Lecture 4. Let us now determine the tangential components of derivatives of a
normal vector field n(z):

Projection of d;n(x) to the tangent space = n.” fy,
Since differentiation of the equation (n, f;) = 0 gives
(Oin, ) + (n, fiz),  thatis n"gr; = —(hij,n)
Multiplying by the inverse ¢*/ gives
n

* = —(hiz, n) g™

(3

Actually, if in addition its a hypersurface and n is the unit normal (n,n) = 1 then
(O;in,n) = 0 so that its already tangential.

It is now easy to calculate the tangential components of f;;i = 0;0;0x f. Since
fij = Ffjfg + hij we obtain

frig = (0TI +TETR — (hij, hie)g™) fn - mod Ny,

Since fri; — fjix = 0 a calculation shows that:
Th The Gauss equations The first and second fundamental form are related by

n}jk = GJF% — akF?; + kaI‘}’} — Ffj ?Ilc = ((hzk7 hjg) - <hij7 hkg>)g£m.

Here the first equality is a definition. If we introduce Ry, = gng”;jk this can
also be written

Ryiji = (hik, hje) — (hij, hie)
Since the second fundamental form is defined invariantly (independently of a par-
ticular parametrization) on the tangent space so so is the Riemann curvature
tensor defined by
R(Ty, Ty, Ts, Ty) = RijueT{Ti T Ty = (H(Ty, Ts), H(T2, Ta))—(H (T, Ts), H(T5, T5))
where H(Ty, Ty) = hi; TiTy.
We define the Ricci curvature and the scalar curvature by

Rjr = g" Rijke, R=g¢"Rj,

respectively. These are also invariantly defined (why?).



