
Le
ture 5.Suppose now that M is a hypersurfa
e in RN , i.e. N = n + 1 where n is thedimension of the submanifold M . Then we 
an writehij = ~hij nwhere n is a unit normal and ~hij is s
alar valued. Let g(T; S) = gijT iSj , ~h(T; S) =~hijT iSj . The quotient ~h(T; T )g(T; T )is the 
urvature of a 
urve on M with tangent ve
tor f 0(x)T and prin
ipal normalin the dire
tion of the normal to the surfa
e, i.e. with vanishing geodesi
 
urvature.We 
an diagonalize the �rst and se
ond fundamental forms simultaneously;~h(ek; em) = KkÆkm; g(ek; em) = ÆkmIn fa
t, sin
e G is symmetri
 matrix we 
an diagonalize it and sin
e it is positivede�nite we 
an take the square root and obtain: G = ATA. Next we �nd the eigen-values of ~H with respe
t to G: ~Hek = KkGek = KkATAek whi
h then is equivalentto (A�1)T ~HA�1Aek = KkAek, whi
h is symmetri
 so we 
an diagonalize it with anorthonormal basis fk = Aek. Then g(ek:em) = hATAek; emi = hAek; Aemi = Ækm.The quotient of the se
ond fundamental form divided by the �rst for a 
urve withvanishing geodesi
 
urvature hen
e is maximized by the largest eigenvalue Kn andminimized by the smallest. We therefore 
all Ki the prin
ipal 
urvatures and eithe prin
ipal 
urvature dire
tions.It follows from (*) and the dis
ussion there that if n is the unit normal to a hyper-surfa
e then �in = �~hijgjkfk;Thus hT i�in; Skfki = �~hijT iSjIf we de�ne the Gauss map by M 3 f(x) ! n(x) 2 Sn, then the di�erentiald
 : TpM ! Tn(p)Sn = TpM and the above 
an be formulatedhdn(T ); Si = �~h(T; S)(Re
all that the di�erential of a map is de�ned as follows. If �(t) is a 
urve with�0(0) = w, let �(t) = 
 Æ �(t). Then d
(w) = �0(0) = wi�i
.)Hen
e the di�erential of the Gauss map is the linear transformation that 
orre-sponds to se
ond fundamental form. In some modern books this is 
alled the shapeoperator. 1


