
Math 250B Riemannian GeometryLe
ture 8: Riemannian manifolds.A Riemannian metri
 on a di�erentiable manifold M is an inner produ
t h ; ip(i.e. positive de�nite symmetri
 quadrati
 form) on the tangent spa
es TpM forea
h p 2M , whi
h varies di�erentiable with p in the following sense. If x are lo
al
oordinates then gij = h�=�xi; �=�xji are di�erentiable.In new 
oordinates ~x~gij = D ��~xi ; ��~xj E = D�xk�~xi ��xk ; �x`�~xj ��x`E = �xk�~xi �x`�~xj gk`A map f : M ! N between manifolds is 
alled a di�eomorphism if its di�eren-tiable, bije
tive with di�erentiable inverse. It is 
alled an isometry if in additionhu; vip = hdfp(u); dfp(v)if(p)The ar
 length s along the 
urve 
(t) in M is given byZ t0 Dd
dt ; d
dtE1=2 dtwhere Dd
dt ; d
dtE = gij(x)dxidt dxjdt :and (x1(t); : : : ; xn(t)) 2 Rn is the inverse image of 
(t) 2M in the x parametrization.Ex Let M be a submanifold of dimension n of RN and let � : M ! RN be thein
lusion map. Then M has a Riemannian metri
 de�ned by restri
ting the Eu-
lidean metri
 in RN to M ; hu; vip = hd�p(u); d�p(v)i. It is a theorem of Nash thatany manifold 
an be isometri
ally embedded as a submanifold of RN if N is large.Conne
tions.Let M be a di�erentiable manifold. Let D(M) be the (in�nitely) di�erentiablefun
tions on M and let X (M) denote the set of all di�erentiable ve
tor �elds.An aÆne 
onne
tion r on M is a map X (M) � X (M) ! X (M) denoted byr : (X;Y )! rXY , satisfying:(i) rfX+gY Z = frXZ + grY Z(ii) rX(Y + Z) = rXY +rXZ.(iii) rX(fY ) = frXY +X(f)YNote the di�eren
e with Lie derivative LXY = XY � Y X.Proposition LetM be a di�erentiable manifold with an aÆne 
onne
tionr. Thereexists a unique 
orresponden
e whi
h asso
iate to a ve
tor �eld V along a 
urve1



2
 : I !M another ve
tor �eld DV=dt along 
, 
alled the 
ovariant derivative of Valong 
 , su
h that:(a) D(V +W )=dt = dV=dt+ dW=dt(b) D(fV )=dt = (df=dt)V + fDV=dt(
) If V is indu
ed by a ve
tor �eld Y ; V (t) = Y (
(t)), then DV=dt = rd
=dtY .


