
 

MA equation dittTTuff Monge 1795

forge Ampere
1st book on DG

Fr linear Lu f H'isthe right space
FmMA CT unrex istheweak solution admissible set

0 A little introduction
r fix da Rz glydy

Mdm ditz

If I map given by The Y Talk

J 4 giddy J 4 Pubes 9117664 detaildo

J 9 Duba fois de

f y
Then u satif

detL7

trises optimal transport problem
Monge ICT

Jefe Tbc dube

g
i YnIere

y
Gauss curvature

p
Somecalculation using definition

duckg Fyi fix is the
mm

prescribing Gauss curvature
equ.nohtfAKaijAiidtl7hkBi Ia.Y



We shall introduce two solutions to MA equationAleksandrov

A solution Alexandrov Iowfocusy
K Solution Viscosity UH C tE

Tool one
Et UG

Radoameasurese check Folland Ch 7

outer regular on Borel Borel measure t
inner regular on 0Th called Radon
nkkkt

f But
Theoren 78 X LCH 2nd countable

Hu Ikki n is Radon

Key Radon measure is dual to

LP LP F LE xp x

L Not the dual of E ti
t
E tin fr

good dud for 5 is Radonmeasures

4,7 ftp.t
a good compactness result

tha
ng µ

f fixdndxiffdnIMAmeasurefnuEC.IRUiswnvex VfEaw

Mlu is called the M A measure

If u C c'let nwII.no Market f ht
u true



God Theorn CC IR strictthwnex open
bonnell

V Borel measure Vlr ste

Jl continuous 7 u e c Cri
t x yet

an comex Interning Cr

Mark V
ubr g NfEicHy

We need to enlarge the scope of the solution concept

by def Mla fr a continuous
t MA measure Ampere is a

studentof
se

uncertainty principle Existence Uniqueness Const

difficulty level

Yon
The trick is to find the sweet spot to balance it

Toolte Basics on convex sets I ne algebraConvex functions

we build up this a little bit

Det Normal map

2h66 Xo S a set c IR
H

Lpl t x c r um u

The Lptx
lpbc Called the support linear function

P subdifferential



Ex
um hpk I

Lina
i

o

If u c FI IuEa iii
auc.EEokM7

II Uhc Uber 1 Dubai X X to 1 241

T.y

ube.t CP.tk

yIEP X x t o 1 041 Do
Hx C Both

This forces 7N P

to let EnOtherwise Fuld P W

LHS Cw y to 171 Ix x 1 7

twl o if ya l

At V PE B lol Clair BTo _auto

next hp k Kol
Ulx 07

BIG canny
E'k 1 Kuan



Hp Ipl 7 t
we c

Lplc Ubc 143 x Xo

ul t Ipl w X K

lpl Rel if s

m
2 Rt L ucxkfzlx.sc

But ulxl.ch
MULLET HUEY

He t E
MongeAmp'ere measure

Mlu LE IME ht F CR fBorel
At thispoint

or Ecr

IOMWLKgs y.itissimphsafunctu.info

yccRLemmaHK k is compact

Assume zuea week

pick c o Kc car Kefeldkkled zulkoltc.IM

uxtPa.x Tay fflPletEiazxumII
Epeedaligniti

aT
Hence 1743 Pa are bounded sequence

7 Convergent subsequence Xh Xo

Pe p
Ucsc 466 1 LP c V seen PE 24061

do E K I



Gulley Minick no

Next we show Mlu is a measure

Fact Exit

Zulu E T 2uLEi w m H

key difference M R S c POR Namely In maps

E.g.gkodhb
1aptintas.ch

Zuko is Utc 46611 P K do

mearable Ute UH 1 LP x Xo

UH ulx.lt Ep http x Xo tf tho

zuko is a convex subset

fItisammeashraYtydirectchecking
I can be proved

The key to show 1414 E is a measure is the Lemma below

L

S L PI 7 act y PE autonomy Ird fr
continuous

Then 151 0 functions

The two key ingredients

a
A Lipschitz function

Evans Gariepy

Rademackisteaftermedle
fLegendre transform

come functions are locally Lipschitz



Assumingthe above A Scr I 2415 is Lebesguemeasurable

au HE Edulrtlanted b KEYES MLB o

ME is E T
tutorial taurine't f EE T

provided i r is Mlu measurable

since D kn is 1414 measurable
zucri n.LI In Namely

Same holds fray u open UC 2 fontains all
opensubsetsof r

2 If EE A ME E T See above

3 Moreover f is a r algebra

Hence Mlu is a Radon measure Awpl TudkmEYYaeYkyLenma

For 121 eM
t o

ECu fmhEm
rye e p

Mi Lebeguemeasurable

twist xc
fE

r eir

0MW is a measmo.it

gNamelyLqIEEMHEi
KH

if Ei E f Ein Ej p Fitz



Let Hu outfit

LHS 111th I RHS E Hit
44 1 1 oui

in

dearly
Hi Hill CHITH ucttzH.tk

x

IIIHit Hilt lthlH.lt HsllHdHI
tn.BythJbsgiiitYmeswpryYitty

Clare IH.IE H.lCH.UthU uH d
measure

Hu CH.lltl.lti uHnyD4HOnn4l.uth
uHu

I aIie
L

EinEj fI 1 0 the
temps zum xEEn

A B pit azuly ye Ei
Nowwepwuethehemma in.cl
l yly 3 Ubc 1hPa y K

ulyl ulxsz IP.cl 7xl
similangucx PY

f 3k tY

mislipsohitt
Here convexity is used since if u is convex

µrubato epimkfk.aslazuc.gg eepyIjT
Ulytzlply KYER Ipock UGG 1 CP K xD



2 Legendre
transform

Ip Sup CP K2 Ubc Fp EIR
XEN Lu tl linear inP

Hence Lip is convex in p

ucp is always one

By Radmacher's

Icp is locally Lipschitg
theorem

p Icp is Not differentiable is of
at po few measure

Lemma follows if we show that

S PE IR I p E zulus nan's
x yer

MNHz.IE
epgTUCz134tdt

IMLZn for some y

O Z Utz Lp 27 1 Uk P If p C Zulu

II iiiLynn Wurm

Similary ufcpkcp.gs uh
mum

But vice sup
I 2 7

p
W H

ZEzpt TZW D



Similarly feel Hp 1 Cy e p

Namely y y E 2U p

U Can not be differentiable
at p since Y

C just
us function

Lef U is called a generalised solution A Solution

if 14141E UCE fr Ya Radon measure

MINI V

Reason if u E El r U is convex r is convex

ii T teai

j F lMw
jube DUH Hulett

par R Ctm

So KER I dittkuko

i.EEiiiiiisiiiias
d sard's f tt Yfg Sedett

niui o
theorem

of so

Il uniqueness fittlexandon

We study
maximumprinciples til ABP Atexfnudanin

Bakelman

Comparison principles the uniqueness



Comparison If r Assumption
v is importantThen

Marie MIHIR
II If peach 17

IX Er VII woot sp.at

fTxerTeiEI
Let fix vlxoi cp.sc no UH

U

TE T what is needed is

Try to maximize it
UM realm

I

in

F
n

vk.it x M III o

Hence
either

Fix go IUW.br i LP.xxIyIt ULA LP X Io

v 1 4126
p C sumo

or
yE

F 0 Tsh

et x Satish's f Ix max Fcu
Ep I

Fix E FCK
s e vk.ua x 7 ubas

ucxbucx.lt LP
47

PE sulk PE MCR D



Comparison principle u r E CLI vis convex

124EYE IMEII f E Borel MINE UH
Mmm

Then win nbc via min Wx via et

CEE sear

hear du Eau
A Yifh armonic

analogue then holds

This proves the uniqueness
in the main theorem

We worry about the
existence later

II W L G assume min Ux UK o

X C 2h

If min Ubc VII a co for some a o

KE t the interiorminimum

let x be the point is attained

Ulacol Waco
a

we construct µ jh4Y
1 v a't t not annex
who UH E y Ubcfetokechosent

Henk E I was Uk

open



However WINE vk.nl tn8DiILrT
azu

xod sstucxf Si5uEfub4 I
l

is a'fuss
dD

nor p Cr

Now we apply the Comparison
to u u on E

CP ol K

lowletk but E I n

But this a contradiction s.iq
W r rHxokIT

t f E
Here is convex is needed MIKKEL 3 look I 112kcal

Ghearity of It Brun Minkowskiinequality

Babyversion
detFA tBIzdetFAIdetTB.ITL A B symmetn
II positive

dt R z du t detB definite

Details can be seen on P 18 of Gu


