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In this paper, we prove a mean value formula for bounded subharmonic Hermitian
matrix valued function on a complete Riemannian manifold with nonnegative Ricci
curvature. As its application, we obtain a Liouville type theorem for the complex Monge-

Ampere equation on product manifolds.

1. Introduction

Understanding various spaces of harmonic functions on complete noncompact Rieman-
nian manifolds is one of the central questions in geometric analysis. During the last 40
years, there has been much significant progress in this question (see e.g., [7, 9, 17-20,
32, 34, 35], - - -). More importantly, the techniques developed in this field are extremely
useful when applied to other problems in geometric analysis. In [18], Peter Li proved the

following theorem:

Theorem 1.1. (Theorem 2, [18]) Let (M", w) be a complete Kdhler manifold with non-

negative Ricci curvature and H!(M) be the space of linear growth harmonic functions
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on (M", w). Then dimH! (M) < 2n + 1. Moreover, if dim#! (M) = 2n + 1 then M must be

isometric to C" with the standard flat metric.

In Peter Li's proof of Theorem 1.1, the following mean value theorem for bounded

subharmonic functions plays an important role.

Theorem 1.2, (Lemma B, [18]) Let (M, g) be a complete manifold with nonnegative
Ricci curvature. Suppose f is a bounded subharmonic function defined on (M, g), then

foranype M

lim f dv, =supf. (1)
r— Jp () M

Besides its application in [18], Theorem 1.2 has some more applications in
Riemannian geometry (see e.g., [9]). It is a useful tool in the study of linearly growth har-
monic functions on complete Riemannian manifolds with nonnegative Ricci curvature.

In this paper, we study a class of Hermitian matrix valued functions and estab-
lish a mean value theorem for them. For convenience, we denote the set of all m-order

Hermitian matrices by Hm(m), and equip it with the metric induced by the inner product

(A,B) = trAB . 2)

Definition 1.3. A map A = (4 from a Riemannian manifold to Hm(m) is said to be
subharmonic, if for any vector § = (§;,--- ,§,,) € C™, §A&* = Aijgig_j is a subharmonic

function.

By the definition, it is easy to check that a C?> Hermitian matrix valued function
A = (Aij) on a Riemannian manifold is subharmonic if and only if AA = (AAij)
is semi-positive-definite everywhere. We obtain the following mean value formula to

subharmonic Hermitian matrix valued functions.

Theorem 1.4. Let (M, g) be a complete Riemannian manifold with nonnegative Ricci
curvature, and A = (a;)) be a bounded subharmonic Hermitian matrix valued function

on (M, g). Then there exists a Hermitian matrix A,, such that

A <A, (3)
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The Complex Monge-Ampére Equation 855

on M, and for any p e M

lim Br(p)A dv, = lim (]{3 " a; dVg) = A,. (4)

The complex Monge-Ampére equation has significant applications in complex
analysis and complex geometry, and much remarkable progress of complex Monge-
Ampére equation was made by many people (see e.g., [1-4, 6, 8, 10-13, 15, 16, 21, 23-30,
33, 36-38], etc.). In this paper, we concentrate on Liouville theorems for the complex
Monge-Ampére equation. In [22], Riebesehl and Schulz proved a Liouville theorem for
the complex Monge-Ampére equation on C", which can be expressed by Kahler forms as

follows.

Theorem 1.5. ([22]) Let w be a Kahler form on C" satisfying C*Iwo < w < Cwy and

— . .
o™ = wf, where v, = %1 Zé)dz‘ A dZ' and C is a positive constant. Then V@ = 0, or
1=
equivalently

1 n
7—1 > A;dz A dZ (5)

ij=1

w =

for some constant Hermitian matrix (Ay).

The key of the proof of Theorem 1.5 is a local Calabi C® estimate, that is,
an estimate on |Vw0w|a,. To study the analogous Liouville type theorems on Kéhler
manifolds with nontrivial Riemannian curvatures should be meaningful (see e.g., [31]).
However, in these cases, the Calabi C® estimate seems not to work. Recently, Hein
([14]) proved a Liouville theorem for the complex Monge-Ampeére equation on product

manifolds, which can be restated in short as below.

Theorem 1.6. (Theorem A, [14]) Let (Y, wy,) be a compact Ricci-flat Kdhler manifold,
and o be a Ricci-flat Kahler form on C™ x Y. Assume C™ ' (wpm + wy,) < @ < C(wem + wy,)
for some C > 1, where wcn is the standard flat Kdhler form on C™. Then we can find some

Kahler form wy on Y, T; € Auto(C™ x Y) and complex linear map S € Auto(C™) such that

Tl*w = (,()Y —+ S*wcm.

In Hein's proof of Theorem 1.6, one key step is to study the convergence property

of a sequence of subharmonic functions u, with respect to Xdhler metrics o, which are
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constructed from w. In this paper, we consider the case that Ric(wyo) > 0 and establish

the following Liouville theorem.

Theorem 1.7. Let (Y”,a)yo) be an n dimensional compact Kdhler manifold with non-
negative Ricci curvature, and o be a Kahler form w on C™ x Y with properties

1) C Yoem + wy,) < ® < C(wpcm + wy,), for some positive constant C;

2) "M = (wem + 0y) T,
where wem is the standard Kahler form on C™. Then there exists a Kahler form wy, on Y
with Ric(wy) = Ric(a)yo) such that V

representation of w

wem+oy®@ = 0. Furthermore, we have the following

1 . . —
_ A - i i =i
a)—w(cn—}—a)y—{—zZ(dz Ant+dz /\nl), (6)
1=1
m . . .
where dcn = 3 > uzdz' A dZ with the constant Hermitian matrix (u;), and every »' is

i,j=1
a wy-parallel (0,1)-form.

Taking the construction of wy, T}, and S in Theorem 1.6 ([14]) in consideration,
Theorem 1.7 can be seen as a generalization of Theorem 1.6. Our proof relies on
the above mean value formula (i.e., Theorem 1.4) and is very different with Hein's.
Theorem 1.7 also can be seen as an application of the mean value formula (4). We hope

the mean value formula (4) has more applications in the study of Kahler geometry.

2. A Mean Value Formula for Bounded Subharmonic Hermitian Matrix Valued

Function

In this section, we first give a proof of Theorem 1.4 and then give a new proof to

Theorem 1.5 by using Theorem 1.4 instead of the Calabi C3 estimate.
A proof of Theorem 1.4. For any vector § € C™, define
16115 = EAE™. (1)

By this definition and the condition on A, for any fixed £ € C™, ||]|5 is a bounded

subharmonic function, then Theorem 1.2 implies

r—0o0 B

lim |I€115 = sup [I€]]3. (2)
() M
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The Complex Monge-Ampére Equation 857
Fori=1,2,---,n,let g be the i-th direction vector in C". We have

lle; + ;115 — lle; — ejl13

cllei + V=Tell5 - lle; — vV—-1e;l3

ij = 2 —V- 2 (3)

Together with (2), we assert that rll}go fBr(p) A exists. Let
Ay = lim A. (4)

r—00 Br(p)
Then we know that for any & € C™, it holds that
EAE" = €]12 < lim][ €113 = £A0E™ )
r—00 Br(p)

This shows A < A, |

We obtain the following simple corollary.

Corollary 2.1. Let A : M — Hm(m) satisfy the same condition of Theorem 1.4 and

Ag = lim {;  A. Let F be a bounded function on some neighborhood of the closure of
0 r—00 VBr(p)

A(M) and continuous at A, then we have

lim F(A) =F(Ay). (6)
r—00 Br(p)

Proof. From the condition on F, we see that there exists a positive constant C such that
F@A) <C (7)

on M. And for any ¢ > 0, we can find some § > 0 such that for any q € M satisfying
|A(q) — Ayl < 8, there holds

|F(A(q) — F(Ap)| < &. (8)

For the mentioned ¢ and §, we have

/ |F(A) — F(Ap)| =/ |F(A) — F(Ap)| +/ |F(A) — F(Agp)l
Br(p) Br(p)N{|A~Ao|<3) Br(p)N{|A—Ao|>5)

< eVol(B,(p) N {|A — Ag| < ) + CVOIB, (@) N (A~ Ay > 8 @

< £Vol(B,(p)) + CVol(B,(p) N {|A — Ay| > 8}).
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By Theorem 1.4, A <A, so Ay = lim fBr(p)A implies

r—oo
lim |A — Ayl =0. (10)
"7 Br(p)
Together with
Vol(B,.(p) N {|A — Aqyl > 8}) 55_1/ |A — Agl, (11)
Br(p)
we derive

Vol(B,(p) N{|A — Ayl > 8))

li 0. 12
RHS Vol(B,(p)) 12
Combining (9) and (12) yields
lim sup |[F(A) — F(4p)| <e. (13)
r—oo  JB,(p)
Let ¢ — 0, then we get
lim |F(A) — F(4)| = 0. (14)
r—0o0 Br(p)
This concludes the proof. u

By Therorem 1.4 and Corollary 2.1 we can give a new proof to Theorem 1.5.

A new proof of Theorem 1.5. We can write w as

VI

w=—
2

n
> udz' A de, (15)
ij=1

N s . . ii _ -1 9 ~ o
where (uij) is a function valued in Hm(n). Denote (u¥) = (uij) U = 5ol U =

P ~ . .
34 Yitkr etc. Since w is closed, we have

Uje = UG Uk = Wi (16)
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The Complex Monge-Ampére Equation 859

According to the equation w satisfied, we deduce
det(uij-.) =1. (17)

A direct computation shows

Awuij = uklupqukqil,qu. (18)

For any & = (£!,&2,--- ,&") € C", consider the Hermitian quadratic form F : C3" x C3" —
R defined by

(A,B) > uuPIERETA LB o (19)

By choosing a proper frame on C", one can easily check that F is semi-positive-definite.
So

Ei(AwuiJf)g = ui&uﬁjé‘ké_yuijk wpy = 0. (20)

This means that (uij) is subharmonic. The condition on w implies that (uij) is bounded
and (C", w) is a complete Ricci flat Kdhler manifold. Based on Theorem 1.4 and

Corollary 2.1, we can find a constant Hermitian matrix A such that

(uz) <A (21)

on M and

lim det (uij)w" =detA. (22)

r—o0 B?"J (0)

From (17) and the previous equality, it holds that
detA = det (u3) = 1. (23)

Since (uij-) is positive-definite, the previous equality and (21) imply (uij) is the constant

function A. This concludes the proof. |
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Remark: 1) To prove (uij') is subharmonic, besides direct computations, we can also use

the following argument: for any £ € C™, let X; = Ei%, then
EusE = 21X, 2. (24)

Using the Bochner formula for holomorphic fields and the fact that Ric(w) = 0, one can

easily check that Eiuijsj is subharmonic.

2) To prove Theorem 1.5, one can also consider (uiJ) = (uij)_l. For any £ € C™,
let f, = Re(&‘izi), then

EulE = |df. 2. (25)

Clearly f; is a pluri-harmonic function and hence a harmonic function with respect to w.
Using the Bochner formula and the fact that Ric(w) = O one can easily check that Eiuijé_j
is subharmonic.

3. A Liouville Theorem for the Complex Monge-Ampeére Equation

In this section, we obtain a Liouville theorem for the complex Monge-Ampere equation
as an application of the mean value formula (4), that is, we give a proof of Theorem 1.7.
First we introduce the following lemma concerning the computation of determinant of

a block Hermitian matrix.

Lemma 3.1. Let M be an invertible Hermitian matrix. If

A C .
M = ' M =
C* B

where A is invertible. Then

VN
QA
ot AN
\—/

detM = detAdetB~!.

Proof. Since A is invertible, we have

I 0 A C I —-A"lc [ A 0
—Cc*Al T c* B 0 I "\ o B-calc)
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The Complex Monge-Ampére Equation 861

This implies
detM = det A det(B— C*A™10). (1)

M is invertible, so B — C*A™1C is also invertible. At the same time, we get

—1
Y= —A"lC A o I 0
o) I 0O B-C*A-lC —cta~t 1)

which implies
B=@B-calo™L (2)
The required equality is a combination of (1) and (2). |

A proof of Theorem 1.7. Let 7y and 7com be the two projections:

Ty :C"MxY Y, ny(z,y) =y, (3)

aem :C"M x Y - C™, Tem(2,y) = 2. (4)

By Kiinneth's formula (see e.g., Section 5 of [5]) and the result on the de Rham

cohomology groups of C™

X ooum R, k=0,
Hjn(C™) = (5)
0, k=>1,

there exists a closed real two-form ® on Y, such that
[w] = [n{?@], (6)

in the sense of de Rham cohomology classes. For any z € C", denote the embedding from
YtoC" xY

vy (z,y), (7)
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862 C.Lietal

by i,. For distinct z,,z, € C™, since 7y o i, =idy = 7y o1, , we have
[i3, 0] = [6] = [i},0]. (8)

Obviously all i}w are Kdhler forms on Y, so (8) shows that all ijw are in the same Kédhler
class. By Calabi-Yau theorem (see [36]), there is a unique Kéhler form wy in this Kdhler

class satisfying Ric(wy) = Ric(a)YO) and consequently
0y = (:a)§0 (9)

for some positive constant c.
Now we can write the conditions on » as follows.
1) C‘l(a)(cm + wy) < o < C(wem + wy), for some positive constant C;
2) "M =c N wem + wy)™;
3) forany z € C', ijw and wy are in the same Kéhler class.
Denote by g, and g the Riemannian metrics associated with wgem + 0y and o,

respectively, and let g~! be the metric on T*(C™ x Y) induced by g. Let {z'}!" be the

standard complex coordinate system on C™ and fori,j=1, 2, --- , m, define
= 1 . . d 0

u¥ = —g~1(dz*, dz’), u=29(—,—1). 10
29 ) i~ “9\57" 97 (10

. . +
For any point (z, y), we choose a complex normal coordinates system {z*};" " | around

y with respect to wy. Computing under the coordinate system {z“};":*'l", we have
A ull — garbigazbs gibs pasiy, o __ 4 gibsgaaip (11)
w g g g g ga1b3ang1a3b2 g g a3b31

A us = g“lblgazbzgalgigazm, (12)

where g“B,gaB,gaBC,RaB are the coefficients of components of g~!,g, Vg,9: Ric(gy),
respectively, a,b,a;, b, =1,2,--- m+n(k=1,2,3).

It is clear that fori,j=1,2,--- , m, gij = ui] and gij = U Namely

u:z g.: 7 uij g“;
(gal_)) :( gl]_ ga]_ )r (gab) :( gig gag )
i8 af

Furthermore, (u¥) and (uij) are bounded and uniformly positive-definite.
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The Complex Monge-Ampére Equation 863

Clearly Ric(gy) > 0, so (11) implies that (Awuij) > 0, that is, (uij) is subharmonic
with respect to . Applying Theorem 1.4 and Corollary 2.1, we can find some constant

Hermitian matrix A such that
u) <a (13)
everywhere, and

lim det (u?)dv, = detA. (14)

r— 00
By (x0,20)

One can see that there exists some sufficiently large constant C such that for r > diamY,
B,.(zy) x Y C B;.(20, Vo) C Bez,(29) x Y.

Hence it holds that
0< / (detA — det (uij)) dv,, < C/ (detA — det (u‘f)) dv,,
Br(z0)xY B¢,.(x0,20)

and
Vol (B.(zg) x Y) = C_4”V01(Bczr(zo) xY) > C_4”cVolw(B‘gr(zO,yo)).

Then we can obtain

0< ]l (detA — det (u?)) dv,, < c*" (][ (det4 — det (u¥)) dvg),
Br(zo)xY B¢,.(20,y0)
consequently

lim det (ui}) dv,, = detA. (15)

=00 JB(z0)xY

m+n

Computing under the local coordinate system {z%};]

mentioned above and applying

Lemma 3.1, we can check that

(det (u¥)) ™" (o) _ i

a)g o (C!)Y + wcm)m+n

=c! (16)
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at any point (z, y). Then we have

][ det (u¥)ol =][ c(itw)” = c.
{z}xY {z}xY

This tells us

][ det(ui}) dVgO =c,
Br(z0)xY

for any z; and r > 0. Together with (13) and (14), we deduce
det (uij) <detd =c,

and then

det (u¥) = detA =c.
Since (ui}) is positive-definite, using (13) again, we obtain
(u¥) = A.
By (16), we have

()" = o

for any z € C'™. We already know that i and wy are in the same Kéhler class, so

o= wy.
Foranyi=1,2,.-- , m, from (11) and (21), we derive
- m+n
0=2,u"=C" D" 1g,5,"
ay,az=1

(24) implies that uj; is a constant function, then consequently

m+n

_ , aﬂ)f aZE o o —1 _ 2
0=A,uz = g""g%%g, -9, 5= C " D 195l
a,b=1

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)
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That is to say (uij) is a constant matrix. At the same time, (23) implies

m+n m+n

D> 19upal*=0. (26)

a=1 «,f=m+1

Combining (24), (25), and (26) shows Vgog =0.
We define

' =i (-4 ), (27)

9z~

whereze C™,i=1,2--- , m. Since Vg9 =0, this definition doesn’t depend on the choice
of z and every n' is an wy-parallel (0,1)-form. The expression (6) can be easily checked

under a local coordinate system. This concludes the proof of Theorem 1.7. |
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