
Le
ture 13: 6.1 The S
hwarzs
hild spa
etime.A spa
etime is 
alled stati
 if it 
an be written in the formds2 = �V 2(x1; x2; x3)dt2 + 3X�;�=1h��(x1; x2; x3) dx�dx�The only spheri
ally symmetri
 stati
 solution, in fa
t the only spheri
ally sym-metri
 solution, to Einstein's va
uum equations is the S
hwarzs
hild spa
etime:ds2 = ��1� 2Mr �dt2 + �1� 2Mr ��1dr2 + r2d
2where d
2 = d�2+sin2 � d�2 is the metri
 on the unit sphere. Here r is not exa
tlythe distan
e to a 
enter, but rather it should be interpreted as r = (A=4�)1=2,where A is the area of the sphere with �xed r. One 
an 
he
k that the expressionabove satisfy Einstein's equations R�� = 0 expressed in the 
oordinates (t; r; �; �).This solution is to be thought of as a relativisti
 version of the Newtonian po-tential �eld around a star or planet M=r. The expression above is singular whenr = 2M and r = 0 so in a sense its really two spa
etimes one exterior when r > 2Mand one interior where 0 < r < 2M . For the sun the radius at r = 2M is far insidethe sun and only the part outside the sun 
an be modeled by the va
uum equationsand it has to be mat
hed to a smooth solution of the Einstein's equations with amatter �eld in the interior. The singularities at r = 0 and r = 2M are relevantonly for bodies whi
h have undergone a 
omplete gravitational 
ollapse. A bla
khole is modeled by the interior region.6.4 The Kruskal 
oordinates and bla
k holes.The S
hwarzs
hild metri
 expressed in the 
oordinates (t; r; �; �) have singularitiesat r = 0 and r = 2M , but are these singularities real or 
ould it be that insome other 
oordinate system there are no singularities. The �rst test of this isto form quantities from the 
urvature that are independent of 
oordinates, su
has R����R���� . It turns out that this quantity blows up when r ! 0 and hen
eex
luding the possibility that the metri
 would be regular there in some other
oordinate system. This is not the 
ase for r = 2M and as we will see one 
an�nd other 
oordinates in whi
h the metri
 is regular at r = 2M . The situation ofa 
oordinate singularity is easy to illustrate with an example. The metri
ds2 = �dt2=t4 + dx2appear to be singular when t = 0. However a 
hange of variables � = 1=t gives thatds2 = �d�2 + dx2To �nd a 
oordinate system that will resolve the singularity when r = 2M inthe expression for the S
hwarzs
hild metri
 it is natural to introdu
e 
hara
teristi

oordinates. The 
hara
teristi
s that do not depend on the angles are given byt = �r� + t0; where r� = r + 2M ln ��� r2M � 1���:1



2It 
an easily be 
he
ked that this is a 
hara
teristi
 
urve by 
al
ulating the tan-gent ve
tor and evaluate the metri
 on it to see that it is a null geodesi
. The
hara
teristi
 
oordinates are given byu = t� r�; v = t+ r�In these 
oordinates the S
hwarzs
hild metri
 be
omeds2 = �(1� 2M=r)dudv + r2d
2There is no longer a singularity at r = 2M but the metri
 is still degenerate there.We 
an further introdu
e U = e�u=4M and V = ev=4M to obtain the metri
ds2 = �32M3e�r=2Mr dUdV + r2d
2and �nally with T = (U + V )=2 and X = (V � U)=2 we obtainds2 = 32M3e�r=2Mr (�dT 2 + dX2) + r2d
2In this 
oordinates r = 2M 
orresponds to T 2 = X2 where there no longer is asingularity. The singular set r = 0 
orresponds to T 2 � X2 = 1. The solution
an hen
e be extended to the region where T 2 � X2 < 1 or r > 0. However,something pe
uliar still happens at r = 2M in the original 
oordinates the twofamilies of 
hara
teristi
s 
an only approa
h the set where r = 2M from r > 2Min in�nite t variable. However, in the Kruskal 
oordinates we 
an approa
h the setwhere T 2 �X2 along a geodesi
, whi
h in these 
oordinates are just straight linesT = �X +T0, for �nite T . Sin
e t or T does not have an interpretation as time wemust measure the proper time along the in
oming 
hara
teristi
s and that is �nitesin
e it is in the nonsingular Kruskal 
oordinates. The 
on
lusion is therefore thatin positive time you 
an get in along a null geodesi
 to the region where T 2�X2 > 0but you 
an never get out of this region. The region where 0 < T 2 � X2 < 1 is
alled a bla
k hole sin
e light 
an not get out from it.


