
Le
ture 7: Abstra
t manifolds and tangent spa
e.A di�erentiable manifold of dimension n is a is a Hausdor� topologi
al spa
e Mwith a 
ountable basis of open sets and a family of inje
tive mappings x� : U� �Rn !M of open sets U� su
h that(1) [�x�(U�) = M(2) for any �; �, with x�(U�) \ x�(U�) = W nonempty, the sets x�1� (W ) andx�1� (W ) are open and x�1� Æ x� is di�erentiable.(3) The family f(U�;x�)g is maximal relative to the 
onditions (1) and (2).The pair (U�;x�) with x�(U�) 3 p is 
alled a (lo
al) parametrization at p.The di�eren
e between this de�nition of an abstra
t manifold and an submanifoldis that we are not assuming that M is a subset of some RN and be
ause of thisthere a priori is no meaning of di�erentiable fun
tions on M and we only assumethat the transition fun
tions are di�erentiable. However, its a theorem that anymanifold of dimension n 
an be embedded in R2n+1 so we 
ould assume that to bethe 
ase and the de�nition would not use the stru
ture of R2n+1.A mapping ' : M ! N between two di�erentiable manifolds is 
alled di�eren-tiable at p 2 M if given a parametrization y : V � Rm ! N at '(p) there is aparametrization x : U � Rn !M at p su
h that '(x(U)) � y(V ) and the mappingy�1 Æ ' Æ x : U � Rn ! Rmis di�erentiable.Let M be a di�erentiable manifold. A di�erentiable fun
tion � : (�"; ")!M is a
alled a di�erentiable 
urve in M . Suppose that �(0) = p 2 M , and let D bethe set of all fun
tions on M that are di�erentiable at p. The tangent ve
tor tothe 
urve � at t = 0 is a fun
tion �0(0) : D ! R given by�0(0)f = d(f Æ �)dt ���t=0; f 2 D:A tangent ve
tor at a point p 2M is the tangent ve
tor at t = 0 of some 
urve� : (�"; ")!M with �(0) = p. The set of all tangent ve
tors to M at p 
alled thetangent spa
e at p will be denoted TpM . It is indeed a ve
tor spa
e, in fa
t:If we 
hoose a parametrization x : U !M at p = x(0) and express f(x1; : : : ; xn) =f Æ x(x1; : : : ; xn) and x�1 Æ �(t) = (x1(t); : : : ; xn(t)), we obtain�0(0)f = ddtf(x1(t); : : : ; xn(t))���t=0 = V i �f�xi ; V i = dxidt (0)so there is a one to one 
orresponden
e V 2 Rn and tangent ve
tors.We de�ne the tangent bundle by TM = f(p; v); p 2M; v 2 TpMg.A ve
tor �eld X is a mapping M 3 p ! X(p) 2 TpM . It is di�erentiable ifX :M ! TM is di�erentiable.Let ' : M ! n be a di�erentiable mapping between di�erentiable manifolds. Forevery p 2 M and v 2 TpM we 
hoose a di�erentiable 
urve � with �(0) = p,�0(0) = v. Let � = 'Æ�. The mapping d'p : TpM ! TpN given by d'p(v) = �0(0)is linear and is independent on the 
hoi
e of �. It is 
alled the di�erential of ' at p.1


