
Le
ture 2: 2.1 Manifolds.A topologi
al manifold M of dimension n is a Hausdor� topologi
al spa
e with a
ountable basis of open sets that lo
ally looks like Rn in the following senseea
h p 2M has a neighborhood whi
h is homeomorphi
 to an open subset of Rn.A homeomorphism is a 
ontinuous invertible fun
tion with 
ontinuous inverse.The pair (U; �) where O is an open subset of M and � : O ! U is a homeomor-phism onto an open subset U of Rn is 
alled a 
oordinate neighborhood.A C1 manifold M of dimension n is a topologi
al manifold with a family of 
oor-dinate 
harts f(O�; ��)g su
h that(i) [�O� = M .(ii) If O� \O� 6= ; then �� Æ ��1� : ��(O� \ O�)! ��(O� \O�)! is a C1 map.Ex Rn is a manifold, in fa
t with O = Rn and the identity map.Ex The sphere S2 = f(x1; x2; x3) 2 R3; (x1)2 + (x2)2 + (x3)2 = 1g is a manifold.In fa
t, the 
oordinate 
harts are the open sets O�i = f(x1; x2; x3)2 S2; �xi > 0gand the maps are the proje
tions to the unit dis
s in the 
oordinate planes.LetM andM 0 be C1 manifolds with 
harts f(O�; ��)g and f(O0�; �0�)g respe
tively.Then the produ
t M �M 0 is a C1 manifold with 
harts f(O� � O0� ; (��; �0�))g.We say that a map f :M!M 0 is C1 if �0�ÆfÆ��1� :U�!U 0� is C1 for any � and �.If f is also one-to-one and onto with C1 inverse we say that f is a di�eomorphism,and that M and M 0 are di�eomorphi
.2.2 Tangent ve
tors.Eu
lidean spa
e has a natural ve
tor spa
e stru
ture, we 
an e.g. add for
es toget the total for
e a
ting on a parti
le. There is no su
h addition on a manifold.Instead we hope to be able to add in�nitesimal displa
ement at a point.For a manifold embedded in Eu
lidean spa
e there is a natural notion of tangentve
tors and tangent spa
e. However, even though all manifolds 
an be embedded inEu
lidean spa
e there might not be a natural embedding so we would like to havea more intrinsi
 de�nition. We will use that there is a one to one 
orresponden
ebetween ve
tors and dire
tional derivatives in Rn: (v1; : : : ; vn)! v���.We de�ne a tangent ve
tor at a point p 2 M in a manifold M to be a mapC1(M;R)! R whi
h is linear and satis�es Leibnitz rule:(i) v(af + bg) = av(f) + bv(g)(ii) v(fg) = f(p)v(g) + g(p)v(f)It is 
lear from the de�nition that the spa
e of tangent ve
tors at a point Vp is ave
tor spa
e. In fa
t its an n dimensional ve
tor spa
e:Th If M is an n dimensional smooth manifold and p 2M then dimVp = n.In fa
t let (U; �) be a 
hart 
ontaining p and de�ne X�(f) = ��x� (f Æ ��1)����(p),where (x1; : : : ; xn) are the 
oordinates in �(O) � Rn.Then X�, � = 1; : : : ; n, are linearly independent sin
e X�(x� Æ �) = Æ��.Using the Taylor expansion of f one 
an show that v(f) = v�X�(f), v� = v(x�Æ�).1


