
Le
ture 14: 6.3 Geodesi
s in the S
hwarzs
hild spa
etime.Re
all the expression for the S
hwarzs
hild metri
:ds2 = ��1� 2Mr �dt2 + �1� 2Mr ��1dr2 + r2�d�2 + sin2 � d�2�It is the relativisti
 version of Newton's gravitational potential � = CM=r that sat-isfy Poisson's equation 4� = 0 outside a body of mass M . Similarly the S
hwarz-s
hild metri
 satisfy Einstein's equations outside the body.We will now study paths of parti
les in this �eld. Parti
les travel along geodesi
s.Massive parti
les along timelike geodesi
s and massless parti
les like light along nullgeodesi
s. If u = dx=d� is the tangent to the geodesi
 then we 
an parameterizethe 
urve so gabuaub = ��where � = 1 for a massive parti
le and 0 for a massless parti
le. The geodesi
equations are _ua + �ab
ubu
 = 0We want to solve this system of ordinary di�erential equations expressed in thex = (t; r; �; �) 
oordinates. Then u = (_t; _r; _�; _�). However there are quite a fewequations but there are some quantities that are 
onserved along a geodesi
. Apartfrom that the length of the tangent ve
tor is 
onstant the inner produ
t betweenany killing ve
tor �eld � and the tangent is 
onstant. Moreover we may assume thatthe parti
le travels in the equatorial plane � = �=2 sin
e it will travel in some planedetermine by its velo
ity ve
tor and the a

eleration ve
tor towards the origin sowe 
an rotate the 
oordinate system so it be
omes the equatorial plane.A ve
tor �eld � is 
alled killing ifL�gab = 0 , ra�b +rb�a = 0Here the Lie derivative isL�gab = �
�
gab � (�a�
)g
b � (�b�
)ga
If � is killing thendd� �gab�aub� = ubrb(�aua) + ub(rb�a)ua + �aubrbua = 0where the �rst term vanishes sin
e � is killing and the se
ond term sin
e u is thetangent to a geodesi
 
urve. The killing ve
tor �elds are the generators of theinvarian
es. Sin
e the S
hwarzs
hild metri
 does not depend on t and � it followsthat L�gab = 0 if � = �t and L�gab = 0, if � = ��. Hen
e we 
on
lude thatE = gabua�b = (1� 2M=r) _tis 
onstant and so is L = gabua�b = r2 _�1



2We 
an now substitute these equations into the equations saying that the length ofthe tangent ve
tor is 
onstant as well�� = �(1� 2M=r) _t2 + (1� 2M=r)�1 _r2 + r2 _�2to obtain12 _r2 + V (r) = 12E2; where V (r) = 12�� �Mr + L22r2 � ML2r3This is now just one ordinary di�erential equation that 
an be solved for r andon
e r is know the others are easy to �nd. Note the similarity with the Newto-nian potential. By di�erentiating the above equation we also get the se
ond orderequation �r = �V 0(r)If we view this as a �rst order system for (r; _r) the �xed points are the 
riti
alpoints where the right hand side vanishes. If � = 1:V 0(r) = r�4�Mr2 � L2r + 3ML2� = 0; _r = 0The equation has roots R� = L22M �1�pL2 � 12M2�Thus if L2 < 12M2 there are no extrema but if L2 > 12M2 there are two extrema3M < R� < 6M < R+V has a maximum at R� and a minimum at R+. The minimum R+ is a stableequilibrium and the maximum R� is an unstable equilibrium. This 
an been seenfrom looking at the eigenvalues of the linearized system around the equilibriumpoint or just from looking at the equation�r = �V 0(r) � �V 00(R�)(r �R�)at the equilibrium point. Sin
e V 00(R�) < 0 the parti
le will be pushed away; ifr > R� then it will a

elerate more to positive r and if r < R� it will a

elerateto smaller r. If � = 0 the situation is even simpler and the only root is r = 3M .


