
Le
ture 6: 3.4a How to 
al
ulate the 
urvature.Re
all that the 
urvature was de�ned by(rarb �rbra)!
 = R dab
 !d:We will now derive a formula for the 
urvature in terms of the metri
. We haverb!
 = �b!
 � �db
!dand rarb!
 = �a��b!
 � �db
!d�� �eab��e!
 � �de
!d�� �ea
��b!e � �dbe!d�using the symmetry �dab = �dba and the 
ommutativity of partial derivatives we get(rarb �rbra)!
 = ��a�db
!d + �b�da
!d + �ea
�dbe!d � �eb
�dae!dand hen
e R dab
 = ��a�db
 + �b�da
 + �ea
�dbe � �eb
�daeUsing that �dab = gd
��agb
 + �bga
 � �
gab�=2 we see that R dab
 � �2g + (�g)2.3.2 
ont. The Ri

i 
urvature and the Einstein tensor.If we tra
e the Riemann 
urvature tensor R dab
 we get the Ri

i 
urvatureRa
 = R dad
and if we tra
e again the s
alar 
urvatureR = Ra
ga
Einstein's va
uum equations without any for
es from matter areRab = 0:We will motivate these later but for now let us just say that if we want an equationfor the metri
 that is invariant under 
hanges of 
oordinates, under 
hanges of a
-
elerating frame it has to be in terms of the 
urvature. Moreover sin
e we expe
tphysi
s to be su
h that a parti
les path in the absen
e of exterior for
es is deter-mined by its initial position and velo
ity, then it has to be a se
ond order equation.Therefore it has to be an equation in terms of the 
urvature itself. If the Riemann
urvature vanishes then the metri
 
an be transformed to the 
at Minkowski metri
by a 
hange of 
oordinates. Just saying that the s
alar 
urvature vanishes is toorestri
tive so what is left is to say that the Ri

i 
urvature vanishes.In the presen
e of exterior for
es the above equations have to be modi�ed sin
esin
e its not automati
ally divergen
e free. The Einstein tensor is de�ned byGab = Rab � 12RgabIt follows from the Bia
hi identity thatraGab = 0; T a = ga
r
Einstein's equations in the presen
e of exterior for
es isGab = Tabwhere Tab is the energy momentum tensor of the matter �elds that is expe
t tosatisfy additional equations, in parti
ular it has to be divergen
e free raTab = 0.The tra
e free part 
alled the Weyl tensor Cab
d is de�ned byRab
d = Cab
d + 2n� 2�ga[
Rdb℄ � gb[
Rd℄a�� 2(n� 1)(n� 2)Rga[
gd℄b:1



23.3 Geodesi
s.A geodesi
 is the straightest 
urve between two points. In 
at spa
e this is a line buton the sphere it is great 
ir
les. In Riemannian geometry with a positive de�nitemetri
 gab the 
urve between two points with the shortest length is a geodesi
. Thelength of a 
urve x(t) is de�ned by`(x) = Z ba rgab(x)dxadt dxbdt dtConsider a family of 
urves x(t; s) depending on an additional parameter s withthe same starting and ending points and let Æx = �s x. Then after di�erentiatingand integrating by parts we getÆ`(x) = � Z ba �d2x
dt2 + �
ab dxadt dxbdt �g
d Æxd dtIn order for the length to be minimal we must have that Æ` = 0 for all Æx whi
h istrue if d2x
dt2 + �
ab dxadt dxbdt = 0This system of di�erential equations have a unique solution for any initial positionand velo
ity. This means that for ea
h tangent ve
tor T at a point p we have ageodesi
. We 
an hen
e de�ne a map from the tangent spa
e to to the geodesi
 atparameter value one in the manifold. This is 
alled geodesi
 normal 
oordinates.This is the equation for a geodesi
 and it 
an also be writtenT araT b = 0; T a = dxadtIn Lorentzian geometry with a metri
 with signature (�1; 1; 1; 1) this equationstill makes sense even though a geodesi
 no longer has the interpretation as theminimal distan
e between two points in general. For a 
urve that is spa
e like, i.e.gabT aT b > 0, it still has this interpretation. However for a 
urve that is timelikegabT aT b < 0 we de�ne the proper time to be`(x) = Z ba r�gab(x)dxadt dxbdt dt


