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The Einstein va
uum equations determinea 4-d manifold M with a Lorentzian metri
 g,sign(�1;1;1;1), with vanishing Ri

i 
urvature:R�� = 0The initial value problem: Given a 3-d mani-fold �, with Riemannian metri
 g0, and a sym-metri
 two-tensor k0, we want to �nd a 4-dmanifold M, with a Lorentzian metri
 g satis-fying the Einstein equations, and an imbedding� �M su
h that g0 is the restri
tion of g to �and k0 is the se
ond fundamental form of �.The initial data problem is over determined anddata must satisfy the 
onstraint equations:R0�k0ij k0ji+k0ii k0jj = 0; rjk0ij�ri k0jj = 0:Here R0 is the s
alar 
urvature of g0 and r is
ovariant di�erentiation with respe
t to g0.Einstein's equations are invariant under di�eo-morphisms. Eliminate this freedom by �xing agauge 
ondition or system of 
oordinates.



Harmoni
 
oordinates or wave 
oordinatesare given as solutions of the wave equations�g x� = 0;where the geometri
 wave operator is��g = r�r� = g������ + g��� �����Here g�� is the inverse of the metri
, and� ��� are the Christo�el symbols for the metri
.We 
an lo
ally �nd wave 
oord. so x0=0 on �The metri
 in wave 
oordinates satisfyg��� ��� = g����g�� � 12g����g�� = 0: (1)In wave 
oordinates, the va
uum Einstein equa-tions are a system of nonlinear wave equationsg������ g�� = F��(g)(�g; �g); (2)with F(u)(v; v) depending quadrati
ally on v.((1) is preserved under (2).)Lo
al Existen
e for (2): Chouquet-Bruhat 1952�We use the summation 
onvention over repeated in-di
es. �� = �=�x� and Greek indi
es �; �; �; �:::= 0; :::;3



Σ

Causal 
urve x(s); g�� _x� _x� � 0, _x = dx=dsFuture: _x0 > 0, Past: _x0 < 0.Globally hyperboli
 spa
e-times:Every inextendable 
ausal 
urve interse
ts theinitial surfa
e � on
e and only on
e.(Any sol. 
onstru
ted using an evolution eq.)Lo
al solution: Globally hyperboli
, smoothFuture 
asually geodesi
ally 
ompleteFuture geodesi
s x(s); g�� _x� _x� = 
onst � 0,_x0 > 0, 
an be extended forever 0 � s <1.Global Solution: Globally hyperboli
 andfuture 
ausally geodesi
ally 
omplete, smooth.



Global stability of Minkowski spa
eChristodoulou-Klainerman (CK)Constru
ting a global solution from initial datawhi
h is 
lose to and asymptoti
ally approa
h-ing the Minkowski metri
 m = diag(�1;1;1;1).Smallness assumption on data (�; g0; k0):� is di�eomorphi
 to R3 and data are 
lose tothe data for Minkowski spa
e (R3; Æ;0).Initial data (R3; g0; k0) are asymptoti
ally 
at:g0ij = (1+2M=r)Æij+o(r�1�"); k0 = o(r�2�");" > 0, when r = jxj ! 1. Here M > 0 by thepositive mass theorem. CK assumed " > 1=2.Other, restri
ted, global existen
e results:Friedri
h, Klainerman-Ni
oloAll proofs avoid using wave 
oordinates; it wasbelieved that these would be badly behavedin the large and possibly blow-up even if in a
oordinate invariant formulation the 
urvatureremained bounded. We will 
ome ba
k to this.



Global Existen
e in the wave 
oordinatesL-Rodinanski (LR)Mu
h simpler proof, � 50 pages instead of 500.Works for general small asymptoti
ally 
at data.Also works 
oupled to matter �elds R�� = T��.The metri
 approa
hes the Minkowski metri
,but we presently not get as detailed informa-tion about the asymptoti
 behavior as CK.CK equation for 
urvature, no global 
oord.LR global equation for metri
.CK no expli
it null 
ondition.LR weak null 
ondition.(
an
elation that makes it more likely it hasglobal exist than generi
 eqns of the same form)CK 
onstru
ts ve
tor �elds tangential to the
urved light 
ones whi
h a priori are unknown.LR use the ve
tor �elds of the Minkowski 
ones.



Einstein's equations in wave 
oordinatesg������ g�� = F��(g)(�g; �g); (3)Stability around the Minkowski metri
 m =diag(�1;1;1;1); h�� = g�� �m�� is small.Generi
 systems of wave equations:��I = 
JKI�� �J �����K + dJKI�� ���J ���K + 
ubi
with small initial data.(Here � = m������.)Blow up for small data (John) e.g. �� = (�t�)2:Global existen
e if 
JKI�� = 0 and dJKI�� satis�esthe null 
ondition (Christodoulou,Klainerman)e.g.�� = (�t�)2�jrx�j2: Need "t�1 de
ay tohandle general quadrati
 nonlinear terms.Problem:(3) does not satisfy the null 
ondition(3) satisfy the weak null 
ondition(LR).Essentially the system de
ouples in a null-frame��2 = (�t�1)2; ��1 = 0��1 � "t�1; ��2 � "t�1 ln jtjGlobal existen
e (L-radial 
ase, Alinha
-general)�� = �4� but solutions only de
ay like "t�1+
".The weak null 
ondition dete
t situations wherethe asymptoti
 behavior is not free.



The weak null 
ondition for a generi
 system��I =XAJKI;�� ���J ���K + 
ubi
 terms (4)is that the asymptoti
 system for �I=r�I:(�t+�r)(�t��r)�I �r�1XAJKI;nm(�t��r)n�J (�t��r)m�K; (5)has global solutions for all small data. Here,AJKI;nm =Xj�j=n;j�j=m1(�2)m+nAJKI;�� !̂�!̂�; !̂=(�1; !); !2S2The usual null 
ondition is that AJKI;nm(!) � 0.The asymptoti
 system was introdu
ed byH�ormander to �nd the time of blow-up.The asymptoti
 system (5) is obtained fromthe system (4) by negle
ting derivatives tan-gential to the outgoing Minkowski light 
ones;t= jxj, and 
ubi
 terms, that are de
aying faster��=r�1(�t+�r)(�t��r)(r�)+angular derivatives�� = �12!̂�(�t��r) + tangential derivatives ��



�t � �r �t+ �r
�/

��=0 =) j��j�C=t and j�/�j+j(�t+�r)�j�C=t2A simple example of a system satisfying theweak null 
ondition, violating the standard null
ondition and yet possessing global solutions is��1 = �3 � �2�1+ (��2)2;��2 = 0; ��3 = 0: (6)Another example is provided by the equation�� = ���: (7)The proof of small data global existen
e forthis is very involved, [L-℄(radial 
ase),[Alinha
℄The asymptoti
 system for Einstein's eq. 
anbe modelled by that of (6).We will refer to ���2� as the quasilinear termsand �� � �� as the semilinear terms.



Einstein's eq. h=g�m smalle�gh�� = g������h�� = F��(h)(�h; �h) == P(��h; ��h)+Q��(�h; �h)+G��(h)(�h; �h);where Q�� are linear 
ombinations of the stan-dard null-forms and G��(h)(�h; �h) is 
ubi
,P(k; p) = 14 tr k tr p� 12k��p��; tr k = m��k��L LA;B
Null-frame de
omposition of Einstein's eq.We de�ne a null-frame of ve
tors by L=(�1; !),L=(1; !) and A;B2S2 su
h that T =fL;A;Bgspan the tangent of the outgoing light 
onesand U=fA;B; L; Lg span the full tangent spa
e.In terms of the null-frame we haveP(`; k) = 
ijkl `TiUj � kTkUl� 18(`LLkLL+ `LLkLL)where the sum is over Ti2T and Ui2U.Parity 
ond. For ea
h L 
omp. there is an L.



The asymptoti
 system for Einstein's eq.e�gh�� � 14!̂�!̂�P(�h; �h); � = �t � �rP(�h; �h)= �hTU � �hTU � 14�hLL �hLLThen T�!̂�=0, for T 2T and L�!̂�=2 so( e�gh)LL � P(�h; �h)( e�gh)TU � 0; T 2 T ; U 2 UAsymptoti
 form of wave 
oordinate 
ond.�hLT � 0; T 2 T = fL;A;Bg (8)Hen
e as far as the semilinear terms it lookslike the system ��2 = (��1)2 where ��1 = 0.The quasilinear part: Sin
e g��=m��+h�� itfollows that the inverse g��=m���h��+O(h2);e�g = g������ � �� 14hLL�2;so (�h)LL� 14hLL�2hLL. It appears as bad as��=�4�, but be
ause of (8) hLL�M=r.For Einstein's eq. the whole energy tensor hasto be estimated together but for the asymp-toti
 system we 
an separate the 
omponents.



What is used in the proof:The Klainerman-Sobolev inequality (r= jxj)j�(t; x)j � CP jIj�2kZI�(�; �)kL2(1+t+r)(1+jt�rj)1=2;where ZI is a produ
t of jIj ve
tor �elds of theform �i, xi�j � xj�i, t�i + xi�t that 
ommutewith � and t�t+ xi�i; [�; Z℄ = 
Z�.De
ay estimatek(1+t)��(t; �)kL1�CZ t0(1+�)k e�g�(�; �)kL1d�+ CZ t0 XjIj�2kZI�(�; �)kL1 d�1+�The estimate above is in philosophy somewhatrelated to the asymptoti
 eq. in the sense thatit is obtained by regarding the angular deriva-tives as lower order and integrating the eq.1r(�t+�r)(�t��r)(r�) = ��+ 1r24!�



Generalized energy inequalityZ�T j��j2+ Z T0 Z�� 
 j��j2(1 + jt� rj)1+2
� 8Z�0j��j2+C"Z T0 Z�t j��j21+t+16Z T0 Z�tj e�g�jj�t�j
The 
ommutator estimates If [Z;�℄=0 thenj[Z; e�g℄j = ���[Z; g������℄���� � C"1+t+r XjIj�1 j�ZI�j;
The de
ay, the energy and the 
ommutatorestimates for e�g hold under some weak de
ayobtained from the K-S ineq. and strong de
ay:jhjLT + jZhjLL�C"(1 + jt� rj)=(1 + t+ r)obtained from the wave 
oordinate 
ond.C-K for Einstein's eq. and Alinha
 for ��=�4� had to modify the ve
tor �elds at in�nityin order to get good 
ommutators. For us thewave 
oordinate gauge makes the geometry ofthe 
hara
teristi
 surfa
es be 
lose that of theMinkowski, or rather the S
hwarzs
hild, ones.



Stru
ture of the proof:Energies E(t) = PjIj�N k�ZI�(t; �)kL2.Assuming de
ay like j��j � C"(1 + t)�1 forsome 
omponents the Gen. energy ineq.E(t) � E(0) + Z t0 C"(1 + �)�1E(�) d� + :::gives energy estimate E(t) � (1 + t)C".The energy est. and the K-S ineq. gives weakde
ay est. j��j�C"(1+t)�1+C"(1 + jt�rj)�1=2Integrating the weak de
ay est. applied to Z�gives full de
ay for derivatives tangential to theoutgoing Minkowski light 
onesj��j�C"(1+t)�2+C"(1 + jt�rj)1=2Nonlinear Estimates using the equations andthe weak de
ay estimates gives strong de
ayestimates j��j � C"(1 + t)�1 for some 
omp.The strong de
ay estimates 
an then be feedba
k into the energy inequality.



The semilinear model ��1 = (��2)2, ��2 = 0Bootstrap assumption: E(t)�E(0)(1 + t)1=4We will use this to derive E(t)�E(0)(1+ t)C"If ��=0 with 
ompa
t support data then �=0when r� t+ C, and integrating the K-S ineq.jZJ�(t; x)j � CE(t)(1+t)�1=2 � CE(0)(1+t)�1=4and by the de
ay estimatek(1+t)��i(t; �)kL1�CZ t0(1+�)k��i(�; �)kL1d�+ CZ t0 XjIj�2kZI�i(�; �)kL1 d�1+�we get k��2(t; �)kL1 � CE(0)1 + tk��1(t; �)kL1 � CE(0)1 + t+ (1+ t)�1 Z t0 k��2(�; �)k2L1(1 + �) d�� CE(0)1 + t + CE(0)2 ln (1 + t)1 + t



Wave 
oordinate 
ondition (h = g �m)��h�� = �12�� tr h+ h � �hExpand in a null-frame:�LhL� + �LhL� + �AhA� = �12�� tr h+ h � �hHen
e �LhLT = �h+ h � �h soj�hjLT � Cj�hj+ Cjhj j�hjIt follows thatj�hjLT � C"t�2+C"jt� rj1=2and integrating this givesjhjLT � C"t�1(1 + jt� rj)FurthermorejZhjLL � C"t�1(1 + jt� rj)This follows from 
ommuting the wave 
oor-dinate 
ondition with Z using that��Z� = 
����; where 
LL = 0sin
e Z is 
onformally killing.



Expand in a nullframejh�������j � CjhjLLj�2�j+ Cjhjj���j� C� jhjLLj1+ jt� rj + jhj1+ t� XjIj�1 j�ZI�jwhere we used the inequalitiesj�f j(1 + jt� rj) + j�f j(1 + t+ r) � C XjIj�1 jZIf jCommutator estimate���[Z; e�g℄����� C�jHj+ jZHj1+ t+ r +jZHjLL+ jHjLT1+ j t� rj � XjIj�1 j�ZI�j
� C"1 + t+ r XjIj�1 j�ZI�jwhere we used the weak de
ay of all 
omp. andthe strong de
ay from the wave 
oord. 
ond.


