
Le
ture 18: 8.3 Domain of Dependen
e; Global Hyperboli
ity.A subset S is 
alled a
hronal if no points in S 
an be joined by a timelike 
urve.For S 
losed and a
hronal, we de�ne the edge of S as the set of points p 2 S su
hthat every open neighborhood O of p 
ontains q 2 I+(p) and r 2 I�(p) and atimelike 
urve from r to q whi
h does not interse
t S.Theorem A 
losed a
hronal set without edge (a sli
e) is a 3-dim C0 submanifold.The future domain of dependen
e D+(S), of a 
losed a
hronal set S, is the set ofpoints p2M su
h that every past inextendible 
ausal 
urve through p interse
ts S.What happens in D+(S) should be determined by the initial 
onditions on S.The past domain of dependen
e D�(S) is de�ned similarly andthe domain of dependen
e is D(S) = D+(S) [D�(S).A 
losed a
hronal set � for whi
h D(�) =M is 
alled a Cau
hy (hyper)surfa
e.It is in fa
t a hypersurfa
e by the previous theorem.A spa
etime whi
h has a Cau
hy hypersurfa
e is said to be globally hyperboli
.For a 
losed a
hronal set S the future Cau
hy horizon is de�ned to beH+(S) = D+(S) n I�(D+(S)).Theorem Every p 2 H+(S) lies on a null geodesi
 � 
ontained entirely withinH+(S) whi
h either is past inextendible or has a past endpoint on the edge of S.H�(S) is de�ned similarly and the Cau
hy horizon is H(S) = H+(S) [H�(S).Proposition H(S) = _D(S), the boundary. Moreover, if M is 
onne
ted then a
losed a
hronal subset � is a Cau
hy surfa
e if and only of H(�) is empty.Theorem If � is 
losed, a
hronal, edgeless subset, then � is a Cau
hy surfa
e if andonly if every inextendible null geodesi
 interse
ts � and enters I+(�) and I�(�).Let C(p; q) denote the set of 
ontinuous future dire
ted 
ausal 
urves from p to q.We de�ne a topology on C(p; q) the open sets 
onsist of 
urves 
ontained open sets.Theorem Let (M; gab) be globally hyperboli
. Then C(p; q) is 
ompa
t.Theorem Let (M; gab) be a globally hyperboli
 spa
etime. Then it is stable 
ausal.A global time fun
tion 
an be 
hosen su
h that its level sets Cau
hy hypersurfa
es.
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