
Le
ture 3:.Re
all that f : Rn !M � RN is a lo
al parametrization of a submanifold M,fi = �if , fij = �i�jf . Sin
e f1; :::; fn form a basis for Tf(x) we 
an writefik(x) = �ìk(x) f`(x) + hik(x);where hik(x) is the orthogonal proje
tion of fik in the normal plane Nf(x).To 
al
ulate the 
oeÆ
ients �ìk we take the s
alar produ
t with f`:�ìkg`j = hfik; fjiBy a mira
le one 
an 
ompute the right hand side by means of the 
oeÆ
ients ofthe �rst fundamental form gij = hfi(x); fj(x)i and its derivatives, for we have�kgij = hfik; fji+hfi; fjki; �igjk = hfji; fki+hfj ; fkii; �jgki = hfkj ; fii+hfk; fijiIf we add the �rst two equations and subtra
t the third we get�ikj = hfik; fji = 12��kgij + �igjk � �jgki�Note the symmetry in the indi
es i,k, and that �kgij = �ikj + �jki.If (gij) denotes the inverse of (gij) we obtain�ìk = g`j�ikjThe fun
tions �ìk are 
alled the Christo�el symbols.Let X(t) = f(x(t)) be a 
urve on M . Then, sin
ed2f(x)dt2 = ddt�dxjdt fj(x)� = d2xjdt2 fj(x) + dxidt dxjdt fjk(x);we have shown thatd2f(x)dt2 = �d2xjdt2 + �jik dxidt dxkdt �fj(x) + dxidt dxkdt hik(x):Th Suppose that x(t) is parameterized by ar
 length, h _X; _Xi = gij _xi _xj = 1. Thenthe 
urvature times the orthogonal proje
tion of the prin
ipal normal in Tf(x)M is�d2xjdt2 + �jik dxjdt dxkdt �fj(x)Thus this ve
tor does not depend on the 
hoi
e of parametrization f . Its lengthis 
alled the geodesi
 
urvature and the dire
tion is 
alled the geodesi
 prin
ipalnormal dire
tion. 1



2Covariant derivative.Let V be a ve
tor �eld on M , i.e. to ea
h X 2 M � RN we have a ve
torV (X) 2 TXM tangential to M . The 
ovariant derivative of V along the
urve X(t) isDV (X(t))dt � Orthogonal proje
tion of dV (X(t))dt onto the tangent spa
e TX(t)MThis is de�ned without any parametrization. In terms of a parametrization f :Rn !M the tangent spa
e at f(x) is spanned by fj(x) = �jf(x) and we 
an writethe ve
tor �eld as V (f(x)) = v(x) = vj(x)fj(x)If we also write the 
urve in terms of the parametrization X(t) = f(x(t)) we getdv(x)dt = ��kvj(x) fj(x) + vj(x)fjk(x)�dxkdtIf we proje
t this to the tangent spa
e we getDVdt = ��kvj + �jikvi�dxkdt fjThis is of 
ourse independent of the parti
ular parametrization sin
e it is de�nedwithout the use of a parametrization. The remarkable fa
t is that this only dependson the embedding f : Rn ! M � RN through the �rst fundamental form. Thismeans that if ~f : Rn ! ~M � R ~N is another embedding with the same �rstfundamental form at f(x) respe
tively ~f(x) then the expressions for the 
ovariantderivatives above in terms of the 
oeÆ
ients in front of the basis ve
tors are thesame.


