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The Einstein vacuum equations determine
a 4-d manifold M with a Lorentzian metric g,
sign(—1,1,1,1), with vanishing Ricci curvature:

R/.U/:O

T he initial value problem: Given a 3-d mani-
fold 2, with Riemannian metric gg, and a sym-
metric two-tensor kg, we want to find a 4-d
manifold M, with a Lorentzian metric g satis-
fying the Einstein equations, and an imbedding
> C M such that gg is the restriction of g to X
and kg is the second fundamental form of .

Theinitial data problem is over determined and
data must satisfy the constraint equations:

Ro —koj kol + koj koj = 0, V7koy;— Vikoj =

Here Rg is the scalar curvature of gg and V is
covariant differentiation with respect to gg.

Einstein’s equations are invariant under diffeo-
morphisms. Eliminate this freedom by fixing a
gauge condition or system of coordinates.



Harmonic coordinates or wave coordinates
are given as solutions of the wave equations

gzt = 0,
where the geometric wave operator is*
Dg == VQva — gaﬁaaaﬁ -I_ gaﬁra/ygay

Here gO‘B IS the inverse of the metric, and
I'aVB are the Christoffel symbols for the metric.

We can locally find wave coord. so r9=0 on X

The metric in wave coordinates satisfy

gaﬁrayﬁ — gaﬁaﬁgau — %gaﬁaugaﬁ = 0. (1)

In wave coordinates, the vacuum Einstein equa-
tions are a system of nonlinear wave equations

gaﬁaozaﬁ uv = FMV(g)(agaag)a (2)
with F'(u)(v,v) depending quadratically on w.
((1) is preserved under (2).)

Local Existence for (2): Chouquet-Bruhat 1952

*We use the summation convention over repeated in-
dices. 0, = 0/0x* and Greek indices o, 8, u,v... = 0, ..., 3



Causal curve z(s); g,z2°%° <0, & =dz/ds
Future: z0 > 0, Past: 2% < 0.

Globally hyperbolic space-times:

Every inextendable causal curve intersects the
initial surface > once and only once.

(Any sol. constructed using an evolution eq.)

Local solution: Globally hyperbolic, smooth

Future casually geodesically complete
Future geodesics x(s); gnpT aiB = const < 0,
9 > 0, can be extended forever 0 < s < 00.

Global Solution: Globally hyperbolic and
future causally geodesically complete, smooth.



Global stability of Minkowski space
Christodoulou-Klainerman (CK)

Constructing a global solution from initial data
which is close to and asymptotically approach-
ing the Minkowski metric m = diag(—1,1,1,1).

Smallness assumption on data (X, gg, ko):
> is diffeomorphic to R3 and data are close to
the data for Minkowski space (R3,4,0).

Initial data (R3, gg, ko) are asymptotically flat:

goij = (L+2M/r)8;;+0(r™7%), ko = o(r™279),
e >0, when r = |z| - co. Here M > 0 by the
positive mass theorem. CK assumed ¢ > 1/2.

Other, restricted, global existence results:
Friedrich, Klainerman-Nicolo

All proofs avoid using wave coordinates; it was
believed that these would be badly behaved
in the large and possibly blow-up even if in a
coordinate invariant formulation the curvature
remained bounded. We will come back to this.



Global Existence in the wave coordinates
L-Rodinanski (LR)

Much simpler proof, ~ 50 pages instead of 500.
Works for general small asymptotically flat data.
Also works coupled to matter fields R,y = Tup.

The metric approaches the Minkowski metric,
but we presently not get as detailed informa-
tion about the asymptotic behavior as CK.

CK equation for curvature, no global coord.
LR global equation for metric.

CK no explicit null condition.

LR weak null condition.

(cancelation that makes it more likely it has
global exist than generic eqns of the same form)

CK constructs vector fields tangential to the
curved light cones which a priori are unknown.
LR use the vector fields of the Minkowski cones.



Einstein’s equations in wave coordinates

gaﬁaaaB Juv — FMV(g)(agaag)a (3)
Stability around the Minkowski metric m =
diag(—1,1,1,1); hyy = guv — myy is small.
Generic systems of wave equations:

(o1 = cfag ¢ 0a0pdr + dfy s Oad s ad K + cubic
with small initial data.(Here O = m®%0,9p.)
Blow up for small data (John) e.g. O¢ = (8d)2.
Global existence if cj]afé = 0 and dj]afé satisfies
the null condition (Christodoulou,Klainerman)
e.9.0¢p = G)°— |Ved|2 Need et—! decay to
handle general quadratic nonlinear terms.
Problem:(3) does not satisfy the null condition

(3) satisfy the weak null condition(LR).
Essentially the system decouples in a null-frame

O¢o = (8rh1)7, ¢ =0
Op1 ~ et~ 1, dpo ~ et~ Lin |t

Global existence (L-radial case, Alinhac-general)
O¢ = ¢/ ¢ but solutions only decay like et—1t+ce.

The weak null condition detect situations where
the asymptotic behavior is not free.



T he weak null condition for a generic system

D¢ =D A7 ;0% 07K + cubic terms  (4)
Is that the asymptotic system for & ;=r¢;y:

(at+8r)(at ar)q)l ~
Y AL (0= 00)" by (9= 8P, (5)
has global solutions for all small data. Here,

Alnm _ZWAIQB(’U wﬁ w=(-1,w), WESQ
a|=n, |B$

The usual null condition is that Ajﬁ{%(w} = 0.
The asymptotic system was introduced by

Hormander to find the time of blow-up.

The asymptotic system (5) is obtained from
the system (4) by neglecting derivatives tan-
gential to the outgoing Minkowski light cones;
. and cubic terms, that are decaying faster

O =r"1(8,48,)(8—0,) (ré)+angular derivatives
Oy = ——wu(at—ar) + tangential derivatives 9,




at‘l‘ar

O¢p=0 = |8¢|<C/t and |@¢|+](8:+0r)¢| < C/t?

A simple example of a system satisfying the
weak null condition, violating the standard null
condition and yet possessing global solutions is

Oé1 = ¢3 - 021 + (82)2,

(6)
[lgpo = 0, [lp3 = 0.
Another example is provided by the equation
Lo = ¢Ao. (7)

The proof of small data global existence for
this is very involved, [L-](radial case),[Alinhac]

The asymptotic system for Einstein’'s eq. can
be modelled by that of (6).

We will refer to ¢-82¢ as the quasilinear terms
and 0¢ - ¢ as the semilinear terms.



Einstein’s eq. h=g—m small
Oghyw = 9% 8a0hy = Fuu(h)(9h, 0h) =
= P(0uh,0vh)+ Quv(0h,0h) + G v (h)(Oh, Oh),

where Qy are linear combinations of the stan-
dard null-forms and G (h)(0h,0h) is cubic,

trk = m™k,g

Null-frame decomposition of Einstein’s eq.
We define a null-frame of vectors by L=(-1,w),
L=(1,w) and A, B€S? such that T={L, A, B}
span the tangent of the outgoing light cones
andUU={A, B, L,L} span the full tangent space.

In terms of the null-frame we have

P(L, k) = 7% Cru. - kT,u, — 2(lprkpr +Corkrr)
where the sum is over T; €T and U,€U.

Parity cond. For each L comp. thereis an L.



The asymptotic system for Einstein’s ed.

Oghuw ~ 2000 P(8h,8h), 8 =08 — &
P(dh,dh) = 8h1y - Ohpy — x0h1 dhyp

Then THw, =0, for Te€T and LFw, =2 so
(Ogh) 1, ~ P(dh,dh)

(Ogh) 7y ~ O, TcT, UclU
Asymptotic form of wave coordinate cond.
Ohyr ~ 0, TeT={L,A,B} (8)

Hence as far as the semilinear terms it looks
like the system g = (8¢1)2 where gy = 0.

The quasilinear part: Since g,g=myg+h,g it
follows that the inverse g*® =m®—hP+O(h?);

ﬁg — gaﬁaaaﬁ ~ []— %hLLQQ,

SO (Dh)LLN%hLLQQhLL. It appears as bad as
O¢p=¢AN¢, but because of (8) hyr~M/r.

For Einstein’s eq. the whole energy tensor has
to be estimated together but for the asymp-
totic system we can separate the components.



What is used in the proof:

The Klainerman-Sobolev inequality (r=|z|)

CY n<2llZ'o(r, )2
1+t+r)(14|t—r|)1/2

where Z! is a product of |I| vector fields of the
form 0;, xiaj — aﬁjaz', to; + x;0¢ that commute
with O and t8; 4+ «'9;; [0, Z] = ¢,0.

)l <
[p(t, z)| < (

Decay estimate
t .
|(14D86(t, = <O (147 [Ty (7, )| poedr

t dr
+C [ 1Z2'(r, )L
/O|I|§2 147

The estimate above is in philosophy somewhat
related to the asymptotic eq. in the sense that
it is obtained by regarding the angular deriva-
tives as lower order and integrating the eq.

F(0+0r) (0 —0r) (r¢) = D¢ + S5 Auép



Generalized energy inequality

T 06|
5|2 Y
ZT| "+ 0 >, (14|t—r)lt2

<8 _jos4cs | 2P L6 T ALe0
E
DD X, 0 ;14 0 >y 7 t

The commutator estimates If [Z, ] =0 then

~ Ce
Z. .0, = [Z. ¢®P8,0:10| < 0z
12,041 = |[Z,9*70adp]é| < e, 070

The decay, the energy and the commutator
estimates for Ll hold under some weak decay
obtained from the K-S ineq. and strong decay:

bl + | Zh| i <Ce(L+|t—7r])/(L+t+T7)

obtained from the wave coordinate cond.

C-K for Einstein's eq. and Alinhac for ¢ =
oA ¢ had to modify the vector fields at infinity
in order to get good commutators. For us the
wave coordinate gauge makes the geometry of
the characteristic surfaces be close that of the
Minkowski, or rather the Schwarzschild, ones.



Structure of the proof:

Energies E(t) = X<y 1027 ¢(t, )| 12

Assuming decay like |8¢| < Ce(1 + t)~1 for
some components the Gen. energy ineq.

E(t) < E(0) + Ot Ce(L+7)TE(r)dr + ...
gives energy estimate E(t) < (1 4 t)¢=.

The energy est. and the K-S ineq. gives weak
decay est. |0¢|<Ce(14+t)"1+C(1 + [t—r|)~1/2

Integrating the weak decay est. applied to Z¢
gives full decay for derivatives tangential to the
outgoing Minkowski light cones

00| < Ce(1+t)"2TCe(1 + |t—r|)1/2

Nonlinear Estimates using the equations and
the weak decay estimates gives strong decay
estimates |0¢| < Ce(1 4+ t)~1 for some comp.

The strong decay estimates can then be feed
pback into the energy inequality.



The semilinear model C¢; = (8¢5)2, Do = 0

Bootstrap assumption: E(t) < E(0)(1 4 t)1/4
We will use this to derive E(t) <E(0)(1 +t)¢¢

If LJp=0 with compact support data then ¢ =0
when r>t + C, and integrating the K-S ineq.

27 6(t,2)| < CE()(141)~1/2 < CE(0)(14-t)~1/4
and by the decay estimate

t
[(14+006:(t, |z~ <C (1+D)|[Oi(r, )| pxdr

t dr
+C 127, )L
O|I|§2 1471
we get
CE(0)
|962(t, Iz < T
CE(0)
1001 (t, )| o < 1

t
+ (1467t . 10¢2(T, )| (1 + 7) dr

2
< CE(0) n CE(0)<In(1+41t)
14t 14t




Wave coordinate condition (h =g — m)
Ouht, = —38,trh + h - Oh
Expand in a null-frame:
dph%, 4+ dpht, 4+ 04k, = —38,trh + h - 9h
Hence dphpr = Oh 4 h - Oh sO
Oh| 7 < C|Oh| + C|h||0h|
It follows that
Oh|pp < Cet 2T 08|t — r|1/2
and integrating this gives
hpr < Cet (14 |t —r])
Furthermore
Zh|p < Cet™H(1+ [t — 7))

This follows from commuting the wave coor-
dinate condition with Z using that

8QZB = Caﬁaﬁ, where cr,; =0

since Z is conformally Killing.



Expand in a nullframe
h*P0a05¢| < C|h|LL|0°¢| + C|h||[00¢]

lhlLL || I
= C(|1-|- P 1-|—t> |I|§1|0Z i

where we used the inequalities

Of|(L+t—r)+0flI(A+t+r)<C |21

171<1
Commutator estimate
‘[Zaﬁg]¢‘
H ZH ZH H
SC(| |+12H|, |ZH|pp +| |LT> 026

14+t+4+r 14|t —r7 Il<1
Ce
<
1—|—t—|—7“|1|<1

where we used the weak decay of all comp. and
the strong decay from the wave coord. cond.
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