
Le
ture 9: 4.2 The energy momentum tensor in spe
ial relativity.The energy momentum tensor for a perfe
t 
uid is given byTab = � uaub + P (�ab + uaub) = (�+ P )uaub + P�abwhere ua is a unit timelike ve
tor �eld representing the 4-velo
ity of the 
uid, �is the density, P the pressure and �ab is the Minkowski metri
. The equations ofmotion are(4.2.0) �aTab = 0or(4.2.1) �(�+ P )�aua + ua�a(�+ P )�ub + (�+ P )ua�aub + �bP = 0Sin
e ubub = �1 it follows from 
ontra
ting with �ub that(4.2.2) (�+ P )�aua + ua�a� = 0The 
omponent of (4.2.1) along ub is therefore (4.2.2) multiplied by ub and sub-tra
ting it o� yields the perpendi
ular 
omponent:(4.2.3) (ua�aP )ub + (�+ P )ua�aub + �bP = 0:In the nonrelativisti
 limit when P << �, u� � (1; V ), and jV jdP=dt << jrP jthese equations be
ome �t�+ div(�V ) = 0and ���tVi + V k�kVi� = ��iP; i = 1; 2; 3:The divergen
e free 
ondition �aTab imply energy 
onservation. In fa
t, 
onsideran observer with 
onstant 4-velo
ity va, so that �bva = 0. The quantityJa = �Tabvbrepresents the mass-energy 
urrent density 4-ve
tor of the 
uid measured by theseobservers. Then �aJa = �(�aTab)vb = 0If S is the surfa
e of a spa
etime domain D then by the spa
etime divergen
etheorem Flux of Energy out through S = ZS Jana dS = ZD �aJa dV = 0Physi
ally this means energy 
onservation.1



2 The energy momentum tensor for a s
alar �eld satisfying Klein-Gordon equation(4.2.4) �a�a��m2� = 0(here �a�a = ��2t +4x is the wave operator) isTab = �a� �b�� 12�ab��
� �
�+m2��and �aTab = 0 by (4.2.4).In prerelatvity physi
s the ele
tri
 �eld E and the magneti
 �eld B are spa
ialve
tors. In spe
ial relativity they 
an be 
ombined to a single spa
etime tensor�eld Fab, whi
h is antisymmetri
 Fab = �Fba, and its dual �Fab = � 12 � 
dab F
d,where �ab
d = 1 if (a; b; 
; d) is an even permutation of (0; 1; 2; 3), its equal to = �1if its an odd permutation and equal to 0 otherwise. Here as usual we have in
reasedand lowered the indi
es with respe
t to the Minkowski metri
 �ab. For an observerwith 4-velo
ity v, Ea = Fabvb is interpreted as the ele
tri
 �eld and Ba = �Fabvbthe magneti
 �eld.In terms of Fab the Maxwell equations take the simple form�aFab = �4�jb�[aFb
℄ = 0 = �a �Fabwhere ja is the 
urrent 4-ve
tor of ele
tri
 
harge.The energy momentum tensor for the ele
tromagneti
 �eld isTab = 14� �Fa
F 
b � 14�abFdeF de�In order for �aTab = 0 we must have that ja = 0 in order for Maxwell's equationsabove to hold. However, if we add the energy-momentum tensor for the s
alar �eldto the one for the ele
tromagneti
 �eld the total energy momentum tensor 
an stillbe divergen
e free with ja 6= 0. In this 
ase we will get an additional term in theright hand side of the Klein Gordon equation.A parti
le of 
harge q and mass m moving in the ele
tromagneti
 �eld Fab will feelthe a

eleration dd� ub = ua�aub = qmF b
u
This is the spe
ial relativisti
 version of the Lorentz for
e law. The left is thea

eleration measured in the parti
les own frame.


