
Le
ture 9: Conne
tions.Let M be a di�erentiable manifold. Let D(M) be the (in�nitely) di�erentiablefun
tions on M and let X (M) denote the set of all di�erentiable ve
tor �elds.An aÆne 
onne
tion r on M is a map X (M) � X (M) ! X (M) denoted byr : (X;Y )! rXY , satisfying:(i) rfX+gY Z = frXZ + grY Z(ii) rX(Y + Z) = rXY +rXZ.(iii) rX(fY ) = frXY +X(f)Yfor f; g 2 D(M) and X;Y; Z 2 X (M).rXY should be thought of as the dire
tional derivative of Y in the dire
tion of X.Note that the Lie derivative LXY = XY � Y X does not satisfy (i).Let E1; : : : ; En be a lo
al frame for TM (for now we use a 
oordinate frame Ei =�=�xi.) Expanding in the frame(1) rEiEj = �kijEkwhere �kij are 
alled the Christofell symbols of the 
onne
tion with respe
t to theframe. If we expand X = XiEi, Y = Y jEj we obtain(2) rXY = rXiEiY jEj = Xi�(EiY j)Ej + Y jrEiEj� = �XY k +XiY j�kij�EkIt follows that rXY at p2M depends only on X(p) and on Y in the dire
tion of X.Proposition Let M be a di�erentiable manifold with an aÆne 
onne
tion r andlet 
 : I !M be a 
urve. Then there is a unique operator DV=dt a
ting on ve
tor�elds V de�ned along 
, su
h that(a) D(V +W )=dt = dV=dt+ dW=dt(b) D(fV )=dt = (df=dt)V + fDV=dt(
) If V is indu
ed by a ve
tor �eld Y ; V (t) = Y (
(t)), then DV=dt = rd
=dtY .DV =dt is 
alled the 
ovariant derivative of V along 
.Proof Suppose that there is an operator satisfying (a), (b), (
) and expand inthe frame V = V jEj and d
=dt = dxi=dtEi. We obtain DEj=dt = rd
=dtEj =rdxi=dtEiEj = dxi=dtEkijEk. Hen
e(3) DVdt = dV jdt Ej + V jDEjdt = �dV kdt + dxidt V j�kij�EkThis shows uniqueness. To show existen
e we de�ne DV=dt by this expression inany 
oordinate pat
h and it follows from the uniqueness already proven that itsunique in the interse
tion of two 
oordinate pat
hes.A ve
tor �eld V along a 
urve 
 is 
alled parallel if DV=dt = 0 along 
.Proposition Let V0 2 T
(t0M . Then there is a unique parallel ve
tor �eld V along
 su
h that V (t0) = V0. V is 
alled the parallel transport of V0 along 
.Pf DV=dt=0 in the 
oordinates (3) is a system of ODEs whi
h has a unique solution.1



2Riemannian Conne
tions.A 
onne
tion is said to be 
ompatible with the metri
 h ; i when for any smooth
urve 
 and any pair of parallel ve
tor �elds P;Q along 
, we have hP;Qi = 
onstant.Proposition A 
onne
tion is 
ompatible with a metri
 i� along any 
urve 
:(4) ddt hV;W i = DDVdt ;WE+ DV; DWdt EPf It is obvious that (3) implies that the 
onne
tion is 
ompatible with the metri
.Choose an orthonormal basis fP1(t0); : : : ; Pn(t0)g of T
(t0)M . By the previousproposition these 
an be parallel transported along 
 to fP1(t); : : : ; Pn(t)g andby (4) they are still orthonormal. If we write V = V iPi, W = W jPj we haveDV=dt = dV i=dtPi, DW=dt = dW j=dtPj andDDVdt ;WE+ DV; DWdt E = dV idt W i + V i dW idt = ddtÆijV iW j = ddt hV;W i:Corollary A 
onne
tion is 
ompatible with the metri
 if and only if(5) XhY; Zi = hrXY; Zi+ hY;rXZiPf If 
 is a 
urve su
h that d
=dt = X then (5) is equivalent to (4). The proof in theother dire
tion is to expand in the basis in the proof of the previous proposition.


