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Main goal: Prove global existen
e for systems ofnonlinear wave equations from physi
s, for example:Einstein's equations, Yang-Mills equations,Equations of Elasti
ityand for the basi
 model equations.Two approa
hes to prove global existen
e.
Method 1: For small initial data:
Method 2: If there is a 
onserved energy norm.



Method 1: For small initial data:The equation 
an be 
onsidered to be a small per-turbation of the linear 
ase. To do this one needsglobal estimates 
at
hing the right the de
ay of thesolution as time tends to in�nity. The 
lassi
al ap-proa
h, developed byJohn, Klainerman, Christodoulou et. al.is to use the energy method together with the dif-ferential operators 
oming from the invarian
es ofthe wave equation.
In this le
ture we present joint work of Georgiev-L-Sogge proving global existen
e for a 
ertain 
lass ofsemi-linear wave equations, with nonlinearities de-pending only on the solution.This result was a 
onje
ture of Strauss, following aninitial result of John. The energy method does notwork. To prove the 
onje
ture we develop weightedStri
hartz estimates using te
hniques from Harmoni
analysis whi
h take into a

ount the symmetries ofthe wave equation.



Global existen
e for small initial data
2u = jujp; (t; x) 2 R1+n; 2= �2t � nXi=1 �2xiu(0; x) = �f(x) 2 C10 ; �tu(0; x) = �g(x) 2 C10

Question: When is there global existen
e for smalldata, i.e. for small " ? (For whi
h p?)
Asymptoti
s for the linear solution: 2v = 0,data as above:

jv(t; x)j � C�(1 + t)(n�1)=2(1 + jt� jxjj)(n�1)=2



A �rst guess If u satis�ed same bounds as v, thenby the energy inequality:supt<T ku0(t; �)k2 � ku0(0; �)k2+Z T0 k jujp(t; �)k2dt� C�+(C 0�)p�1Z T0 (1+t)�n�12 (p�1)ku(t; � )k2dt(Here kuk2 = kukL2 )If (f; g) vanishes outside a ball of radius R the by(the weak ) Huygens prin
iple u(t; x) vanishes whenjxj � R+ t so ku(t; � )k2 � (R+ t)ku0(t; � )k2. Hen
ewe would expe
t global existen
e if(C 0�)p�1 Z 10 (1+t)�n�12 (p�1)(R+ t) dt < 12i.e. if p�1 > 4=(n�1). (If n= 3 this means p > 3.)On the other hand if the strong Huygens prin
iplewas valid, i.e. u(t; x) would be vanishing whenjjxj � tj � R then ku(t; � )k2 � 2Rku0(t; � )k2 and wewould guess p > 2=(n� 1). (If n= 3 then p > 2.)



Theorem (John) There is blow-up for all small dataif p < 1+p2, and global existen
e for all small dataif p > 1+p2.Conje
ture (Strauss): For n � 2 blow-up for allsmall data if p < pn and global existen
e for allsmall data if p > pn, where pn > 1 solves(n� 1)p2n � (n+1)pn � 2 = 0; pn � 1 + 4=n
Veri�ed:n= 2 GlasseyBlowup n � 2 SiderisExisten
e n = 4, Yi ZhouExisten
e n � 8 and spheri
ally symmetri
 
ase forall n, L-SoggeSpheri
ally symmetri
 odd n, H. KuboExisten
e for all n, Georgiev-L-Sogge



John's Estimate:1+p2<p� 3, 2w = F zero data, supp F � fjxj<t�1g: k(1 + t)(1 + jt� rj)p�2wk1� Ck(1 + t)p(1 + jt� rj)p(p�2)Fk1Gives existen
e for 2u= jujp by a standard iterationargument: Let kwk be the norm in the LHS. John'sestimate applied to 2(u� v) = jujp giveskuk � kvk+ CkukpIt follows that kuk � 2kvk if C(2kvk)p�1 � 1=2.Problem in higher dimensions: No point wiseestimate 
an hold sin
e the fundamental solutionof 2 no longer is a measure if n � 4.Spa
e-time estimates from harmoni
 analysis:Classi
al Stri
hartz estimate;kwkLq(R+�Rn) � CkFkLq=(q�1)R+�Rn); q = 2(n+1)(n�1)Does not 
at
h the right de
ay as t ! 1: If2v = 0 with 
ompa
tly supported data thenkvkqLq � Zjt�rj�R rn�1drdt(1 + t)q(n�1)=2 <1; if q > 2nn�1.



Theorem 1(GLS) n � 2, 2 � q � 2(n+1)n�1 , 2w = F ,zero data, supp F � fjxj<t�1g:k(t2�jxj2)
1wkLq( � Ck(t2�jxj2)
2FkLq=(q�1);provided that
1 < n(1=2� 1=q)� 1=2; 
2 > 1=qHere the integrals are over f(t; x); jxj<t�1g.One should think of this estimate as a weightedversion of Stri
hartz estimate:kwkLq � CkFkLq=(q�1); q = 2(n+1)(n�1)



Proof of estimate and generalizationsThe proof of Theorem 3 uses a de
omposition intoregions, where the weights (t2�jxj2) are essentially
onstant, together with the invarian
e of the normsand the equation under Lorentz transformations.In ea
h 
ase we get the desired estimate by usinganalyti
 interpolation, between an L1 ! L1 and anL2 ! L2 estimate with weights, for the Fourier in-tegral operators asso
iated with the wave equation.We also prove a stronger s
ale invariant weightedStri
hartz estimate under the assumption of radialsymmetry. This assumption was later removed byTataru:Theorem 2 Suppose that F is supported in theforward light 
one f(t; x) 2 R1+n : jxj � tg. Then if2w = F , w = wt = 0 when t = 0 we havek(t2 � jxj2)��wkLq � C
k(t2 � jxj2)�FkLq=(q�1);� < 1=q; �+ �+ 
 = 2=q;
 = (n� 1)(1=2� 1=q);2 < q � 2(n+1)=(n� 1)



We use the usual Stri
hartz estimates: If 2u = 0,ujt=0 = 0, utjt=0 = g thenku(t; �)kH1�s;p � Ct�r(1=p0�1=p)kgkHs;p0where 1=p+1=p0 = 1 and2s = (r+1)(1p0 � 1p); 2 � p <1

Tataru improved the proof by using a similar es-timate between hyperboloids; e� = qt2 � jxj2 =
onstant: If 2u= 0, uj�=0 = 0, uj�=0 = g thenku(�; �)kH1�s;p � C(1 + �)(sin �)r(1=p0�1=p)kgkHs;p0



Open problems:To prove a s
ale invariant weighted Stri
hartz esti-mate when the restri
tion on the support of F = 2wis removed.To prove a s
ale invariant weighted Stri
hartz es-timate for the homogeneous initial value problem2v = 0, with minimal regularity and de
ay assump-tions on initial data.Does de
ay require more regularity than whatis needed for lo
al existen
e?



Method 2: If there is a 
onserved energy norm.If one 
an prove lo
al existen
e and uniqueness as-suming only that the energy norm of initial data isbounded, then global existen
e and uniqueness fol-low from the 
onserved energy. This leads to the:Question: What is the minimal amount of reg-ularity of the initial data needed to ensure lo
alexisten
e?Re
ently there have been improvements of the 
las-si
al lo
al existen
e results using spa
e-time esti-mates known as Stri
hartz estimates and general-izations of these. This 
an be found in work ofKlainerman-Ma
hedon, Pon
e-Sideris, L-Sogge,Grillakis, Tataru, Bahouri-Chemin.Related results for KdV and Nonlinear S
hr�odingerBourgain, Kenig-Pon
e-VegaIn this le
ture we present 
ounterexamples to lo
alexisten
e for the typi
al nonlinear wave equations.



Example Consider the Cau
hy problem2u�jujp�1 = 0; ujt=0 = f; utjt=0 = g;for whi
h we have a 
onserved energy E(t) = E(0);E(t) = Z ut(t; x)2+ jrxu(t; x)j22 dx� Z ju(t; x)jp+1p+1 dx
Global existen
e for the good sign +: J�orgensif p < 5, Struwe, Grillakis if p = 5, Open if p > 5?Notation: kfkH
 = qR (jDxj
f(x))2 dx.Lo
al existen
e: L-Sogge: If f 2 H
 and g 2 H
�1then we have a lo
al solution (u; ut) 2 H
 � H
�1for 0 � t < T when
 � 
(p) = ( 1� 1=(p� 1); p � 33=2� 2=(p� 1) p � 3and when 
 > 
(p) then T is a fun
tion of the normkfkH
 + kgkH
�1 only. Note that 
(5) = 1.Hen
e, if we have the good sign + and p � 5 wehave lo
al existen
e for t � T for data with boundedenergy E(0) and if p < 5 then T = T(E). Sin
eE(T) = E(0) we 
an then iterate the argument to
on
lude that we have global existen
e for all t.



Counterexamples to lo
al existen
e for the badsign�: If 
 < 
(p) then we have 
ounterexam-ples to lo
al existen
e in H
, i.e. there are data(f; g) 2 H
 � H
�1 su
h that there is no solution(u(t; �); ut(t; �)) 2 H
 �H
�1 for t > 0.The s
aling argument:If u(t; x) is a solution whi
h blows up when t = T :

Then u"(t; x) = "�2=(p�1)u(t="; x=") is a solutionwhi
h blows up when t = "T . Norms when t = 0;ku"(0; �)kH
 + k�tu"(0; �)kH
�1= "3=2�2=(p�1)(ku(0; �)kH
 + k�tu(0; �)kH
�1 ! 0if 
 < 
(p) = 3=2�2=(p�1). Hen
e the initial valueproblem is ill posed in H
 if 
 < 
(p).Counterexamples to lo
al existen
e for the goodsign+?: For the good sign one 
an 
onstru
t weaksolutions even if p > 5 by using the energy bound(Segal-Strauss). These might however not be uniqueand probably do not depend 
ontinuously of data inthe energy norm. The question of global existen
eof smooth solutions might be related to the ques-tion if we have lo
al existen
e in H
 for 
 > 1 ifp > 5.



Counterexamples to lo
al existen
eLinear Wave Operator: 2 = �2t �P3i=1 �2xi.CoeÆ
ient matrix: (mij) = diag (1;�1;�1;�1).Cau
hy problem for a quasi linear wave equa-tion: (t; x) 2 [0; T)�R3;3Xi;j=0 gij(u; u0)�xi�xju = F(u; u0); x0 = t; (1)u(0; x) = f(x); ut(0; x) = g(x); (2)gij and F are smooth fun
tions of u and u0 =(ut; ux). (gij) is a symmetri
 matrix 
lose to (mij)so that (1) is hyperboli
.Question: What is the smallest possible 
 su
hthat (f; g) 2 _H
(R3) � _H
�1(R3); (3)supp f [ supp g � fx; jxj � 2gimplies that for some T > 0 there is a unique distri-butional solution u of (1) whi
h satis�es(u; �tu) 2 C( [0; T ℄ ; _H
(R3) � _H
�1(R3) )? (4)



Here, _H
 denotes the homogeneous Sobolev spa
ewith norm kfk _H
 = k jDxj
fkL2 where jDxj=p��x .Abbreviation: We say the solution u is in H
 if(u; �tu) 2 L1( [0; T ℄ ; _H
(R3) � _H
�1(R3) )i.e. if the normjju(t; �)jj2
 = Z j jDxj
�1ut(t; x)j2+ j jDxj
u(t; x)j2 dxis uniformly bounded.Similarly, we will say that data (f; g) is in Hk iff 2 Hk and g 2 Hk�1, i.e. if the above norm isbounded when t = 0.Note that the norm jju(t; �)jj
 is invariant for thelinear wave equation 2u= 0 and is more or less theonly norm that is preserved.



Smooth solutions are unique! If data (f; g) aresmooth then there is a unique smooth solution to(1).Distributional solutions may not be unique! Infa
t, for smooth data (f; g) there 
an be a smoothsolution to (1) and a non-smooth distributional so-lution in H
.Example: u(t; x) = 2H(t� jxj)=t satis�es2u = u3, and jju(t; �)jj
 ! 0 when t ! 0 if 
 < 1=2,by homogeneity. But u = 0 is also a solution!

De�nition: u is a proper solution of (1) if it is adistributional solution and it is the weak limit of asequen
e of smooth solutions u" to (1) with data(�" � f; �" � g), where�"(x) = �(x=")"�n; � 2 C10 ; Z �dx = 1:



Theorem 3. Consider the Cau
hy problem in R1+3;2u= (D�̀ u)Dk�`� u; D� = �x1 � �t; (5)u(0; x) = f(x); ut(0; x) = g(x); (6)where 0 � ` � k � ` � 2; `= 0;1:There are data (f; g) 2 _Hk � _Hk�1 with 
ompa
tsupport su
h that (5)-(6) does not have any properHk solution in [0; T) � R3 for any T > 0. In fa
tkfk _Hk + kgk _Hk�1 
an be arbitrarily small.Remark: It also follows from the proof that ei-ther there is no distributional solution in Hk or thesolution is non-unique.In some 
ases stronger statements hold. E.g. if`= k�`= 0, then there is no distributional solutionin L2([0; T ℄�R3).Remark: Theorem 1 is sharp in the semi-linear
ase; k � ` � 1.



First guess: A S
aling argument gives 
oun-terexamples to well posedness in H
 for 
 < k�1=2,half a derivative less regular than the 
ounterexam-ple in Theorem 1.The S
aling Argument: If u is a solution of (5)whi
h blows up when t = T , thenu"(t; x) = "k�2u(t="; x=")is a solution of (5) with lifespan T" = "T andku"(0; �)k
 = "k�2+3=2�
ku(0; �)k
 ! 0 if 
 < k�1=2.The 
ounterexamples in Theorem 1, by 
on-trast, are designed to 
on
entrate in one dire
tion
lose to a 
hara
teristi
.Spe
ial equations 
an behave better! Klainerman-Ma
hedon proved that for semi-linear wave equa-tions satisfying the \null 
ondition" (e.g. 2u =u2t � jrxj2 ) there is lo
al existen
e for initial datawith the regularity predi
ted by the s
aling argu-ment. Although our Theorem is formulated for aspe
ial nonlinearity, the same result should hold forany nonlinearity that doesn't satisfy the \null 
on-dition".



Writing the equation of Theorem 1 in generalform: 2u= (D�̀ u)Dk�`� u; D� = �x1 � �t; (7)with 0 � ` � k � `, ` = 0;1 
an be written in theform 3Xi;j=0 gij(u; u0)�xi�xju = F(u; u0); x0 = t: (8)
Semi-linear 
ase: k� ` � 1 the equation is alreadyin this form with gij = mij.Quasi-linear 
ase k � `= 2:3Xi;j=0 gij�i�j = �20 � 3Xi;j=0 �2i �D�̀u1(t; x1)(�1 � �0)2;so with v = D`u1(t; x1)

(gij) = 0BBB� 1� v v 0 0v �1� v 0 00 0 �1 00 0 0 �1
1CCCA ;

A 
al
ulation gives
(gij) = 0BBB� 1+ v v 0 0v �1+ v 0 00 0 �1 00 0 0 �1

1CCCA :



Domain of Dependen
eLet 
 � R+ �R3 be an open set equipped with aLorentzian metri
 gjk 2 C(
) su
h that inverse gjksatis�es.3Xj;k=0 jgjk�mjkj � 1=2; (mij) = 0BBB� 1 0 0 00 �1 0 00 0 �1 00 0 0 �1
1CCCAFor (t0; x0) 2 
, the Causal Past �t0;x0 is de�ned tobe all points in 
 that 
an be joined to (t0; x0) bya Lips
hitz 
ontinuous 
urve (t; x(t)) 2 
, t � t0,satisfying gij(x)dxidt dxjdt � 0; x0(t) = talmost everywhere.
 is said to be a domain of dependen
e for themetri
 gij if the 
losure of the 
ausal past �t0;x0 ofea
h point (t0; x0) 2 
 is 
ontained in 
.



Sin
e a solution u to (5) gives rise to a uniquemetri
 g jk we say that 
 is a domain of dependen
efor the solution u if it is a domain of dependen
efor gjk.Hyugen's prin
iple: Changing the initial data out-side the domain of dependen
e interse
ted with theinitial plane t = 0 should not 
hange the solution inthe domain of dependen
e.

Uniqueness and 
ontinuity of solutions: Usingthe energy inequality, one 
an prove that smoothsolutions depend uniquely and 
ontinuously on theinitial data within a domain of dependen
e.Hen
e if there is a smooth solution in a domain ofdependen
e it is unique in the 
lass of proper so-lutions with the same data.



Theorem 3 follows from:Proposition 4. There is an open set 
 � R+�R3and a solution u 2 C1(
) of2u= (D�̀ u)Dk�`� u; D� = �x1 � �t;0 � ` � k � `, ` = 0;1, su
h that writing
t = fx; (t; x) 2 
g;the following are true:
 is a domain of dependen
e for u.�
0 is smooth.Xj�j�k; j�0j�1 Z
t (��u(t; x))2 dx ( <1; t = 0;=1; t > 0 (9)Furthermore in the quasi linear 
ase, k � l = 2, thenorms kDlukL1(
) 
an be 
hosen to be arbitrarilysmall.



Proof of Proposition 4.Step 1: Find a solution u(t; x) = u1(t; x1), depend-ing only on one spa
e variable x1 2 R, that developsa 
ertain singularity for t > 0 along a non time like
urve x1 = �(t). i.e. 
1 = f(t; x1); x1 > �(t)g is adomain of dependen
e.Step 2: Find a domain of dependen
e 
 � 
1�R2,for u su
h that the solution is in Hk in 
0 but notin 
t for any t > 0.



The equation for u1:2u = D�̀ uDk�`� u be
omesD+D� u1 + D�̀ u1Dk�`� u1 = 0; D� = �x1� �tThis equation 
an be solved by integrating along
hara
teristi
s.Choi
e of initial data:D�u1(0; x1) = �(3�k)(x1); D+u1(0; x1) = 0�(x1) = Z x10 �"j log js=4jj� ds; 0 < � < 12; " > 0Noti
e that data has a singularity at x1 = 0. How-ever, this singularity is not too strong. This willlater ensure that u(0; x) is in Hk(
0).We get a solution u1 2 C1(
1) where 
1 is a do-main of dependen
e for u1 given by
1 = f(t; x1);�(t) < x1 < 2� tg � R+ �R1for some fun
tion �(t) with �(0) = 0.u1(t; x1) has a singularity along x1 = �(t).The non-linear e�e
t: For the linear equationD+D�u1 = 0, the singularity in the data at x1 = 0would just propagate along a 
hara
teristi
. How-ever, nonlinearity 
auses the singularity to strengthenfor t > 0. This is the same phenomena that 
ausesblow-up for smooth initial data. Be
ause �0(0+) =�1, the blow up happens dire
tly 
lose to x1 = 0.



De�ning 
: De�ne 
 � 
1�R2 to be the largestdomain of dependen
e for the metri
 obtained fromthe solution u1(t; x1) su
h that 
0 = B0
0 = fx; (0; x) 2 
g; B0 = fx; jx�(1;0;0)j < 1g:Initial data was 
hosen to just be in Hk(
0). Wemust now show that the solution is not in Hk(
t)for t > 0. Integrate out x2 and x3: Set
t = fx; (t; x) 2 
g; at(x1) = Z(x1;x2;x3)2
t dx2 dx3;soZ
t(Dk�`� u1(t; x1))2 dx = Z 2�t�(t)at(x1)(Dk�`� u1(t; x1))2 dx1To show that this equals in�nity, prove lower boundson the integrand 
lose to x1 = �(t). In the quasi-linear 
ase, estimating at(x1) from below involves
ontrolling the geometry of the 
ausal past �t0x0.



Expli
it formulas in the semi-linear 
ase:gjk = mjk, so 
1 is a domain of dependen
e if�0(t) � 1 and it follows that 
 = 
1�R2\�, where� = f(t; x); jx�(1;0;0)j < 1�tg. Hen
e for x > �(t):at(x1) = Zx22+x23<(1�t)2�(1�x1)2 dx2dx3= �(2� t� x1)(x1 � t)Also the solution formulas are relatively simple, forexample if k � l = l = 1 thenD�u1(t; x1) = �0(x1 � t)1 + t�0(x1 � t); u1(0; x) = 0satis�es D+D�u1 = (D�u1)2 when 1+t�0(x1�t) > 0Sin
e �0(0+) = �1 and �00 > 0 it follows that thereis a fun
tion �(t), with �0(t) > 1 and �(0) = 0, su
hthat 1 + t�0(x1 � t) = 0, when x1 = �(t).Hen
e 1 + t�0(x1 � t) � C(t)(x1 � �(t)) soZ 1=2�(t) at(x1)(D�u1(t; x1))2 dx1 �Z 1=2�(t) (x1 � t) dx1C(t)2(x1 � �(t))2 =1:



Open Problems1) What is the minimal amount of regularity whi
hensures that a lo
al solution u in H
 exists for3Xi;j=0 gij(u)�xi�xju= F(u; u0); x0 = t;u(0; x) = f(x) 2 H
; ut(0; x) = g(x) 2 H
�1?Note: the 
ounterexamples give 
 > 2.A re
ent in provement by Tataru respe
tively Bahouri-Chemin shows that we have existen
e if 
 > 2+1=4.2) Einstein's equations 
an be written as a systemof equations of the above form, where the non-linear term has some spe
ial stru
ture. What isthe minimal amount of regularity needed to ensurelo
al existen
e for Einstein's equations? The an-swer to this question might depend on 
hoi
e of
oordinates. Einstein's equations do satisfy a "null-
ondition" but not in all 
oordinate systems. Ulti-mately, one would like to have an existen
e theoremin terms of the 
urvature so its invariant under 
o-ordinate 
hanges.



3) What is the minimal amount of regularity 
 neededfor lo
al existen
e in H
 of2u= �jujp�1uif p > 5? Using the energy-bound one 
an provethat we always have weak solutions in H1. Thesesolutions might however not be unique and theyprobably don't depend 
ontinuously of initial data.We also have lo
al existen
e in H3=2. So the ques-tion is if we have lo
al existen
e in H
 for 1 < 
 <3=2. Counterexample?


