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Motion of a liquid body in va
uum(the o
ean or a star)In
ompressible or 
ompressible perfe
t 
uidWithout surfa
e tension and gravitationv-velo
ity, p-pressure, �-density, t-time
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Free boundary problem:The velo
ity tells the boundary where to move.The boundary is the zero set of the pressureand the pressure determines the a

eleration.(Regularity of the boundary is intimately 
on-ne
ted to the regularity of the velo
ity. )



Euler's equations� (�t+ V k�k)vi = ��ip in D i=1;:::;n (1)(�t+ V k�k)�+ �div V = 0; in D (2)�k= ��xk, V k=vk, V k�k=Pnk=1V k�k, divV=�kV kEquation of stateCompressible 
ase: p = p(�); (3)p(��0) = 0; ��0 > 0; p 0(�) > 0; � � ��0 (4)In
ompressible 
ase: � = 
onstant (5)Boundary 
onditions(�t+ V k�k)j�D 2 T(�D) (6)p = 0; on �D (7)T(�D) is the tangent spa
e of the boundary.Initial 
onditionsfx; (0; x) 2 Dg= D0 (8)V (0; x) = V0(x); �(0; x) = �0(x); in D0 (9)Compatibility 
ond. Formal power series so-lution(~V; ~�) in time should satisfy bound. 
ond.(�t+~V k�k)j(~����0)���f0g��D0=0; j=0;:::(10)



Lo
al Existen
e?:Given a domain D0 � Rn, a ve
tor �eld V0and a fun
tion �0 in D0 satisfying the 
om-patibility 
onditions (10). Find a domain D =[0�t�Tftg � Dt, Dt � Rn, a ve
tor �eld V anda fun
tion � in D, su
h that (1)-(9) hold.Lo
al existen
e for analyti
 dataBaouendi-Goulaoui
, Nishida(in
ompressible irrotational 
ase)Instability in Sobolev norms?Rayleigh-Taylor Instability(heavier 
uid above lighter)Ebin's 
ounterexample (when p<0, rNp>0).Physi
al 
onditionrNp ��
0 < 0; on �D0; (11)where rN=Nk�k and N is the exterior normalSin
e the pressure of a 
uid has to be positiveNeeded for lo
al existen
e in Sobolev Spa
es.Vorti
ity: 
url vij = �ivj � �jviIn
ompressible 
uid: divV = 0Irrotational 
uid: 
url v = 0.



Lo
al existen
e in Sobolev spa
es:I) In
ompressible Irrotational 
ase:Lo
al existen
e for Water wave problem:Yosihara, Nalimov: 
lose to still water in R2Wu: in general in R2 and R3(no instability when water wave turns over,physi
al 
ond. hold in the irrotational 
ase)II) General In
ompressible 
ase:Ebin: lo
al exist with surfa
e tension(announ
ed)Christodoulou-L: i) Sobolev norms remain boundedas long as the physi
al 
ond. hold, �rst orderderivatives of the velo
ity and the se
ond fun-damental form of the free surfa
e are bounded.ii) lo
al a priori bounds for Sobolev norms.L: iii) Lo
al existen
e assuming physi
al 
ond.III) General Compressible 
ase:L: Lo
al existen
e assuming physi
al 
ond.IV) Generalizations:L: Newtonian self gravity, spe
ial relativity.General Relativity: Existen
e in spe
ial 
asesby Rendall, Christodoulou, Friedri
h.



Irrotational In
ompressible 
ase(�t+ V k�k)vi = ��ip (12)div V = 0; 
url v = 0 (13)Taking the divergen
e of (12) using (13):4p = �(�iV j)(�jV i) < 0; p����D = 0 (14)By strong maximum prin
iple rNp����D < 0. Wa-ter wave problem, uniform gravitational �eld g
g g

In
ompressibility 
ond, p > 0 holds it togetherIf (13) holds then 4vi=0 so V is determinedby its boundary values and hen
e one 
an re-du
e to equations on the boundary only.If the boundary was smooth, then inverting(14) would give that �p = O(V ) and so (12)would be an O.D.E. (�t+ V k�k)V = O(V ).In general improved eq. for div V and 
url v.



Lagrangian 
oordinates: ft : y ! x(t; y):dx=dt=V (t; x); x(0; y)=f0(y); y 2 
Boundary be
omes �xed in the (t; y) 
oord.
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Lagrangian (t; y) Eulerian (t; x)[0; T ℄�
 D = [0�t�Tftg � DtDt = �t Dt = �t+ V k�k�k= �ya�xk ��ya �k= ��xkEuler's eq:�Dtvi = ��ip; Dt�+ �divV = 0Coordinates: Dtxi = V iDt�� �divV = 0; � = det(�x=�y)(Dt det(M) = det(M)tr(M�1DtM).) so:�D2t xi = ��ip; � = k=�; p = p(�)



Energy Conservation E0(t) = E0(0) whereE0(t) = ZDt�jV j2+Q(�)��dx; Q(�)=2Z p(�)�2 d�Proof of Energy 
onservation: We haveZDth�dx=Z
h��dy; �=det(�x=�y); Dt(��) = 0so by the above and the divergen
e theoremddtE0 = ZDt(Dt(jV j2+Q(�)))�dx= ZDt(�2V i�ip+2p��1Dt�) dx= � Z�Dt2NiV ip dS+ZDt2(�iV i)p+2p��1Dt�dx = 0by the boundary 
ond. and Euler's eq.Higher order EnergiesEr(t) = kvkHr(Dt)+ k�kHr(Dt)+ k�kHr�2(�Dt)where �ij = ��iNj is the se
ond fundamentalform of �Dt.Energy bound: If rNp � �
0 < 0 thenEr(t) � Cr(t; 
�10 )Er(0):



Euler's eq. If h(�) the enthalphy (h0 = p0=�):D2t xi+ �ih = 0; �= k=�; h����
 = 0where �=det(�x=�y), x(t; y), �i=(�ya=�xi)�=�ya.Linearized equations Consider a family of so-lutions x = �x(t; y; r) depending on an extra pa-rameter r and let Æx = ��x(t; y; r)=�r���r=0.D2t Æxi+ �iÆh� (�kh)�iÆxk = 0;Æh = �h0�divÆx; Æh����
 = 0:sin
e [Æ; �i℄ = �(�iÆxk)�k and Æ� = �divÆx.Linearized stability: Let~Er(t) = kÆvkHr(Dt)+ kÆ�kHr(Dt)+ kÆ�kHr�2(�Dt)and suppose that rNh � �
0 < 0. Then~Er(t)�Cr(x; t; 
�10 ) ~Er(0)Existen
e for linearized eq.: Non standardbe
ause the higher order operator �(�kh)�iÆxkis not ellipti
. It is positive be
ause rNh < 0.Existen
e for Euler's eq.: Follows from in-vertibility and tame estimates for the linearizedoperator using the Nash-Moser te
hnique.



Rewriting the linearized equations for X=Æx:�X + CX = B(X; _X); divX����
 = 0where B is a bounded operator,_X = L̂DtX is a modi�ed time derivative:L̂DtXi = LDtXi+divV Xi = ��1�xi�yaDt(��ya�xkXk)that preserves the divergen
e free 
ondition:divL̂DtX = D̂tdivX, where D̂t = Dt+divV .C is a positive symmetri
 operator on ve
tor�elds satisfying the boundary 
ondition if thephysi
al 
ondition rNh < 0 hold.CX = �r(h0�divX + (�kh)Xk) = �r(h0div(�X)):If hX;Zi=RDtX � Zdx, divX����
=divZ����
=0:h�X; CZi = ZDt div(�X)div(�Z)h0dx+ Z�DtXNZN(�rNh)�dS; XN = X �N(Here �kh����Dt = NkrNh, sin
e h����Dt = 0.)



Energy ~E0 = h _X; � _Xi+ hX; �CXiEnergy bound:Dt ~E0 = 2h� _X; �Xi+ h� _X;CXi+ hX; �C _Xi+ hX; �[Dt; C℄Xi+L.O.= 2h� _X; �X + CXi+ hX; �[Dt; C℄Xi+L.O.
Commutator estimate:jhX; �[Dt; C℄Xij � ChX; �CXiwhere C = krNDth=rNh(t; �)kL1It follows that Dt ~E0 � C ~E0 so ~E0(t) � C ~E0(0).Higher order energies~Er = k _XkHr(
)+ kdivXkHr(
)+ kXNkHr(�
)Prove that ~Er(t) � C ~Er(0).



Orthogonal proje
tion onto divergen
e freeve
tor �elds Write X = X0+X1, whereX0 = PX = X �rq; 4q = divX; q����
 = 0De
ompose the linearized equations:�X + CX = B(X; _X); divX����
 = 0where CX = �r(h0�divX + (�kh)Xk), into awave equation for the divergen
eD̂2t divX �4(p0divX) = 4(Xk�kh) + div B;with Diri
hlet boundary 
ond. divX����
=0, andan evolution eq. for the divergen
e free part:�X0+AX0 = �AX1 � PB2(X1; _X1) + PB(X; _X)(we used [L̂Dt; P ℄X=O(X)), for the operatorAX = PCX = P(�r(Xk�kh))sin
e the proje
tion of the gradient of a fun
-tion that vanishes on the boundary vanishes.Here A is symmetri
 and positive when rNh<0:hX;AZi=Z�DtXNZN(�rNh)dS; divX=divZ=0but not ellipti
!



Energies~E0 = h _X0; _X0i+ hX0; AX0i+ hdiv _X1;div _X1i+ hp0rdivX1;rdivX1iEstimates for the divergen
e free eq.:�X +AX = F; divX = divF = 0(in
ompressible; det(�x=�y) = 1 = �, h= p)AX = �Pr(Xk�kp)Er = k _XkHr(
)+ kXNkHr(�
)Er(t) � Cr(Er(0) + Z t0 kFkHr(
)d�)Lowest order energy estimateE = h _X; _Xi+ hX;AXi_E = 2h _X; �X +AXi+ hX; [Dt; A℄Xi+ L:O: � CE;using the 
ommutator estimate:jhX; [Dt; A℄Xij � ChX;AXi.



Lie Derivatives T ����
 2 T(�
) and div T = 0.LTXi = T k�kXi �Xk�kT idivLTX = 0 if div X = 0.Commutators[LT ; A℄Xi = (LT Æij)ÆjkAXk +ATpXiwhere for f ����
 = 0,AfX = �P�Æij�j(Xk�kf)�jhX;AfXij � ChX;AXi;where C = krNf=rNpkL1(�
).Energies T family of ve
tor �elds that spanT(�
).ETr (t) = XjIj�r; I2T qhLIT _X;LIT _Xi+ hLITX;ALITXiETr (t) � CETr (0).



Estimates of derivatives by the 
url, thedivergen
e and tangential derivatives:j�Zj � C�jdivZj+ j
urlZj+ XS2S jSZj�S span T(�
)Estimates for the 
urlLDt
url v = 0LDt
url Æz = 0; Æzi = Æij _Xj � 
url vijXjsin
e 
urlAX = 0.
LDt
urlLIT Æz = 0;



Existen
e for the divergen
e free eq.: Re-pla
e A by a a sequen
e of bounded operatorsA" for whi
h existen
e is known and su
h thatwe uniformly have the same 
ommutator esti-mates and hen
e energy estimates as "! 0.Let �"(s)=�(s="), where �(s)=1, when s � 1,�(s) = 0, when s � 0, and �0(s) � 0 and setA"X = �P(�"(h)r(Xk�kh))= P(�0"(h)(rh)Xk�kh)The equality follows sin
e Pr��"(h)Xk�kh�=0sin
e we proje
t along gradients of fun
tionsthat vanish on the boundary.The equation �X"+A"X" = Fis an O.D.E. sin
e A" is bounded so existen
efollows and one prove that withE"r = k _X"kHr(
)+ kX"NkHr(�
)we haveE"r(t) � Cr(E"r(0) + Z t0 kFkHr(
)d�)where Cr is independent of ".



Inverse Fun
tion TheoremsTh. 1 Suppose that � is a smooth map be-tween Bana
h spa
es (e.g. Ck or Hk).Suppose also that �(0) = 0 and �0(0) is in-vertible. Then for f 
lose to 0 the equation�(x) = f has a solution x.Th. 2 Suppose that � is a smooth tame mapbetween tame Fre
het spa
es (e.g. C1).Suppose also that �(0) = 0, �0(x) is invertiblefor x 
lose to 0 and the inverse �0(x)�1 is asmooth tame map. Then for f 
lose to 0 theequation �(x) = f has a solution x.Def tame Fre
het spa
e: exist grading of semin-norms kgka � kgkb, if a � b, and exist smooth-ing operators; S�, 1 < � <1, satisfyingkS�ukb � �b�akuka; k(I � S�)uka � �a�bkukb;for a � b. P is a tame map if there is an r0su
h that for all r: kP(g)kr � Cr(kgkr+r0 +1).Nash-Moser te
hnique to solve �(x) = f .Given x solve for Æx so �(x) + �0(x)Æx = f .Gives x̂ = x+ Æx so �(x̂) = f +O(Æx)2. Goingfrom x to x̂ looses regularity so smooth x̂.



The Nash-Moser te
hnique (in
ompressible)The nonlinear map: x(t; y) 2 C1([0; T ℄�
)�i(x) = D2t xi+ �ip; �i = (�ya=�xi)�a;where p =	(x) is given by solving4p= �(�iV k)�kV i; p����
= 0; V = Dtx:Solution of Euler's eq.�(x) = 0; x���t=0 = f0; Dtx���t=0 = V0Turning initial 
ond. into a small inhom.Formal power series solution x0 as t! 0, k � 0:Dkt�(x0)���t=0= 0; x0���t=0= f0; Dtx0���t=0= V0Let F0 = �(x0), t � 0 and F0 = 0, t � 0,FÆ(t; y)=F0(t�Æ; y), ~�(u) = �(u+x0)��(x0).~�(u) = FÆ � F0; u���t=0 = Dtu���t=0 = 0is equiv. to �(u + x0) = 0 for 0 � t � Æ.~�(0) = 0 and FÆ � F0 ! 0, when Æ ! 0.



Th Suppose that x and Æ� are smooth. Then�0(x)Æx = Æ�; Æx���t=0 = DtÆx���t=0 = 0has a smooth solution Æx that satis�eskDrÆxkr�1+ kÆxkr� Kr Z t0 (kÆ�kr + kjxkjr+4;2kÆ�k0) d�if the 
oordinate and physi
al 
ondition hold,where Kr = Kr(kxk4;2). HerekXkr = kX(t; �)kHr(
); kXkr;1 = kXkCr(
)kjXkjr;k = sup0�t�T kXkr;1+ :::+ kDktXkr;1In
lude time derivatives up to highest or �xedorder? Smoothing in spa
e or spa
e-time?Using Sobolev's lemma and the eq.�0(x)Æx = D2t Æx � �kp �iÆxk + Æp. we get thetame estimatekjÆxkjr;2 � Kr(kjÆ�kjr+r0;0+ kjxkjr+r0+4;2kjÆ�kj0;0)where r0 = [n=2℄ + 1.



The 
oordinate and physi
al 
onditionsLetM(t) = supy2
qj�x=�yj2+ j�y=�xj2. ThenM(t) � 2M(0); for t � T;if Tkj _xkj1M(0) � 1=8Let N(t) = supy2�
 jrNpj�1. Then assumingthat T is so small that the above hold we haveN(t) � 2N(0) for t � T;if Tkj _pkj1M(0)N(0) � 1=8
Ea
h iterate x as well as smoothing of it S�xwill stay in the set kjxkj4;2 � 1. Must be ableto invert �0(S�x).



H�older normskuka;1 = supx;y2B Xj�j=kj��u(x)���u(y)jjx� yja�k + supx2B ju(x)jSatisfy kgka � kgkb, if a � bSmoothing operators S�, 1 < � <1:kS�ukb � �b�akuka; k(I � S�)uka � �a�bkukb;for a � b. We 
an take 
 = fx 2 Rn; jxj � 1g.Smoothing operators exist for fun
tions sup-ported in the interior of a 
ompa
t set, sayB2 = fx 2 Rn; jxj < 2g Therefore we �rst ex-tend our fun
tions in C1(
) to fun
tions inC10 (B2). Using Stein's extension operator one
an do so without 
hanging the H�older normswith more than a multipli
ative 
onstant.Alternatively Smoothing in time as well. Canpreserve the 
ondition that the x � x0 to in�-nite order as t! 0, under a smoothing pro
ess.This is used in the 
ompressible 
ase.



Regularity properties of the Euler mapSuppose that x 2 F = C1�[0; T ℄�
� and wj 2F, for j � k. Set x = x+ r1w1+ :::+ rkwk andsuppose that �(x) is a Ck fun
tion of (r1; :::; rk)
lose to (0; :::;0) with values in F. We nowde�ne the k:th (dire
tional) derivative of � atthe point x in the dire
tions wi, i = 1; ::; k by�(k)(x)(w1; :::; wk) = ��r1 � � � ��rk�(x)���r1=:::=rk=0We say that �(x) is di�erentiable at x if �(x)is a Ck fun
tion of (r1; :::; rk) 
lose to (0; :::;0)with values in F, and if �(j)(x)(w1; :::; wj) islinear in ea
h of w1; :::; wj, for j � k. Need:
(�0(ui)��0(Siui))Æui= Z 10 �00(Siui+ s(I � Si)ui)(ui � Siui; Æui) ds
�(ui+1)��(ui)��0(ui)Æui= Z 10 (1� s)�00(ui+ sÆui)(Æui; Æui) ds



Tame estimate for the se
ond derivative �is twi
e di�erentiable and satis�eskj�00(u)(v1; v2)kja� Ca�kjv1kja+�;2kjv2kj�;2+ kjv1kj�;2kjv2kja+�;2�+Ca�kjukja+�;2kjv1kj�;2kjv2kj�;2�
provided that kjxkj4;2 � 1.


