
Le
ture 11: 4.4 Harmoni
 
oordinates and the linearized equations.We will now show that Einstein's equations in the 
ase of weak �elds redu
es are
onsistent with Newton's equations. We will assume thatgab = �ab + 
abwhere 
ab is small 
ompared to gab. Then modulo quadrati
 terms in hgab = �ab � 
ab + O(
2); 
ab = �a
�bd

dTwo metri
 that di�ers by a di�eomorphism de�ne the same spa
etime so there isfreedom of 
hoi
e of representative within a di�eomorphism 
lass. We 
hoose toimpose the harmoni
 
oordinate 
ondition on the metri
gab�
ab = 0;where �
ab is the Christo�el symbol�
ab = 12g
d��agbd + �bgad � �dgab�:In fa
t, given a metri
 one 
an always at least lo
ally make a 
hange of 
oordinatesso in the new 
oordinates the harmoni
 
oordinate 
ondition hold. We just solve asystem for the new 
oordinates �gxd = 0, where the geometri
 wave operator is�g� = gabrarb� = gab�a�b�+ gab�
ab�
�Sin
e the geometri
 wave operator is invariant under 
hanges of 
oordinates itmust also vanish when expressed in the xd 
oordinates 0 = �g xd = gab�a�bx
 +gab�
ab�
xd = gab�dab = 0, sin
e �
xd = Æd
 . In the harmoni
 
oordinates thegeometri
 wave operator hen
e redu
es toe�g� = gab�a�b�Re
all that R ���� = ������ � ������ + �������� � ��������;Hen
e modulo terms that are quadrati
 in �h the Ri

i 
urvature isR�� = R ���� = ������ � ������ + �������� � ��������= 12g�d�����g�d + ��g�d � �dg���� 12g�d�����g�d + ��g�d � �dg���+ O((�g)2)= 12g�d�����g�d � �dg���� 12g�d�����g�d � �dg���+O((�g)2)= �12g�d���dg��+12g�d�����gd�+�dg�����g�d�+12g�d�����gd�+�dg�����g�d�+O((�g)2)= �12g�d���dg�� + 12g�d���g�
�
�d) + 12g�d���g�
�
�d) + O((�g)2)If the metri
 satisfy the harmoni
 
oordinate 
ondition g�d�
�d = 0 thenR�� = �12 e�g 
�� + O(�
)2Moreover we haveg��R = g��g��R�� = �12��� e�g(���
��) + O(
�2
) + O(�
)2and hen
e with � = ������� :G�� = �12� 
�� + O(
�2
) + O(�
)2; where 
�� = 
�� � 12������
��:1



24.4a The Newtonian Limit.When gravity is weak the linearized version of Einstein's equations should be valid� 
ab = �16�Tab; � = �������Our assumption on the sour
es is thenTab = � tatb;where t = (1; 0; 0; 0) is the time dire
tion. (The negle
t of time-spa
e 
omponent isessentially the statement that the velo
ity is small and the negle
t of spa
e-spa
e
omponent is the statement that stresses are small.) We also assume that thesour
es are slowly varying so we also expe
t the time derivatives of 
ab to be small.In that 
ase the equation be
ome4
�� = 0; (�; �) 6= (0; 0); 4
00 = �16��where 4 =P3i=1 �2i is the spa
e Lapla
ian. Hen
e a solution is given by
ab = 
ab � 12�ab���
�� = �(4tatb + 2�ab)�where � = �
00=4 is a solution of Poisson's equation4� = 4��The motion of test bodies in 
urved spa
etime is governed by the geodesi
 equationd2x�d�2 + ���� dx�d� dx�d� = 0;For a motion of a parti
le mu
h slower than the speed of light we may approximatedxa=d� by (1; 0; 0; 0) in the right and we getd2x�d�2 = ���00 = 12 �
00�x� = � ���x�where again the time derivatives have been negle
ted. Thus the motion of testbodies have a

eleration a = �r�whi
h is of 
ourse Newton's equation in the �eld of a gravitational potential �.


