
Le
ture 8: 4.1 The geometry of Spa
e in Prerelativity Physi
s; Covari-an
e.In 
lassi
al physi
s the metri
 of spa
e is given byds2 = dx2 + dy2 + dz2or in index notation h��dx� dx�where h = diag(1; 1; 1).The prin
iple of 
ovarian
e states that all measurable quantities are obtained by
ontra
ting tensors with basis ve
tors and that the resulting s
alars should havethe same value in all frames. Moreover the physi
al equations should only involvetensors, its derivatives and the metri
.4.2 Spe
ial Relativity.Spe
ial relativity is similar with the ex
eption that the metri
 is repla
ed by aspa
e-time metri
 ds2 = �dt2 + dx2 + dy2 + dz2or in index notation ���dx� dx�where � = diag(�1; 1; 1; 1). The prin
iple of 
ovarian
e still holds but with respe
tto the spa
e-time metri
. They should be invariant under Lorentz transformationas well as rotations and translations of spa
e.We have already mentioned that 
urves with tangent T in spa
etime are 
lassi�edas timelike, null or spa
elike a

ording to if �abT aT b is negative, zero or positive.The di�eren
e in t 
oordinate between two events have no meaning sin
e it dependson the 
hoi
e of 
oordinate system. However we 
an de�ne the proper time along atimelike 
urve to be � = Z p��abT aT b dt:where T is the unit tangent ve
tor to the 
urve. This is invariant under 
hangesof parameter along the 
urve. However, two 
urves with the same start and endpoints might have di�erent proper time whi
h leads to the so 
alled twin paradox.The tangent ve
tor ua to a timelike 
urve parameterized by proper time has unitlength: uaua = �1:A parti
le subje
t to no external for
es will travel along a geodesi
:dd� ub = ua�aub = uaraub = 0sin
e the Christo�el symbols of the metri
 vanish.All parti
les have a rest mass m. The energy-momentum 4-ve
tor, pa, of a parti
leof mass m is de�ned by pa = mua1



2The energy of a parti
le as measured by an observer-present at the site of theparti
le-whose 4-velo
ity is va is de�ned byE = �pava:For a parti
le at rest with respe
t to the observer (i.e. va = ua) this redu
es to thefamiliar formula E = m
2 (in our units 
 = 1).Continuous matter distribution is des
ribed by a symmetri
 tensor Tab 
alled thestress-energy-momentum tensor. For an observer with 4-velo
ity va, the 
ompo-nents Tabvavb is interpreted as the energy density, i.e. mass-energy per unit volume,as measure by the observer. For normal matter this is positiveTabvavb � 0:If xa is orthogonal to va, then 
omponent �Tabvaxb is interpreted as the momentumdensity of matter in the xa-dire
tion. If ya also is orthogonal to va, then Tabxaybrepresents the xa-yb 
omponent of the stress tensor previously de�ned.We will give examples of stress-energy tensors, for 
uids and ele
tromagnetism. Thestress-energy tensor will depend on matter �elds whi
h satisfy 
ertain equations.In parti
ular we always have the divergen
e free 
ondition�aTab = 0In the nonrelativisti
 limit of the matter �eld for a perfe
t 
uid the divergen
e free
ondition leads to Euler's equations of a 
uid. The divergen
e free 
ondition inparti
ular implies energy 
onservation.


