
Le
ture 15: 7.1 Axial symmetry.We will here 
onsider spa
etimes whi
h are stationary and axisymmetri
. This is ofgreat interest sin
e it des
ribes the gravitational �eld away from a spheri
al rotatingstar. In Newtonian physi
s the �eld is independent of the rotation but in generalrelativity it is not.The A spa
etime is 
alled stationary if there is a one parameter group of isometries�t whose orbits are timelike 
urves, i.e. �t+s = �t Æ �s, ��t g = g and gab _�at _�bt < 0.The generator � = _�0 is a timelike killing ve
tor �eld L�gab = limt!0 1t ���t gab �gab� = 0 or ra�b +rb�a = 0.A spa
etime is 
alled axisymmetri
 if there is a one parameter group of isometries�� whose orbits are spa
elike 
urves. The generator  = _�0 is a spa
elike killingve
tor �eld L gab = 0 or ra b +rb a = 0.We will assume that we have a stationary and axisymmetri
 spa
etime su
h thatthe time translations and rotations 
ommute �t Æ �� = �� Æ �t, whi
h is seen to beequivalent to that the generators 
ommute [�;  ℄ = 0. If the generators 
ommutewe 
an 
hoose 
oordinates x0 = t, x1 = �,x2, x3 su
h that �t = � and �� =  .Sin
e L�tgab = �tgab = 0 and L��gab = ��gab = 0 it follows that a stationaryaxisymmetri
 metri
 
an be writtends2 = g��(x2; x3) dx� dx�Under two further assumptions that (i) �[a br
�d℄ and �[a br
 d℄ ea
h vanish atat least one point, whi
h is true for rotations whi
h vanish on the axis of symmetry,and (ii) �aR [ba �
 d℄ =  aR [ba �
 d℄ = 0 whi
h is true for solutions of the Einsteinva
uum equation's, the spa
etime 
an be writtends2 = �V (dt� wd�)2 + V �1�2d�2 + 
2(d�2 + �dz2)where (�; z) are to be thought of as 
ylindri
al 
oordinates.12.3 The Kerr metri
.The only stationary axisymmetri
 solution to the Einstein va
uum equations is theKerr metri
:ds2 = ��� a2 sin2 �� dt2 � 2a sin2 ��r2 + a2 � ��� dtd�+ (r2 + a2)2 � �a2 sin2 �� sin2 �d�2 + ��dr2 + �d�2where � = r2 + a2 
os2 �; � = r2 + a2 � 2Mr
1


