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0 Introduction

We consider here some recent results concerning local biholomorphisms which
map one real analytic (or real algebraic) subset of CN into another such subset
of the same dimension. One of the general questions studied is the following.
Given M,M ′ ⊂ CN , germs of real analytic subsets at p and p′ respectively with
dimRM = dimRM

′, describe the (possibly empty) set of germs of biholomorphisms
H : (CN , p) → (CN , p′) with H(M) ⊂M ′.

Most of the new results stated here have been recently obtained in joint work
with Peter Ebenfelt. We shall give precise definitions and specific references in the
text. One of the results (Theorem 2) states that if M ⊂ CN is a connected real
analytic holomorphically nondegenerate CR manifold which is minimal at some
point, then at most points p ∈M , a germ H of a biholomorphism at p mapping M
into M ′, another submanifold of CN , is determined by its jet at p of a finite order,
depending only on M . This result is used to prove (Theorem 3) that the real vector
space of infinitesimal CR automorphisms of M is finite dimensional at every point.

Denote by Aut(M,p) the group of germs of biholomorphisms of CN at p, fixing p
and mapping M into itself. Theorem 4 and its corollaries show that if M is a holo-
morphically nondegenerate hypersurface, then for most points p ∈ M , Aut(M,p),
equipped with its natural topology, is a finite dimensional Lie group parametrized
by a subgroup of the jet group of CN at 0 of a certain finite order. The proof
of Theorem 4 gives an algorithm to determine all germs of biholormphisms at p
mapping the hypersurface M into another hypersurface M ′ and taking p to p′. The
set of all such biholomorphisms (possibly empty) is parametrized by a real analytic,
totally real submanifold of a finite order jet group of CN at 0.

Section 6 deals with the special case where the real submanifolds M and M ′ are
real algebraic, i.e. defined by the vanishing of real valued polynomials. In particular,
Theorem 8 implies that if M and M ′ are holomorphically nondegenerate generic
algebraic manifolds of the same dimension, and if M is minimal at p, then any
germ of a biholomorphism at p mapping M into M ′ is algebraic. Theorem 9 shows
that holomorphic nondegeneracy and minimality are essentially necessary for the
algebraicity of all such mappings.

A main ingredient in the proofs of the results stated in this paper is the use of
the Segre sets asssociated to every point of a real analytic CR submanifold in CN .
The description of these sets and their main properties is given in §1 and Theorem
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1. One of these properties is that the complexification of the CR orbit of a point
p ∈ M coincides with the maximal Segre set at p. In particular, a real analytic
generic submanifold M is minimal at p if and only if the maximal Segre set is of
complex dimension N .

Bibliographical references relevant to the results given in this paper can be found
at the end of each section of the text.

We shall give now some basic definitions. Most of the results described here can
be reduced to the case where M and M ′ are real analytic generic submanifolds.
Recall that a real analytic submanifold M ⊂ CN is generic if near every p ∈M , we
may write

(0.1) M = {Z ∈ CN : ρj(Z, Z̄) = 0, j = 1, . . . , d},

where ρ1, . . . , ρd are germs at p of real-valued real analytic functions satisfying
∂ρ1(p)∧ . . .∧∂ρd(p) 6= 0. Here ∂ρ =

∑N
j=1

∂ρ
∂Zj

dZj . More generally, we say that M
is CR if dimR(TpM ∩ JTpM) is constant for p ∈M , where TpM is the real tangent
space of M at p, and J the anti-involution of the standard complex structure of
CN . If M is CR, then dimRTpM ∩ JTpM = 2n is even and n is called the CR
dimension of M . In particular, if M is generic of codimension d, then n = N − d.

We say that a real submanifold of CN is holomorphically nondegenerate if there
is no germ of a nontrivial vector field

∑N
j=1 cj(Z) ∂

∂Zj
, with cj(Z) holomorphic,

tangent to an open subset of M . Another criterion of holomorphic nondegeneracy,
which can be checked by a simple calculation, is the following. Let L = (L1, ..., Ln)
be a basis for the CR vector fields of a generic manifold M near p. For any multi-
index α put Lα = Lα1

1 . . . Lαn
n . Introduce, for j = 1, ..., d and any multi-index α,

the CN -valued functions

(0.2) Vjα(Z, Z̄) = LαρjZ(Z, Z̄),

where ρjZ denotes the gradient of ρj with respect to Z, with ρj as in (0.1). We say
that M is finitely nondegenerate at p ∈ M if there exists a positive integer k such
that the span of the vectors Vjα(p, p̄), for j = 1, ..., d and |α| ≤ k, equals CN . If k is
the smallest such integer we say that M is k-nondegenerate at p. These definitions
are independent of the coordinate system used, the defining functions of M , and
the choice of basis L. One can then check that if a generic manifold M is connected,
then M is holomorphically nondegenerate if and only if it is finitely nondegenerate
at some point p ∈ M . Another equivalent definition is that M is holomorphically
nondegenerate if and only if it is essentially finite at some point p ∈M .

It can also be shown that a connected, generic manifold M is holomorphically
nondegenerate if and only if there exists a positive integer l(M), 1 ≤ l(M) ≤ N−1,
such that M is l(M)-nondegenerate at every point outside a proper real analytic
subset of M . We shall call l(M) the Levi number of M . Hence to determine holo-
morphic nondegeneracy, one need compute (0.2) for only finitely many multi-indices
α. In particular, a connected real analytic hypersurface is Levi nondegenerate at
some point if and only it its Levi number is 1. For a connected hypersurface in
C2, Levi nondegeneracy at some point is equivalent to holomorphic nondegener-
acy. However, in CN , N > 2, there exist connected, real analytic holomorphically
nondegenerate hypersurfaces which are nowhere Levi nondegenerate.
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1 Segre sets of a germ of a CR manifold

In this section, we introduce the Segre sets of a generic real analytic submanifold
in CN and recall some of their properties. We refer the reader to the paper [BER1]
for a more detailed account of these sets. (See also [E].) Let M denote a generic real
analytic submanifold in some neighborhood U ⊂ CN of p0 ∈M . Let ρ = (ρ1, . . . ρd)
be defining functions of M near p0 as in (0.1), and choose holomorphic coordinates
Z = (Z1, . . . , ZN ) vanishing at p0. Embed CN in C2N = CN

Z ×CN
ζ as the real plane

{(Z, ζ) ∈ C2N : ζ = Z̄}. Denote by prZ and prζ the projections of C2N onto CN
Z

and CN
ζ , respectively. The natural anti-holomorphic involution ] in C2N defined by

(1.1) ](Z, ζ) = (ζ̄, Z̄)

leaves the plane {(Z, ζ) : ζ = Z̄} invariant. This involution induces the usual anti-
holomorphic involution in CN by

(1.2) CN 3 Z 7→ prζ(]pr−1
Z (Z)) = Z̄ ∈ CN .

Given a set S in CN
Z we denote by ∗S the set in CN

ζ defined by

(1.3) ∗S = prζ(]pr−1
Z (S)) = {ζ : ζ̄ ∈ S}.

We use the same notation for the corresponding transformation taking sets in CN
ζ

to sets in CN
Z . Note that if X is a complex analytic set defined near Z0 in some

domain Ω ⊂ CN
Z by h1(Z) = ... = hk(Z) = 0, then ∗X is the complex analytic

set in ∗Ω ⊂ CN
ζ defined near ζ0 = Z̄0 by h̄1(ζ) = ... = h̄k(ζ) = 0. Here, given a

holomorphic function h(Z) we use the notation h̄(Z) = h(Z̄).
Let M⊂ C2N be the complexification of M given by

(1.4) M = {(Z, ζ) ∈ C2N : ρ(Z, ζ) = 0}.

This is a complex submanifold of codimension d in some neighborhood of 0 in C2N .
We choose our neighborhood U in CN so small that U × ∗U ⊂ C2N is contained
in the neighborhood where M is a manifold. Note that M is invariant under the
involution ] defined in (1.1).

We associate to M at p0 a sequence of germs of sets N0, N1, ..., Nj0 at p0 in
CN— the Segre sets of M at p0—defined as follows. Put N0 = {p0} and define the
consecutive sets inductively (the number j0 will be defined later) by

(1.5) Nj+1 = prZ

(
M∩ pr−1

ζ (∗Nj)
)

= prZ

(
M∩ ]pr−1

Z (Nj)
)
.

We shall identify a germ Nj with some representative of it. These sets are, by
definition, invariantly defined and arise naturally in the study of mappings between
submanifolds, as will be seen in §2.

The sets Nj can also be described in terms of the defining equations ρ(Z, Z̄) = 0.
For instance we have

(1.6) N1 = {Z : ρ(Z, 0) = 0}
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and

(1.7) N2 = {Z : ∃ζ1 : ρ(Z, ζ1) = 0 , ρ(0, ζ1) = 0}.

We have the inclusions

(1.8) N0 ⊂ N1 ⊂ ... ⊂ Nj ⊂ ...

and j0 is the largest number such that the first j0 inclusions in (1.8) are strict.
(The Segre sets stabilize after that, and Nj0+1 = Nj0+2 = ... .)

To show that the Segre sets are images of holomorphic mappings, it is useful to
make use of appropriate holomorphic coordinates. Recall that we can find holo-
morphic coordinates Z = (z, w), z ∈ Cn, w ∈ Cd, vanishing at p0 such that M near
p0 is given by

w = Q(z, z, w) or w = Q(z, z, w),

where Q(z, χ, τ) is holomorphic in a neighborhood of 0 in C2n+d, valued in Cd and
satisfies Q(z, 0, τ) ≡ Q(0, χ, τ). The coordinates Z = (z, w) satisfying the above
properties are called normal coordinates of M at p0. In normal coordinates (z, w)
one may use the definition above to express the Segre sets Nj for j = 1, . . . , j0 as
images of germs at the origin of certain holomorphic mappings

(1.9) Cn × C(j−1)n 3 (z,Λ) 7→ (z, vj(z,Λ)) ∈ CN .

We have N1 = {(z, 0), z ∈ Cn}, N2 = {(z,Q(z, χ, 0)), z, χ ∈ Cn} and so forth.
Thus, we can define the generic dimension dj of Nj as the generic rank of the
mapping (1.9).

So far we have considered only generic submanifolds. We may reduce to this
case, since any real analytic CR manifold M is a generic manifold in a complex
holomorphic submanifold V of CN , called the intrinsic complexification of M . The
Segre sets of M at a point p0 ∈M can be defined as subsets of CN by the process
described above just as for generic submanifolds, or they can be defined as subsets
of V by identifying V near p0 with CK (K = dimV) and considering M as a generic
submanifold of CK . It can be shown that these definitions are equivalent.

If M is a real analytic CR submanifold of CN and p0 ∈ M , then by Nagano’s
theorem [N] there exists a real analytic CR submanifold of M through p0 of min-
imum possible dimension and the same CR dimension as M . Such a manifold is
called the CR orbit of p0.

The main properties concerning the Segre sets that we shall use are summarized
in the following theorem.

Theorem 1 ([BER1], [BER2]). Let M be a real analytic CR submanifold in
CN , and let p0 ∈ M . Denote by W the CR orbit of p0 and by X the intrinsic
complexification of W .

(a) The maximal Segre set Nj0 of M at p0 is contained in X and contains an
open subset of X arbitrarily close to p0. In particular, dj0 = dimCX.

(b) There are holomorphic mappings defined near the origin Z0(t0), Z1(t1), ..., Zj0(tj0)
and s0(t1), ..., sj0−1(tj0) with

(1.10) Cdj 3 tj 7→ Zj(tj) ∈ CN , Cdj 3 tj 7→ sj−1(tj) ∈ Cdj−1 ,
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such that Zj(tj) is an immersion at the origin, Zj(tj) ∈ Nj, and such that

(1.11)
(
Zj(tj), Z̄j−1(sj−1(tj))

)
∈M,

for j = 1, ..., j0. In addition Zj(0), j = 1, ..., j0, can be chosen arbitrarily
close to p0.

Proof. Part (a) is contained in [BER1, Theorem 2.2.1], and the mappings in part
(b) are constructed in the paragraph following [BER1, Assertion 3.3.2]. �

Remark 1.12. For each j, j = 0, 1, ..., j0, the holomorphic immersion Zj(tj), in part
(b) above provides a parametrization of an open piece of Nj . However, this piece
of Nj need not contain the point p0. Indeed, Nj need not even be a manifold at p0.

Recall that a CR submanifold M is said to be minimal at a point p0 ∈ M if
there is no proper CR submanifold of M through p0 with the same CR dimension
as M . Equivalently, M is minimal at p0 if the CR orbit of p0 is all of M . For a
real analytic submanifold, this notion coincides with the notion of finite type in the
sense of Bloom–Graham [BG]; that is, M is of finite type at p0 if the Lie algebra
generated by the CR vector fields and their complex conjugates span the complex
tangent space to M at p0. It is easy to determine whether a hypersurface M is
of finite type at p0 by using a defining function for M near p0. Furthermore, if
a connected hypersurface M is holomorphically nondegenerate, it is of finite type
at most points. (The converse is not true, however.) One of the main difficulties
in higher codimension is that it is cumbersome to describe finite type in local
coordinates. Furthermore, unlike in the hypersurface case, in general, holomorphic
nondegeneracy does not imply the existence of a point of finite type.

One can check that if M is connected then M is minimal almost everywhere if
and only if M is minimal at some point. The following is an immediate consequence
of the theorem.

Corollary 1.13. Let M be a real analytic generic submanifold in CN and p0 ∈M .
Then M is minimal at p0 if and only if dj0 = N or, equivalently, if and only if the
maximal Segre set at p0 contains an open subset of CN .

We note if M is a hypersurface, then j0 = 1 if M is not minimal at p0, and
j0 = 2 otherwise. We now describe the Segre sets at 0 for two generic manifolds in
C3 of codimension 2, one minimal and one not minimal.

Example 1.14. Consider M ⊂ C3 defined by

Im w1 = |z|2, Im w2 = Re w2|z|4.

In this example M is not minimal at 0. We have j0 = 2 and the maximal Segre set
of M at 0 is given by

N2 = {(z, w1, w2) : z 6= 0, w2 = 0} ∪ {0, 0, 0}.

Here d2 = 2, and N2 is not a manifold at 0. However, the intersection of (the
closure of) N2 with M equals the CR orbit of 0.

Example 1.15. Let M ⊂ C3 be the generic submanifold defined by

Im w1 = |z|2, Im w2 = |z|4.
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Then M is of finite type at 0. The Segre set N2 at 0 is the manifold given by

N2 = {(z, w1, w2) : w2 = −iw2
1/2}.

We have here j0 = 3, and N3 is given by

N3 = {(z, w1, w2) : w2 = iw1(w1/2− 2zχ) , χ ∈ C}

and hence N3 contains C3 minus the planes {z = 0} and {w1 = 0}.

Before concluding this section we point out that the Segre set N1, introduced
above, coincides with the so-called Segre surface introduced by Segre [Seg] and
used in the work of Webster [W1], Diederich-Webster [DW], Diederich-Fornaess
[DF], Chern-Ji [CJ] and others. The subsequent Segre sets Nj are all unions of
Segre surfaces. We believe that the results described above are the first to explore
Segre sets for manifolds of higher codimension and to use them characterize mini-
mality. The notion of minimality as described in this section, was first introduced
by Tumanov [Tu1].

2 Holomorphic mappings and Segre sets

In this section we describe how the Segre sets constructed in §1 can be used
to prove that mappings between CR manifolds are determined by their jets of a
fixed order, under appropriate conditions on the manifolds. The main result of this
section is the following.

Theorem 2 ([BER2]). Let M ⊂ CN be a connected real analytic, holomorphically
nondegenerate CR submanifold with Levi number l(M), and let d be the (real) codi-
mension of M in its intrinsic complexificiation. Suppose that there is a point p ∈M
at which M is minimal. Then for any p0 ∈ M there exists a finite set of points
p1, ..., pk ∈ M , arbitrarily close to p0, with the following property. If M ′ ⊂ CN is
another real analytic CR submanifold with dimRM

′ = dimRM , and F,G are smooth
CR diffeomorphisms of M into M ′ satisfying in some local coordinates x on M

(2.1)
∂|α|F

∂xα
(pl) =

∂|α|G

∂xα
(pl), l = 1, ..., k, |α| ≤ (d+ 1)l(M),

then F ≡ G in a neighborhood of p0 in M . If M is minimal at p0, then one can
take k = 1. If, in addition, M is l(M)-nondegenerate at p0, then one may take
p1 = p0.

Remarks.
(i) The condition (2.1) can be expressed by saying that the (d+ 1)l(M)-jets of

the mappings F and G coincide at all the points p1, ..., pk.
(ii) The choice of points p1, ..., pk can be described as follows. Let U1, ..., Uk

be the components of the set of minimal points of M in U , an arbitrarily
small neighborhood of p0 in M , which have p0 in their closure. For each
l = 1, ..., k, we may choose any pl from the dense open subset of Ul consisting
of those points which are l(M)-nondegenerate.

We shall give an indication of the proof of Theorem 2 only for the case where
M is generic and is l(M)-nondegenerate and minimal at p0. We start with the
following proposition.
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Proposition 2.2. Let M,M ′ ⊂ CN be real analytic generic submanifolds, and
p0 ∈M . Assume that M is holomorphically nondegenerate and l(M)-nondegenerate
at p0. Let H be a germ of a biholomorphism of CN at p0 such that H(M) ⊂ M ′.
Then there are CN valued functions Ψγ , holomorphic in all of their arguments, such
that

(2.3)
∂|γ|H

∂Zγ
(Z) = Ψγ

(
Z, ζ,

(
∂|α|H̄

∂ζα
(ζ)
)
|α|≤l(M)+|γ|

)
,

for all multi-indices γ and all points (Z, ζ) ∈ M near (p0, p̄0). Moreover, the
functions Ψγ depend only on M,M ′ and

(2.4)
∂|β|H

∂Zβ
(p0), |β| ≤ l(M).

The proof of Proposition 2.2 follows from the definition of l(M)-nondegeneracy
at p0 and the use of the implicit function theorem. For details, see the proof of
Assertion 3.3.1 in [BER1] and also [BR1, Lemma 2.3].

We shall use Proposition 2.2 to give an outline of the proof of Theorem 2 under
the more restrictive assumptions indicated above. Let Nj , j = 0, 1, ..., j0, be the
Segre sets of M at p0, and let Z0(t0), ..., Zj0(tj0) be the canonical parametrizations
of the Nj ’s and s0(t1), ..., sj0−1 (tj0) the associated maps as in Theorem 1. Since
M is minimal at p0, it follows from [Tu1] that F and G extend holomorphically to
a wedge with edge M near p0. Hence by [BJT], F and G extend holomorphically to
a full neighborhood of p0 in CN , since finite nondegeneracy at p0 implies essential
finiteness at p0. We again denote by F and G their holomorphic extensions to a
neighborhood. Assumption (2.1) with pl = p0 then implies,

(2.5)
∂|α|F

∂Zα
(p0) =

∂|α|G

∂Zα
(p0), |α| ≤ (d+ 1)l(M).

By Proposition 2.2, there are functions Ψγ such that both F and G satisfy the
identity (2.3) for (Z, ζ) ∈ M. Substituting (Z, ζ) in (2.3) by the left hand side of
(1.11) and recalling that Z0(t0) ≡ p0 (i.e. it is the constant map), we deduce that
F and G, as well as all their derivatives of all orders less than or equal to dl(M) are
identical on the first Segre set N1. Note that since each Nj is the holomorphic image
of a connected set, if two holomorphic functions agree on an open piece, they agree
on all of Nj . Inductively we deduce that the restrictions of the mappings F and G
to the Segre set Nj , as well as their derivatives of orders at least ((d+ 1)− j)l(M),
are identical. The conclusion of Theorem 2 now follows from Theorem 1, since M
minimal at p0 implies that Nj0 contains an open piece of CN .

Theorem 2 is optimal in the sense that holomorphic nondegeneracy is necessary
for its conclusion and that the condition that M is minimal almost everywhere is
necessary in model cases. We have the following result.

Proposition 2.6 ([BER2]). Let M ⊂ CN be a connected real analytic CR sub-
manifold.

(i) If M is holomorphically degenerate, then for any p ∈ M and any integer
K > 0 there exist local biholomorphisms F and G near p mapping M into
itself and fixing p such that

(2.7)
∂|α|F

∂Zα
(p) =

∂|α|G

∂Zα
(p), |α| ≤ K,
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but F 6≡ G on M .
(ii) If M is defined by the vanishing of weighted homogeneous polynomials, and

nowhere minimal then for any p ∈ M and any integer K > 0 there exist
local biholomorphisms F and G near p mapping M into itself and fixing p
such that (2.7) holds for all |α| ≤ K, but F 6≡ G on M .

In case M is a Levi-nondegenerate hypersurface (i.e. d = 1 and l(M) = 1),
Theorem 2 reduces to the result of Chern-Moser [CM] that a germ of a CR dif-
feomorphism is uniquely determined by its derivatives of order ≤ 2 at a point.
Generalizations of this result for Levi nondegenerate manifolds of higher codimen-
sion were later given by Tumanov-Henkin [TH] and Tumanov [Tu2]. More precise
results for Levi nondegenerate hypersurfaces have been given by Beloshapka [Be]
and Loboda [L]. The notion of holomorphic nondegeneracy for hypersurfaces is due
to Stanton [St1], who showed that it is a necessary and sufficient condition for
the finite dimensionality of the space of “infinitesimal holomorphisms”, as will be
mentioned in §3.

3 Infinitesimal CR automorphisms

A smooth real vector field X defined in a neighborhood of p in M is an infin-
itesimal holomorphism if the local 1-parameter group of diffeomorphisms exp tX
for t small extends to a local 1-parameter group of biholomorphisms of CN . More
generally, X is called an infinitesimal CR automorphism if the mappings exp tX
are CR diffeomorphisms. We denote by hol(M,p) (resp. aut(M,p)) the Lie algebra
generated by the germs at p of the infinitesimal holomorphisms (resp. infinitesimal
CR automorphisms). Since every local biholomorphism preserving M restricts to
a CR diffeomorphism of M into itself, it follows that hol(M,p) ⊂ aut(M,p).

The following result gives the finite dimensionality of the larger space aut(M,p)
not only for hypersurfaces, but also for CR manifolds of higher codimension.

Theorem 3 [BER 2]. Let M ⊂ CN be a real analytic, connected CR submanifold.
If M is holomorphically nondegenerate, and minimal at some point, then

(3.1) dimRaut(M,p) <∞

for all p ∈M .

Proof of Theorem 3. Let p0 ∈ M and let X1, ..., Xm ∈ aut(M,p0) be linearly
independent over R. Let x = (x1, ..., xr) be a local coordinate system on M near
p0 and vanishing at p0. In this coordinate system, we may write

(3.2) Xj =
r∑

l=1

X̃j
l (x)

∂

∂xl
= X̃j(x) · ∂

∂x
.

For y = (y1, ..., ym) ∈ Rm, we denote by Φ(t, x, y) the flow of the vector field
y1X1 + ...+ ymXm, i.e. the solution of

(3.3)


∂Φ
∂t

(t, x, y) =
m∑

i=1

yiX̃
i(Φ(t, x, y))

Φ(0, x, y) = x.
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Using elementary ODE arguments, one can show that by choosing δ > 0 sufficiently
small, there exists c > 0 such that the flows Φ(t, x, y) are smooth (C∞) in {(t, x, y) ∈
R1+r+m : |t| ≤ 2, |x| ≤ c, |y| ≤ δ}. Denote by F (x, y) the corresponding time-one
maps, i.e.

(3.4) F (x, y) = Φ(1, x, y).

Lemma 3.5. There is δ′, 0 < δ′ < δ, such that for any fixed y1, y2 with |y1|, |y2| ≤
δ′, if F (x, y1) ≡ F (x, y2) for all x, |x| ≤ c, then necessarily y1 = y2.

Proof of Lemma 3.5. It follows from (3.3) and (3.4) that we have

(3.6)
∂F

∂yi
(x, 0) = X̃i(x).

Thus, denoting by X̃(x) the r ×m-matrix with column vectors X̃i(x), we have

(3.7)
∂F

∂y
(x, 0) = X̃(x).

By Taylor expansion we obtain

(3.8) ||F (x, y2)− F (x, y1)|| ≥
∣∣∣∣∣∣∣∣∂F∂y (x, y1) · (y2 − y1)

∣∣∣∣∣∣∣∣− C|y2 − y1|2,

where C > 0 is some uniform constant for |y1|, |y2| ≤ δ. The linear independence
of the vector fields X1, ..., Xm over R implies that there is a constant C ′ such that

(3.9) ||X̃(x) · y|| ≥ C ′|y|.

The lemma follows by using (3.6), (3.9) and a standard compactness argument. �
Now, we proceed with the proof of Theorem 3. Denote by U the open neigh-

borhood of p on M given by |x| < c. We make use of Theorem 2 with M replaced
by U . Let p1, ..., pk be the points in U given by the theorem. By choosing the
number δ′ > 0 in Lemma 3.5 even smaller if necessary, we may assume that the
maps x 7→ F (x, y), for |y| < δ′, are CR diffeomorphisms of M . Consider the smooth
mapping from |y| < δ′ into Rµ defined by

(3.10) y 7→
(
∂|α|F (pl, y)

∂xα

)
|α|≤(d+1)l(M)

1≤l≤k

∈ Rµ,

where µ equals k · r times the number of monomials in r variables of degree less
than or equal to (d + 1)l(M)). This mapping is injective for |y| < δ′ in view of
Theorem 2 and Lemma 3.5. Consequently, we have a smooth injective mapping
from a neighborhood of the origin in Rm into Rµ. This implies that m ≤ µ and
hence the desired finite dimensionality of the conclusion of Theorem 3. �

As in the case of Theorem 2, here again the condition of holomorphic nonde-
generacy is necessary for the conclusion of Theorem 3 to hold. Also, if M is not
minimal at any point, but is defined by weighted homogeneous polynomials, then
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dimRhol(M,p) is either 0 or ∞. This can be viewed as an analogue of Proposition
2.6.

We conclude this section by some bibliographical notes. Tanaka [Ta] proved
that hol(M,p) is a finite dimensional vector space if M is a real analytic Levi
nondegenerate hypersurface. More recently Stanton [St1,St2] proved that if M
is a real analytic hypersurface, hol(M,p) is finite dimensional for any p ∈ M if
and only if M is holomorphically nondegenerate. Theorem 3 above generalizes
Stanton’s result. It should be also mentioned that the methods outlined here are
quite different from those of [St2].

4 Parametrization of local biholomorphisms between hypersurfaces

In this section and the next, we shall restrict ourselves to the case of hyper-
surfaces. Let M ⊂ CN be a real analytic hypersurface and p0 ∈ M . Denote by
hol0(M,p0) the elements of hol(M,p0) that vanish at p0. Also denote by Aut(M,p0)
the set of all germs of biholomorphisms at p0, fixing p0 and mapping M into it-
self. Under the assumption that M is holomorphically nondegenerate the finite
dimensionality of hol(M,p0), which follows from Theorem 3 (and, as mentioned in
§3 is in fact a result of Stanton [St2]), implies that there is a unique topology on
Aut(M,p0), considered as an abstract group, such that the latter is a Lie trans-
formation group with hol0(M,p0) as its Lie algebra (see e.g. [Ko, p. 13]). On
the other hand Aut(M,p0) has a natural inductive limit topology corresponding
to uniform convergence on compact neighborhoods of p0 in CN . One of the main
results of this section (Corollary 4.2) implies that for almost all p0 ∈ M the two
topologies on Aut(M,p0) must coincide.

We shall first introduce some notation. Let k be a positive integer and Jk
p =

Jk(CN )p the set of k-jets at p of holomorphic mappings from CN to CN fixing p.
Jk

0 can be identified with the space of holomorphic polynomial mappings of degree
≤ k, mapping 0 to 0. Let Gk = Gk(CN ) be the complex Lie group consisting of
those holomorphic mappings in Jk

0 with nonvanishing Jacobian determinant at 0.
We take the coefficients Λ = (Λα) of the polynomials corresponding to the jets to
be global coordinates of Gk. The group multiplication in Gk consists of composing
the polynomial mappings and dropping the monomial terms of degree higher than
k.

For p, p′ ∈ CN , denote by Ep,p′ the space of germs of holomorphic mappings
H : (CN , p) → (CN , p′), (i.e. H(p) = p′) with Jacobian determinant of H non-
vanishing at p equipped with the natural inductive limit topology correspond-
ing to uniform convergence on compact neighborhoods of p. We define a map-
ping ηp,p′ : Ep,p′ → Gk as follows. For H ∈ Ep,p′ , let F ∈ E0,0 be defined by
F (Z) = H(Z + p) − p′. Then jk(F ), the k-jet of F at 0, is an element of Gk.
We put ηp,p′(H) = jk(F ). In local holomorphic coordinates Z near p we have
ηp,p′(H) = (∂α

ZH(p))1≤|α|≤k. The mapping ηp,p′ is continuous; composition of
mappings is related to group multiplication in Gk by the identity

(4.1) ηp,p′′(H2 ◦H1) = ηp′,p′′(H2) · ηp,p′(H1)

for any H1 ∈ Ep,p′ and H2 ∈ Ep′,p′′ , where · denotes the group multiplication in Gk.
We write η for ηp,p′ when there is no ambiguity.

If M and M ′ are two real analytic hypersurfaces in CN with p ∈M and p′ ∈M ′,
denote by F = F(M,p;M ′, p′) the subset of Ep,p′ consisting of those germs of
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mappings which send M into M ′, and equip F with the induced topology. We have
the following.

Theorem 4 ([BER3]). Let M and M ′ be two real analytic hypersurfaces in CN

which are k0-nondegenerate at p and p′ respectively and let F = F(M,p;M ′, p′)
as above. Then the restriction of the map η : Ep,p′ → G2k0 to F is one-to-one; in
addition, η(F) is a totally real, closed, real analytic submanifold of G2k0 (possibly
empty) and η is a homeomorphism of F onto η(F). Furthermore, global defining
equations for the submanifold η(F) can be explicitly constructed from local defining
equations for M and M ′ near p and p′.

With the notation above, we put Aut(M,p) = F(M,p;M,p) and refer to it as
the stability group of M at p. When Aut(M,p) is a Lie group with its natural
topolgy, it is easy to show that hol0(M,p), as defined above, is its Lie algebra. We
have the following corollary of Theorem 4.

Corollary 4.2. If, in addition to the assumptions of Theorem 4, M = M ′ and
p = p′, then η(F) is a closed, totally real Lie subgroup G(M,p) of G2k0 . Hence the
stability group Aut(M,p) of M at p has a natural Lie group structure. In general,
for different (M,p) and (M ′, p′), η(F) is either empty or is a coset of the subgroup
G(M,p).

In the next section we shall give an outline of a proof of Theorem 4 which gives
an algorithm to calculate G(M,p) and, in particular, to determine whether two
hypersurfaces are locally biholomorphically equivalent.

Since a connected, real analytic, holomorphically nondegenerate hypersurface M
is l(M)-nondegenerate at every point outside a proper real analytic subset V ⊂M ,
the following is also a consequence of Theorem 4.

Corollary 4.3. Let M be a real analytic connected real hypersurface in CN which
is holomorphically nondegenerate. Let ` be the Levi number of M . Then there
is a proper real analytic subvariety V ⊂ M such that for any p ∈ M\V , η is a
homeomorphism between Aut(M,p) and a closed, totally real Lie subgroup of G2`.

One may also generalize Theorem 4 to the case where p and p′ are varying points
in M and M ′ respectively. We first introduce some notation. If X and Y are two
complex manifolds and k a positive integer, we denote by Jk(X,Y ) the complex
manifold of k-jets of germs of holomorphic mappings from X to Y , i.e.

Jk(X,Y ) =
⋃

x∈X,y∈Y

Jk(X,Y )(x,y)

where Jk(X,Y )(x,y) denotes the k-jets of germs at x of holomorphic mappings from
X to Y and taking x to y. (See e.g. [M], [GG].) With this notation, Jk(X,X)(x,x)

is the same as Jk(X)x introduced above with X = CN .
Denote by E(X,Y ) the set of germs of holomorphic mappings from X to Y

equipped with its natural topology defined as follows. If Hx ∈ E(X,Y ) is a germ
at x of a holomorphic mapping from X to Y which extends to a holomorphic
mapping H : U → Y , where U ⊂ X is an open neighborhood of x, then a basis of
open neighborhoods of Hx is given by

NU ′,V ′ = {Fp ∈ E(X,Y ) : p ∈ U ′, F : U ′ → V ′},
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where U ′ is a relatively compact open neighborhood of x in U and V ′ is an open
neighborhood of H(x) in Y . In particular, a sequence (Hj)xj converges to Hx if
xj converges to x and there exists a neighborhood U of x in X to which all the
(Hj) and H extend, for sufficiently large j, and the Hj converge uniformly to H
on compact subsets of U . This topology restricted to E(X,Y )(x,y) (the germs at x
mapping x to y) coincides with the natural inductive topology mentioned above.

For every k there is a canonical mapping σk : E(X,Y ) → Jk(X,Y ). Note that
σk|E(X,Y )(p,p′)

is the same as the mapping ηp,p′ with X = Y = CN . It is easy
to check that σk is continuous. If dimCX = dimCY then we denote by Gk(X,Y )
the open complex submanifold of Jk(X,Y ) given by those jets which are locally
invertible. Similarly, we denote by E(X,Y ) the open subset of E(X,Y ) consisting
of the invertible germs. It is clear that the restriction of σk maps E(X,Y ) to
Gk(X,Y ).

If M ⊂ X and M ′ ⊂ Y are real analytic submanifolds, we let E(M,M ′)(X,Y )
be the set of germs Hp ∈ E(X,Y ) with p ∈ M which map a neighborhood of p in
M into M ′. Similarly, we denote by E(M,M ′)(X,Y ) those germs in E(M,M ′)(X,Y )
which are invertible. Note that with X = Y = CN we have

E(M,M ′)(X,Y )(p,p′) = F(M,p;M ′, p′).

We may now state a generalization of Theorem 4 with varying points p, p′.

Theorem 5 ([BER3]. Let X and Y be two complex manifolds of the same di-
mension, M ⊂ X and M ′ ⊂ Y two real analytic hypersurfaces, and k0 a positive
integer. Suppose that M and M ′ are both at most k0-nondegenerate at every point.
Then the mapping

σ2k0 : E(M,M ′)(X,Y ) → G2k0(X,Y )

is a homeomorphism onto its image Σ. Furthermore, Σ is a real analytic subset
of G2k0(X,Y ), possibly empty, and each fiber Σ ∩ G2k0(X,Y )(p,p′), with p ∈ M ,
p′ ∈M ′ is a real analytic submanifold.

From Theorem 5, together with some properties of subgroups of Lie groups, one
may obtain the following result on the discreteness of Aut(M,p) in a neighborhood
of p0.

Theorem 6 ([BER3]. Let M be a real analytic hypersurface in CN finitely non-
degenerate at p0. If Aut(M,p0) is a discrete group, then Aut(M,p) is also discrete
for all p in a neighborhood of p0 in M . Equivalently, if hol0(M,p0) = {0} then
hol0(M,p) = {0} for all p in a neighborhood of p0 in M .

Example 4.4. Let M be the hypersurface given by

Im w = |z|2 + (Re z2)|z|2.

Then by using the algorithm described in §5 below, one can show that Aut(M, 0)
consists of exactly two elements, namely the identity and the map (z, w) 7→ (−z, w).
In particular, hol0(M, 0) = {0}. Hence by Theorem 6, hol0(M,p) = {0} for all
p ∈M near 0.

We mention here that there is a long history of results on transformation groups
of Levi nondegenerate hypersurfaces, beginning with the seminal paper by Chern–
Moser [CM]. (See also Burns–Shnider [BS] and Webster [W2]). In particular, the
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fact that Aut(M,p) is a Lie group follows from [CM] when M is Levi nondegenerate
at p. Further contributions were made by the Russian school (see e.g. the survey
papers of Vitushkin [Vi] and Kruzhilin [Kr], as well as the references therein).
Results for higher codimensional quadratic manifolds were obtained by Tumanov
[Tu2]. We would like to point out that even for Levi nondegenerate hypersurfaces
the approach given here is not based on the work [CM].

§5 An algorithm for constructing the set of all
mappings between two real analytic hypersurfaces

Even in the case of a hypersurface, the parametrization of the Segre sets given
by Theorem 1, is in general not an immersion onto a neighborhood of the base
point p0. Hence in the proof of Theorem 2, one goes to a nearby point to verify the
uniqueness of the holomorphic mapping (which is already assumed to exist). By
contrast, in the proof of Theorem 4, this method can no longer be used, because
one has to know when a particular value of a parameter actually corresponds to a
holomorphic mapping between the hypersurfaces in question.

In this section we outline the proof of Theorem 4, which actually gives an algo-
rithm to construct the defining equations of the manifold

Σp,p′ = η(F(M,p; ,M ′, p′))

from defining equations of M and M ′ near p and p′. Moreover, for each Λ ∈ G2k0
0

the algorithm constructs a mapping which is the unique biholomorphic mapping H
sending (M,p) into (M ′, p′) with η(H) = Λ for Λ ∈ Σp,p′ . We give here the main
steps of this algorithm.

Step 1. We choose normal coordinates (z, w) and (z′, w′) for M and M ′ van-
ishing respectively at p and p′. We may write any H ∈ F(M,p;M ′, p′) in the form
H = (f, g), such that the map is defined by z′ = f(z, w) and w′ = g(z, w). Note
that it follows from the normality of the coordinates that g(z, 0) ≡ 0. For each fixed
k we choose coordinates Λ in Gk with Λ = (λzαwj , µzαwj ), 0 < |α|+j ≤ k, such that
if H = (f, g) ∈ F , then the coordinates of η(H) are defined by λzαwj = ∂zαwjf(0)
and µzαwj = ∂zαwjg(0). We identify an element in Gk with its coordinates Λ. We
shall denote by Gk

0 the submanifold of Gk consisting of those Λ = (λ, µ) for which
µzα = 0 for all 0 < |α| ≤ k. It is easily checked that Gk

0 is actually a subgroup of
Gk and hence a Lie group.

We apply (2.3) with Z = (z, 0) and ζ = 0. We obtain the following. There
exist CN -valued functions Ψj(z,Λ), j = 0, 1, 2, . . . , each holomorphic in a neigh-
borhood of 0 × Gk0+j

0 in Cn × Gk0+j
0 , such that if H(z, w) ∈ F(M,p;M ′, p′) with

(∂αH(0))|α|≤k0+j = Λ0 ∈ Gk0+j
0 , then

(5.1) ∂j
wH(z, 0) = Ψj(z, Λ̄0), j = 0, 1, 2, . . . .

Furthermore, we have Ψ0,N (z,Λ) ≡ 0, where Ψ0,N is the last component of the
mapping Ψ0. The fact that the Ψj do not depend on H follows from a close
analysis of (2.3).

Step 2. By taking γ = 0, Z = (z,Q(z, χ, 0)) and ζ = (χ, 0) in (2.3), we find a
CN -valued function Φ(z, χ,Λ), holomorphic in a neighborhood of 0 × 0 × G2k0

0 in
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Cn ×Cn ×G2k0
0 , such that for H ∈ F(M,p;M ′, p′) with (∂αH(0))|α|≤2k0 = Λ0, we

have

(5.2) H(z,Q(z, χ, 0)) ≡ Φ(z, χ,Λ0).

Again here the fact that Φ does not depend on H follows from a close analysis of
the proof of (2.3).

Step 3. We begin with the following lemma.

Lemma 5.3. Assume (M,p), (M ′, p′) are as above. There exists a CN -valued func-
tion F (z, t,Λ) holomorphic in a neighborhood of 0×0×G2k0

0 in Cn×C×G2k0
0 and a

germ at 0 of a nontrivial holomorpic function B(z), such that for a fixed Λ0 ∈ G2k0
0

there exists H ∈ F(M,p;M ′, p′) with

(5.4) (∂αH(0))|α|≤2k0 = Λ0

if and only if all of the following hold:
(i) (z, w) 7→ F (z, w

B(z) ,Λ0) extends to a function KΛ0(z, w) holomorphic in a
full neighborhood of 0 in CN .

(ii) (∂αKΛ0(0))|α|≤2k0 = Λ0.
(iii) KΛ0(M) ⊂M ′.

If (i), (ii), (iii) hold, then the unique mapping in F(M,p;M ′, p′) satisfying (5.4) is
given by H(Z) = KΛ0(Z).

Proof. From the k0-nondegeneracy, we have Qχ1(z, 0, 0) 6≡ 0 and we set

(5.5) A(z) = Qχ1(z, 0, 0).

We write χ = (χ1, χ
′); we shall solve the equation

(5.6) w = Q(z, (χ1, 0), 0)

for χ1 as a function of (z, w) and analyze the solution as z and w approach 0. We
have

(5.7) Q(z, (χ1, 0), 0) =
∞∑

j=1

Aj(z)χ
j
1,

with A1(z) = A(z) and Aj(0) = 0, j = 1, . . . . Dividing (5.6) by A(z)2, we obtain

w

A(z)2
=

χ1

A(z)
+

∞∑
j=2

Aj(z)
χj

1

[A(z)]2
.

We set Cj(z) = Aj(z)A(z)j−2, j ≥ 2, and let

(5.8) ψ(z, t) = t+
∞∑

j=2

vj(z)tj
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be the solution in u given by the implicit function theorem of the equation t =
u+

∑∞
j=2 Cj(z)uj , with ψ(0, 0) = 0. The functions ψ and vj are then holomorphic

at 0 and vj(0) = 0. A solution for χ1 in (5.6) is then given by

(5.9) χ1 = θ(z, w) = A(z)ψ
(
z,

w

A(z)2

)
.

The function θ(z, w) is holomorphic in an open set in Cn+1 having the origin as a
limit point.

Now define F by

(5.10) F (z, t,Λ) = Φ(z, (A(z)ψ(z, t), 0),Λ),

where Φ is given by Step 2, and let B(z) = A(z)2, with A(z) given by (5.5). Then
(i) follows from Step 2. The rest of the proof of the lemma is now easy and is left
to the reader. �

It follows from Lemma 5.3 and its proof that if H(z, w) is a biholomorphic
mapping taking (M,p) into (M ′, p′) with Λ = η(H) then

(5.11) H(z, w) = F

(
z,

w

A(z)2
,Λ
)
,

where A(z) is defined by (5.5), and F (z, t,Λ) is defined by (5.10). Note again here
that F and A are independent of H.

Step 4. In this last step, the following lemma and its proof give the construction
of the real analytic functions defining Σp,p′ = η(F).

Lemma 5.12. Under the hypotheses of Theorem 4 there exist functions bj , j =
1, 2, . . . , holomorphic in G2k0

0 × G2k0
0 such that there exists H ∈ F(M,p;M ′, p′)

satisfying (5.4) if and only if bj(Λ0, Λ̄0) = 0, j = 1, 2, . . . .

The proof of Lemma 5.12 will actually give an algorithm for the construction of
the functions bj from the defining equations of M and M ′.

Proof. We first construct a function K(Z,Λ) holomorphic in a neighborhood of
0 × G2k0

0 in CN × G2k0
0 such that (i) of Lemma 5.3 holds for a fixed Λ0 ∈ G2k0

0 if
and only if F (z, w

B(z) ,Λ0) ≡ K(z, w,Λ0). Recall that F (z, t,Λ) is holomorphic in a

neighborhood of 0× 0×G2k0
0 in Cn × C×G2k0

0 . Hence we can write

(5.13) F (z, t,Λ) =
∑
α,j

Fαj(Λ)zαtj ,

with Fαj holomorphic in G2k0
0 . For each compact subset L ⊂ G2k0

0 there exists C >
0 such that the series (z, t) 7→

∑
α,j Fαj(Λ)zαtj converges uniformly for |z|, |t| ≤ C

and for each fixed Λ ∈ L. For |z| ≤ C and | w
B(z) | ≤ C we have

(5.14) F

(
z,

w

B(z)
,Λ
)

=
∞∑

j=0

Fj(z,Λ)
B(z)j

wj
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with Fj(z,Λ) =
∑

α Fα,j(Λ)zα. After a linear change of holomorphic coordinates
if necessary, and putting z = (z1, z′), we may assume, by using the Weierstrass
Preparation Theorem, that

B(z)j = Uj(z)[z
Kj

1 +
Kj−1∑
p=0

ajp(z′)z
p
1 ],

with Uj(0) 6= 0 and ajp(0) = 0. By the Weierstrass Division Theorem we have the
unique decomposition

(5.15) Fj(z,Λ) = Qj(z,Λ)B(z)j +
Kj−1∑
p=0

rjp(z′,Λ)zp
1 ,

where Qj(z,Λ) and rjp(z′,Λ) are holomorphic in a neighborhood of 0 × G2k0
0 in

Cn ×G2k0
0 . It then suffices to take

(5.16) K(z, w,Λ) =
∑

j

Qj(z,Λ)wj .

Moreover, (i) of Lemma 5.3 holds if and only if z′ 7→ rjp(z′,Λ0) vanishes identically
for all j, p. By taking the coefficients of the Taylor expansion of the rjp with respect
to z′ we conclude that there exist functions cj , j = 1, 2, . . . , holomorphic in G2k0

0

such that (i) holds if and only if cj(Λ0) = 0, j = 1, 2, . . . .
It follows from the above that we have KΛ0(Z) ≡ K(Z,Λ0), where KΛ0(Z)

is given by Lemma 5.3. By taking dj(Λ), 1 ≤ j ≤ J , as the components of
(∂α

ZK(0,Λ))|α|≤2k0 − Λ, we find that if (i) is satisfied then (ii) holds if and only
if dj(Λ0) = 0, 1 ≤ j ≤ J . Similarly, we note that (iii) is equivalent to

(5.17) ρ′(K(z, w,Λ0), K̄(χ, Q̄(χ, z, w), Λ̄0)) ≡ 0,

where ρ′ is a defining function for M ′. By expanding the left hand side of (5.17)
as a series in z, w, χ with coefficients which are holomorphic functions of Λ0, Λ̄0,
we conclude that there exist functions ej , j = 1, 2, . . . , holomorphic in G2k0

0 ×G2k0
0

such that if (i) is satisfied then (iii) holds if and only if ej(Λ0, Λ̄0) = 0, j = 1, 2, . . . .
�

The main points in the proof of Theorem 4 follow from Steps 1–4 above. The
proof that Σp,p′ is a manifold is first reduced to the case where M = M ′, p = p′;
for that case one uses the fact that a closed subgroup of a Lie group is again a Lie
group (see e.g [Va]). We shall omit the rest of the details of the proof.

Remark 5.18. We have stated Theorems 4–6 only for hypersurfaces. The proofs of
these results do not generalize to CR manifolds of higher codimension. In fact, the
proofs given here are based on an analysis of the behavior of the Segre set N2 near
the origin (see (5.7)–(5.9).) Such a precise analysis for higher codimension seems
much more complicated. It would be interesting to have analogues of Theorems
4–6 in higher codimension.
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6 Holomorphic mappings between real algebraic sets

In this section we shall consider the case where the submanifolds M and M ′ are
algebraic. Recall that a subset A ⊂ CN is a real algebraic set if it is defined by the
vanishing of real valued polynomials in 2N real variables; we shall always assume
that A is irreducible. By Areg we mean the regular points of A (see e.g. [HP]). Recall
that Areg is a real submanifold of CN , all points of which have the same dimension.
We write dim A = dimR A for the dimension of the real submanifold Areg. A germ
of a holomorphic function f at a point p0 ∈ CN is called algebraic if it satisfies a
polynomial equation of the form aK(Z)fK(Z)+ . . .+a1(Z)f(Z)+a0(Z) ≡ 0, where
the aj(Z) are holomorphic polynomials in N complex variables with aK(Z) 6≡ 0.
In this section we give conditions under which a germ of a holomorphic map in
CN , mapping an irreducible real algebraic set A into another such set of the same
dimension, is actually algebraic, i.e. all its components are algebraic functions.

The first result deals with biholomorphic mappings between algebraic hypersur-
faces. The following theorem gives a necessary and sufficient condition for alge-
braicity of mappings in this case.

Theorem 7 ([BR1]). Let M,M ′ be two connected, real algebraic, hypersurfaces
in CN . If M is holomorphically nondegenerate and H is a biholomorphic mapping
defined in an open neighborhood in CN of a point p0 ∈ M satisfying H(M) ⊂ M ′,
then H is algebraic. Conversely, if M is holomorphically degenerate, then for every
p0 ∈M there exists a germ H of a nonalgebraic biholomorphism of CN at p0 with
H(M) ⊂M and H(p0) = p0.

For generic manifolds of higher codimension, holomorphic nondegeneracy is no
longer sufficient for the algebraicity of local biholomorphisms. For example, one can
take M = M ′ to be the generic submanifold of C3 given by Im Z2 = |Z1|2, Im Z3 =
0, then the biholomorphism Z 7→ (Z1, Z2, e

Z3) maps M into itself, but is not alge-
braic. Here M is holomorphically nondegenerate, but nowhere minimal. However,
we have the following.

Theorem 8 ([BER1]). Let M,M ′ ⊂ CN be two real algebraic, holomorphically
nondegenerate, generic submanifolds of the same dimension. Assume there exists
p ∈ M , such that M is minimal at p. If H is a biholomorphic mapping defined in
an open neighborhood in CN of a point p0 ∈ M satisfying H(M) ⊂ M ′ then H is
algebraic.

The conditions for Theorem 8 are almost necessary, as is shown by the following
converse.

Theorem 9 ([BER1]). Let M ⊂ CN be a connected real algebraic generic sub-
manifold. If M is holomorphically degenerate then for every p0 ∈M there exists a
germ of a nonalgebraic biholomorphism H of CN at p0 mapping M into itself with
H(p0) = p0. When M is defined by weighted homogeneous real-valued polynomials,
the existence of such a nonalgebraic mapping also holds if M is not minimal at any
point (even if M is holomorphically nondegenerate).

We do not give here the details of the proofs of Theorems 7–9. The main in-
gredient in proving the algebraicity of H in Theorems 7 and 8 is the fact that the
closure of each of the Segre sets Nj (described in §1) of a generic real algebraic
manifold is actually a complex algebraic set in CN . In particular, the following
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result is a consequence of Theorems 1 and 8 and the algebraicity of the maximal
Segre set Nj0 .

Corollary 6.1 ([BER1]). Let M be a real algebraic CR submanifold of CN and
p0 ∈ M . Then the CR orbit of p0 is a real algebraic submanifold of M and its
intrinsic complexification, X, is a complex algebraic submanifold of CN . For any
germ H of a biholomorphism at p0 of CN into itself mapping M into another real
algebraic manifold of the same dimension as that of M , the restriction of H to X
is algebraic.

It is perhaps worth mentioning here that the CR orbit of p0 is the Nagano leaf
passing through p0 ([N]) and hence can be obtained by solving systems of ODE’s.
In general, the solution of such a system is not algebraic, even when the coefficients
of the differential equations are algebraic.

Example 6.2. Consider the algebraic holomorphically nondegenerate generic sub-
manifold M ⊂ C4 given by

(6.3)


Im w1 = |z|2 + Re w2|z|2

Im w2 = Re w3|z|4

Im w3 = 0.

Here M is holomorphically nondegenerate, but nowhere minimal. For all 0 6=
r ∈ R the orbit of the point (0, 0, 0, r) is the leaf M ∩ {(z, w) : w3 = r}, and its
intrinsic complexification is {(z, w), w3 = r}. By Corollary 6.1, if H is a germ
of a biholomorphism at 0 ∈ C4 mapping M into an algebraic submanifold of C4

of dimension 5, then (z, w1, w2) 7→ H(z, w1, w2, r) is algebraic for all r 6= 0 and
small. The orbit of the point 0 ∈ C4 is M ∩ {z, w) : w2 = w3 = 0} and its
intrinsic complexification is {(z, w) : w2 = w3 = 0} and hence again by Corollary
6.1, the mapping (z, w1) 7→ H(z, w1, 0, 0) is algebraic. By further results in [BER1]
on propagation of algebraicity, one can also show that the mapping (z, w1, w2) 7→
H(z, w) is algebraic for all fixed w3 ∈ C, sufficiently small. This result is optimal.
Indeed, the nonalgebraic mapping H : C4 7→ C4, defined by

H(z, w1, w2, w3) = (zeiw3 , w1, w2, w3),

is a biholomorphism near the origin, and maps M into itself.
The following statement extends Theorem 8 to more general real algebraic sets.

Theorem 10 ([BER1]). Let A ⊂ CN be an irreducible real algebraic set, and p0

a point in Areg, the closure of Areg in CN . Suppose the following two conditions
hold.

(1) The submanifold Areg is holomorphically nondegenerate.
(2) If f is a germ, at a point in A, of a holomorphic algebraic function in CN

such that the restriction of f to A is real valued, then f is constant.
Then if H is a holomorphic map from an open neighborhood in CN of p0 into CN ,
with Jac H 6≡ 0, and mapping A into another real algebraic set A′ with dim A′ =
dim A, necessarily the map H is algebraic.

For further results on algebraicity and partial algebraicity, the reader is referred
to [BER1].
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We will end with a brief history of some previous work on the algebraicity of
holomorphic mappings between real algebraic sets. Early in this century Poincaré
[P] proved that if a biholomorphism defined in an open set in C2 maps an open piece
of a sphere into another, it is necessarily a rational map. This result was extended
by Tanaka [Ta] to spheres in higher dimensions. Webster [W1] proved a general
result for algebraic, Levi-nondegenerate real hypersurfaces in CN ; he proved that
any biholomorphism mapping such a hypersurface into another is algebraic. Later,
Webster’s result was extended in some cases to Levi-nondegenerate hypersurfaces in
complex spaces of different dimensions (see e.g. Webster [W3], Forstnerič [F], Huang
[H] and their references). See also Bedford-Bell [BB] for other related results. We
also refer the reader to the work of Tumanov and Henkin [TH] and Tumanov [Tu2]
which contain results on mappings of higher codimensional quadratic manifolds.
See also related results of Sharipov and Sukhov [SS] using Levi form criteria; some
of these results are special cases of Theorem 8.
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