
Le
ture 21: Cartan formalism.Let E1; : : : ; En be an orthonormal frame for TpM , depending on p 2 U � M andlet �1; : : : ; �n be the dual frame of one forms, i.e. �i(Ej) = Æij . We haveProp There are one forms !ij , su
h thatd�i = �!ij ^ �j ; !ij = �!ji:Pf We de�ne !ij by rXEj = !ij(X)EiSin
e rXg = 0 if g is the metri
 tensor it follow that0 = g(rXEi; Ej) + g(Ei;rXEj) = !ji(X) + !ij(X):By the invariant de�nition of the exterior derivative in terms of the dire
tionalderivative DXf = X(f) = X`�`f ,d�i(Ek; E`) = DEk�i(E`)�DE`�i(Ek)� �i([Ek; E`℄) = ��i([Ek; E`℄):On the other hand� (!ij ^ �j)(Ek; E`) = �!ij(Ek)�j(E`) + !ij(E`)�j(Ek) = �!ì (Ek) + !ik(E`)= �i(rE`Ek)� �i(rEkE`) = ��i([Ek; E`℄)Prop The equations 
ij = d!ij + !ik ^ !kjde�nes a skew-symmetri
 matrix of 2-forms that also gives the 
urvature tensor viaR(X;Y )Ej = 
ij(X;Y ) �EiPf Re
all that the 
urvature is de�ned byR(X;Y )Ej = rXrYEj �rYrXEj �r[X;Y ℄Ej :We haved!ij(X;Y ) �Ei + !ik ^ !kj (X;Y ) �Ei= �rX!ij(Y )�Ei�rY !ij(X)�Ei�!ij([X;Y ℄)�Ei+!ik(X)�Ei�!kj(Y )�!ik(Y )�Ei�!kj(X)= rXrYEj � !ij(Y )rXEi �rYrXEj + !ij(X)rYEi �r[X;Y ℄Ej+ !kj(Y )rXEk � !kj(X)rYEk = R(X;Y )Ei
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