AwF(X,Y) - E;
= (Vxw'(Y)-Ei—Vyw'(X)-Ei—w’ ([ X, Y])- Eitwp (X)- Bk (V) —wi (V) Ey-w(X)
=VxVyE; —w,(Y)VxE; - VyVxE; + w(X)VyE; — Vx v E;
+ Wk (V)VxE, — Wb (X)Vy By
= R(X,Y)E;



