
Le
ture 3: 2.2 Tangent ve
tors.Suppose that we have a manifoldM and we have to di�erent systems of 
oordinates.Then we have two possible expressions for a tangent ve
tor:v = v� ��x� = v0� ��x0�The 
hange of variable going from x! x0 gives��x� = �x0��x� ��x0�Substituting this gives v0� = v� �x0��x�There is an alternative 
hara
terization of tangent spa
e at a point p 2 M as anequivalen
e 
lass of smooth 
urves going through p that have the same tangentve
tor at p in any 
oordinate system. A smooth 
urve through p 2 M is a smoothmap from an interval I 3 0 to the manifold C : I ! M , su
h that C(0) = p.The 
urve de�nes a tangent ve
tor by for any f 2 C1(M;R) in lo
al 
oordinatesx(t) = � Æ C(t); T (f) = ddtf Æ C(t)���t=0 = dx�dt ���t=0 ��x� �f Æ ��1�We have so far de�ned the spa
e of tangent ve
tor at a point Vp. A smooth ve
tor�eld is an assignment of an tangent ve
tor v��p 2 Vp at ea
h point p 2M , that varysmoothly with p in the sense that v(f) is a smooth fun
tion of p for ea
h smoothf . This is equivalent to that the 
omponent fun
tions are v� are smooth.A one-parameter group of di�eomorphisms �t is a map I � M ! M su
h that�t : M ! M is a di�eomorphism, for ea
h t 2 I and �t+s = �t Æ �s. The tangentve
tor to the 
urve t! �t at t = 0 is a ve
tor �eld. Conversely, given a ve
tor �eldits integral 
urves are solutions of the system of ordinary di�erential equations inlo
al 
oordinates dx�dt = v�(x1; : : : ; xn)2.3 Tensors and the 
otangent spa
e. An example of tensor in physi
s is thestress tensor de�ned as follows. Consider a small plane segment with unit normaln. Let F be the for
e that a small mass on one side of the plane asserts on an equalmass on the other side of the plane and let ` be another unit ve
tor. The stresstensor T (n; `) = Tijni`j is the 
omponent of the for
e F in the ` dire
tion.Let V be a ve
tor spa
e of dimension n and let V � be the dual ve
tors spa
e, oflinear maps f :V ! R. If v1; : : : ; vn is a basis for V the we 
an �nd a dual basisv�1; : : : ; v�n for V � su
h that v��(v�) = Æ�� . (Here Æ�� = 1, if � = � and Æ�� = 0 if� 6= �.) The 
orresponden
e v� ! v�� gives an isomorphism between V and V �,but this isomorphism depends on the 
hoi
e of basis fv�g so there is no naturalway of identifying V and V � unless we have a metri
. The dual of the dual V ��
an however naturally be identi�ed with V . In fa
t if v 2 V and w� 2 V � thenv(w�) = w�(v) de�nes an element of V �� and this map must be onto sin
e thedimension of V is the same as that of V ��.1



2 A tensor, T , of type (k; `) over V , is a multilinear mapT : V � � � � � � V � � V � � � � � V ! Rof k 
opies of V � and ` 
opies of V .A 
ontra
tion of a tensor T is the tensor CT = T (: : : ; v��; : : : ; : : : ; v�; : : : ). This
an be seen to be independent of basis just like the tra
e of a matrix is.Given a tensor T of type (k; `) and a tensor T 0 of type (k0; `0) we 
an 
onstru
t anew tensor of type (k + k0; `+ `0) 
alled the outer produ
t T 
 T 0 byT 
 T 0�v�1; : : : ; v�k+k0 ; v1; : : : ; v`+`0�= T �v�1; : : : ; v�k; v1; : : : ; v`� T �v�k+1; : : : ; v�k+k0 ; v`+1; : : : ; v`+`0�Given a basis v1; : : : ; vn of V and a dual basis v�1; : : : v�n of V � we 
an express ageneral tensor T of type (k; `) asT = T�1:::�k�1:::�` v�1
 � � � 
 v�k 
 v��1 
 � � � 
 v��` :We are in parti
ular interested in the 
ase V = Vp is the tangent spa
e at a pointp of a manifold M . In that 
ase we 
an 
hoose the basis for V to be the ve
tors�=�x1; : : : ; �=�xn in some lo
al 
oordinates. It is then 
ustomary to denote the dualbasis by dx1; : : : ; dxn, i.e. dx� is the linear transformation on the tangent spa
esu
h that dx�(�=�x�) = Æ�� . There are also a 
ouple of other ways to interpret thenotation dx�. If f : M ! R, the di�erential df at p is the linear map Vp ! Rp = Rof tangent ve
tors given by df(v) = v(f). Hen
e dx� denotes the di�erential of the
oordinate fun
tion x� we have dx�(�=�x�) = �=�x�(x�) = Æ�� .There is however, an alternative way of des
ribing the 
otangent spa
e V �p asequivalen
e 
lasses of fun
tions f :M! R vanishing at p modulo fun
tions vanish-ing to higher order or produ
ts of fun
tions vanishing at p. Then df denotes theequivalen
e 
lass of f . This is 
ompletely analogous to the des
ription of a tangentve
tor v = C 0(t) as an equivalen
e 
lasses of 
urves C : R ! M . It is 
lear thatthe pairing df(v) = v(f) is independent of representativeThe reason we need to 
onsider both tangent and 
otangent ve
tors is that bothshow up naturally. The tangent ve
tors are the derivatives of fun
tions to themanifolds su
h as a path of a parti
le and 
otangent ve
tors are the derivatives offun
tions on the manifold su
h as the di�erential of the temperature. The paringbetween the velo
ity ve
tor to the parti
le and the temperature di�erential is thenthe 
hange of temperature the parti
le feels.The reason we need to di�erentiate between tangent and 
otangent ve
tors isthat they transform di�erently under 
hanges of 
oordinates. Using the pairing wesee that the 
omponents of a 
otangent ve
tor transform like!0�0 = !� �x��x�0As for ve
tors its easy to 
he
k that the 
omponents of a tensor T of type (k; `)transform likeT 0�01����0k�01���� 0̀ = T�1����k�1����` �x0�01�x�1 � � � �x0�0k�x�k �x�1�x0�01 � � � �x�`�x0�0̀


