Lecture 11: 4.4 Harmonic coordinates and the linearized equations.

We will now show that Einstein’s equations in the case of weak fields reduces are
consistent with Newton’s equations. We will assume that

Gab = Nab + Yab
where v, is small compared to g.p. Then modulo quadratic terms in A
gab — 77ab o ,ya.b + 0(72)’ ,ya.b — nacnbd,ycd
Two metric that differs by a diffeomorphism define the same spacetime so there is

freedom of choice of representative within a diffeomorphism class. We choose to
impose the harmonic coordinate condition on the metric

gabF(CJ,b = 0:
where I'¢, is the Christoffel symbol

1
ab = 596(1 (Dagbd + Obgad — OaGan)-
In fact, given a metric one can always at least locally make a change of coordinates
so in the new coordinates the harmonic coordinate condition hold. We just solve a
system for the new coordinates Dg.’l,‘d = 0, where the geometric wave operator is

Cg¢ = g°"VaVid = 9" 0a0p$ + 9T 0c

Since the geometric wave operator is invariant under changes of coordinates it
must also vanish when expressed in the 2% coordinates 0 = Ly z? = ¢*0,0px° +
gor¢, 0.2t = ¢g?1¢, = 0, since d.2¢ = 62. In the harmonic coordinates the
geometric wave operator hence reduces to

Oy = 9 0u0bh
Recall that
R, =0,1,— 0,7, +1,,Tc, —T,.a,,
Hence modulo terms that are quadratic in dh the Ricci curvature is

Ru, =R, =01, -0, +1,,'y, -T2 T,

1 1
= §gydav (augpd + OpYua — adgup) - §gudau (avgpd + Opgva — adgvp) + O((ag)z)
1 124 1 124
— 99 19, (8pgud - 8d9up) — 59 dau (8pgvd - 8dgl/p) +0((99)%)

1 1 1
= _igydauadgup"f_ggydap (augdu+adguu_augud)+§gydau (8ngp+adgup_apgud) +O((8g)2)
1 1 1
= _Egydauadgup + igydap (gucrzczd) + Egydau (gPCF{;d) + O((ag)2)

If the metric satisfy the harmonic coordinate condition g“dI“;d = 0 then

1~
Ryp = *559 Yup T O(07)?

Moreover we have

1 =
Juplt = gupgaﬁRaﬁ = *inupmg(naﬁ’hﬁ) + 0(v9*y) + O(9v)*
and hence with O = n*?9,,04:
1 1

GNP = _EDWHP + 0(762'7) + 0(87)27 where Wy,p = Yup — Enupnaﬂ'yaﬂ-

1



4.4a The Newtonian Limit.
When gravity is weak the linearized version of Einstein’s equations should be valid
OF g = —167T,  O=n"0,0s
Our assumption on the sources is then
Ty = ptaty,

where t = (1,0,0,0) is the time direction. (The neglect of time-space component is
essentially the statement that the velocity is small and the neglect of space-space
component is the statement that stresses are small.) We also assume that the

sources are slowly varying so we also expect the time derivatives of 7, to be small.
In that case the equation become

Aip‘u = 07 (/’L7 V) 7é (07 0)7 A700 - *167[',0

where A = Z?:1 0?2 is the space Laplacian. Hence a solution is given by

I T
Yab = Yab ~ 5lab’] 'B'Yaﬂ = —(4tats + 2nap) @
where ¢ = —7,,/4 is a solution of Poisson’s equation

A¢ = 4¢p
The motion of test bodies in curved spacetime is governed by the geodesic equation

RIS L dxf dx°
dr? P dr dr

For a motion of a particle much slower than the speed of light we may approximate
dx®/dr by (1,0,0,0) in the right and we get

d?zH po_ 100 09

At = 0= S = g

where again the time derivatives have been neglected. Thus the motion of test
bodies have acceleration
a=—-Vo

which is of course Newton’s equation in the field of a gravitational potential ¢.



