
le
ture 17: 8.1.We say that p 2M is a future endpoint of a 
urve �(t) if for every neighborhood Oof p there exists a t0 su
h that �(t) 2 O for all t > t0. A 
urve is said to be futureinextendible if it has no future endpoint. Past inextendible is de�ned similarly.Lemma Let � be a past inextendible 
ausal 
urve passing through point p.Then through any q2I+(p) there exists a past inextendible timelike 
urve 
2I+(�).Let f�ng be a sequen
e of 
ausal 
urves. A point p 2 M is 
alled a 
onvergen
epoint if for every neighborhood O of p, there is an N su
h that �n\O 6=; for n�N .Its 
alled a limit point if the same is true for a subsequen
e. A 
urve � is said tobe a 
onvergen
e/limit 
urve for f�ng if ea
h p 2� is a 
onvergen
e/limit point.Lemma A sequen
e of future inextendible 
ausal 
urves f�ng, with a limit point p,has a future inextendible 
ausal limit 
urve � passing through p.8.2 Causality 
onditions.In order for a spa
etime to be 
ausally wellbehaved we do not want it to exist any
losed 
ausal 
urves or even any 
urves that are 
lose to 
oming ba
k to themselvessin
e then any small perturbation of the metri
 
ould produ
e 
ausality violation.We say that a spa
etime is strongly 
ausal if for all p 2M and every neighborhoodO of p, there is a neighborhood V of p 
ontained in O su
h that no 
ausal 
urveinterse
ts V more than on
e. (This means that it enters and or exists V at moston
e, i.e. the set of parameter values for whi
h the 
urve is in V is 
onne
ted.) Thisprevents a 
urve from being 
lose to 
oming ba
k but other things 
ould happen.Lemma Let (m; gab) be strongly 
ausal and let K � M be 
ompa
t. Then every
ausal 
urve 
on�ned within K must have past and future endpoints in K.We say that a spa
etime (M; gab) is stable 
ausal if there a timlike ve
tor �eld ta su
hthat the spa
etime (M; ~gab) has no 
losed timelike orbits, where ~gab = gab � tatb:The light 
ones for ~gab are stri
tly larger than the light 
ones for gab, i.e. every
asual ve
tor for gab is a timelike ve
tor for ~gab. Stable 
ausal is equivalent to theexisten
e of a global time fun
tion:Theorem A spa
etime is stable 
ausal if and only if there a global di�erentiablefun
tion f su
h su
h that raf is a past dire
ted timelike ve
tor.Proof Sin
e r
f is past dire
ted timelike, along every future dire
ted timelike 
urvewith tangent va, we have v(f) = gabvarbf > 0. (This follows sin
e if (t; x) and(s; y) are future dire
ted timelike ve
tors in Minkowski spa
e then (t; x) � (s; y) =�ts+ x � y < �jxj jyj+ x � y � 0.) It follows that f is in
reasing along any timelike
urve so there 
an not be any 
losed timelike 
urves. The same thing 
an be showbnto be true for f in the metri
 ~gab.Corollary Stable 
ausal implies strong 
ausal.Proof Sin
e f in
reases along and future dire
ted 
ausal 
urve f 
an not enter theregion twi
e.
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