
Le
ture 10: 4.3 General Relativity.The equivalen
e prin
iple states that all bodies fall the same way in a gravitational�eld. This is not the 
ase in an ele
tromagneti
 �eld whi
h only in
uen
es 
hargedparti
les. Be
ause of this Einstein 
ame up with the idea that instead of thinking ofthe gravitation as a for
e that a

elerates bodies one should think of it as a part ofspa
etime. The world line of freely falling bodies in a gravitational �eld are simplythe geodesi
s of a 
urved spa
etime.Let u be the unit 4-velo
ity of a parti
le. A free parti
le travels along a geodesi
uaraub = 0wherer is 
ovariant di�erentiation with respe
t to the spa
etime Lorentzian metri
.On the other hand a parti
le of mass m and 
harge q in an ele
tromagneti
 �eldFab satis�es the Lorentz for
e equation:uaraub = qmF b
u
We de�ne the energy momentum tensor for perfe
t 
uid is almost the same as in
at spa
etime; Tab = � uaub + P (gab + uaub):The divergen
e free 
ondition is nowraTab = 0whi
h as before leads to the equationsuara�+ (�+ P )raua = 0(P + �)uaraub + (gab + uaub)raP = 0The 
urved equation for the s
alar �eld israra��m2� = 0:Here rara is the geometri
 wave operator in the metri
 g. The energy momentumtensor Tab = ra�rb�� 12gab�r
�r
�+m2��satis�es raTab = 0. Maxwell's equations take the formraFab = �4�jbr[aFb
℄ = 0 = ra �Fabwhere ja is the 
urrent 4-ve
tor of ele
tri
 
harge. The energy momentum tensorfor the ele
tromagneti
 �eld isTab = 14� �Fa
F 
b � 14gabFdeF de�whi
h as before satisfy raTab = 0, if ja = 0.We have now given the equations of motions in 
urved spa
etime showing howthe metri
 or gravity in
uen
e the motion of mass. However, we also need to givean equation for how mass in
uen
es the metri
 or gravitational �eld.1



2 We will now explain how matter in
uen
e the gravitational �eld or the metri
of spa
e time. Here Einstein was in
uen
ed by some ideas going under the nameof Ma
h's prin
iple but whi
h also go ba
k to others like Riemann. They felt thatmatter should 
ontribute to the lo
al de�nition of nona

elerating and that in auniverse with no matter there should be no meaning of these 
on
epts.How is spa
etime geometry going to be in
uen
ed by the matter distribution?In Newtonian theory the gravitational for
e is represented by the gradient of agravitational potential. The gravitational potential satisfy Poisson's equation4� = 4��where � is the mass density. Consider two small masses m separated by a ve
torx in
uen
ed by the gravitational potential. Then the di�eren
e in for
e betweenthem is �x �rr� whi
h is determining the relative a

eleration. On the other handthe relative a

eleration of two geodesi
s in 
urved spa
e is given by the 
urvature�R a
bd v
xbvd, where va is the 4-velo
ity of the parti
les and x is the deviationve
tor. This suggests the 
orresponden
eR � �2r2�:Sin
e R � �2g this means that the metri
 is like the gravitational potential andthat we should get an equation for the 
urvature. Also sin
eTabvavb � �this gives some idea of Einstein's equationsGab = Rab � 12gabR = 8�Tab


