Lecture 15: 7.1 Axial symmetry.

We will here consider spacetimes which are stationary and axisymmetric. This is of
great interest since it describes the gravitational field away from a spherical rotating
star. In Newtonian physics the field is independent of the rotation but in general
relativity it is not.

The A spacetime is called stationary if there is a one parameter group of isometries
ot whose orbits are timelike curves, i.e. 0444 = 01004, 079 = g and gabd?df < 0.
The generator £ = 6y is a timelike killing vector field Legay = limy—o (¢} gap —
gab) =0or Va‘fb + vb‘fa =0.

A spacetime is called axisymmetric if there is a one parameter group of isometries
X¢ Whose orbits are spacelike curves. The generator ¢ = xq is a spacelike killing
vector field Lygap = 0 or Vb, + Vipth, = 0.

We will assume that we have a stationary and axisymmetric spacetime such that
the time translations and rotations commute o; 0 x4 = X4 © 04, which is seen to be
equivalent to that the generators commute [€, 9] = 0. If the generators commute
we can choose coordinates 2° = t, ' = ¢,2?, z® such that 9; = ¢ and 9, = ©.
Since La,gap = Otgapr = 0 and £a¢ga,b = 0pgar = 0 it follows that a stationary
axisymmetric metric can be written

ds® = g, (2%, 2%) da* dz”

Under two further assumptions that (i) {495V £q) and £,4pV 1)g) each vanish at
at least one point, which is true for rotations which vanish on the axis of symmetry,

and (ii) ﬁaRa[bfcd)d] = @[)“Ra[bﬁc'gbd] = 0 which is true for solutions of the Einstein
vacuum equation’s, the spacetime can be written

ds? = ~V(dt — wdp)?® + V' p2dp? + Q*(dp? + Ad2?)

where (p, z) are to be thought of as cylindrical coordinates.

12.3 The Kerr metric.

The only stationary axisymmetric solution to the Einstein vacuum equations is the
Kerr metric:
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where
A =712+ a%cos?0, A=r2+a%>—2Mr



