
Le
ture 12: 5.1-3 Homogeneous and isotropi
 
osmology. We will nowmake the assumption that spa
e is homogeneous and isotropi
. This is a reasonableassumption at the s
ale of the whole universe, where galaxies are viewed as parti
les.Homogeneous means that at any given instant of time ea
h point of spa
e shouldlook like any other point. Isotropi
 means that at ea
h time it looks the same inevery spa
e dire
tion at ea
h point. More pre
isely, we �rst assume that there is afoliation of spa
etime into hypersurfa
es �t su
h that t is the proper time along the
ow of the normal ve
tors to �t and hen
e the spa
etime metri
 
an be written:gab = �dt2 + hab(t)dxadxbwhere hab(t) is the restri
tion of the metri
 to gab to �t. Homogeneous then meansthat for ea
h t and any points p; q 2 �t there is an isometry of the spa
etime thatalso is an isometry of �t that takes p to q. Isotropy means that for any given pointp 2 �t and two tangent ve
tors s1 and s2 at p tangential to �t there is an isometryof spa
etime that also is an isometry of �t that leaves p and the normal at p �xedand takes s1 to s2.Consider the Riemann 
urvature tensor (3)R dab
 
onstru
ted from hab on �t.We may view (3)R 
dab at a point p as a linear map, L, of the ve
tor spa
e W oftwo-forms (i.e. antisymmetri
 (0; 2) tensors) at p into itself L : W ! W . By thesymmetries of the 
urvature tensor L is symmetri
 so it has an orthonormal basisof eigenve
tors and by isotropy all eigenvalues must be the same and hen
e L mustbe a multiple of the identity L = KI and hen
e(3)R 
dab = KÆ
[aÆdb℄By homogeneityK must be 
onstant. It follows that the s
alar 
urvature is 
onstantand the spa
es with 
onstant s
alar 
urvature are known. If K > 0 it is the 3dimensional spheres, de�ned as a subset of points R4 of distan
e R to the origin. IfK = 0 it is 
at Eu
lidean spa
e. If K < 0 is the 3 dimensional hyperboloid, de�nedas the subset of Minkowski spa
e satisfying t2� x2 � y2� z2 = R2. The spa
etimemetri
 
an therefore be of either of the form in spheri
al, re
tangular respe
tivelyhyperboli
 
oordinatesd2 = �d�2 + a(�)28><>: d 2 + sin2  (d�2 + sin2 � d�2); if k = 1dx2 + dy2 + dz2; if k = 0d 2 + sinh2  (d�2 + sin2 �) d�2; if k = �1These are 
alled Robertson-Walker spa
etimes.Our aim is to substitute these spa
etimes into Einstein's equations to solve fora(�). We will have to 
osmologi
al model of matter. On a 
osmi
 s
ale ea
h galaxy
an be though of as a grain of dust. The dust is modeled by the perfe
t 
uid matterwith vanishing pressure P = 0. However a thermal radiation �lls the universe withpressure P = �=3. Although its 
ontribution now is negligible this radiation ispredi
ted to have made a dominant 
ontribution in the early stages of the universe.We will therefore assume thatTab = � uaub + P (gab + uaub)1



2where ua is the unit tangent to the world line of a the parti
les. If we plug this andthe metri
 above into Einstein's equations we get that a(�) must satisfy3 _a2=a2 = 8� �� 3k=a23�a=a = �4(�+ 3P )Several interesting fa
ts 
an be read o� from these formulas. First given that theuniverse is expanding _a > 0 it follows from the se
ond equation and the fa
t that�; P � 0 that �a < 0 and hen
e the universe must have expanded even more in theearlier stages so at some point in the past it must have had zero volume a = 0 andin�nite density and 
urvature. This is what is 
alled the big bang.Before dis
ussing the future evolution of the universe we need to get an equationfor the evolution of the density of the universe. Multiplying the �rst equation bya2, di�erentiating with respe
t to t and eliminating �a using the se
ond equationgives _�+ 3(�+ P ) _a=a = 0Thus for dust (P = 0)we �nd that �a3 is 
onstant, whereas for radiation (P = �=3)we �nd that �a4 is 
onstant. In either 
ase we 
on
lude from the �rst equationabove that if k = �1 or k = 0 then _a 
an never be
ome zero so the universe expandforever. If k = 1 eventually the se
ond term will dominate and _a < 0 and sin
e�a < 0 it will 
ontinue to de
rease and after some �nite time a = 0. This is what is
alled the big 
run
h.5.3bParti
le Horizons. The following question arises in the study of 
osmologi
almodels in general relativity. In prin
iple how mu
h of our universe 
an be observedat a given event P . More pre
isely, whi
h observers 
ould have send a signal whi
hrea
hes a given observer at event P . The boundary between the world lines that
ould be seen at P and those that 
an not is 
alled the parti
le horizon at P . Onemight expe
t that all observers 
an 
ommuni
ate with ea
h other by sending signalsto ea
h other suÆ
iently far ba
k in time. However, this turn out not to be the
ase for Robinson-Walker spa
etimes that expand rapidly. In fa
t suppose we havea metri
 ds2 = �d�2 + a(�)2(dx2 + dy2 + dz2)and make the 
hange of time 
oordinatet = Z d�a(�)so the metri
 be
omes ds2 = a(t)2(�dt2 + dx2 + dy2 + dz2):In these 
oordinates it is possible to joint two events by a timelike 
urve if and onlyif it is possible to join them by a timelike 
urve in the Minkowski metri
, the 
asea = 1. If the integral above 
onverges then the spa
etime only extends ba
kwardsto some �nite time and it is hen
e impossible for an observer to re
eive signals fromall of spa
e.


