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ON THE GEOMETRY OF ANALYTIC DISCS
ATTACHED TO REAL MANIFOLDS

M. S. BAOUENDI, L. P. ROTHSCHILD
& J-M. TREPREAU

Introduction

A generic manifold M is a real submanifold of the complex space c”
which is locally the generic intersection of real hypersurfaces. An analytic
disc attached to M is an analytic mapping A4 from the unit dlsc in C
into C¥ , continuous up to the boundary, mapping the unit circle s! into
M. We shall say that A passes through a point p, € M if A(l) =
Po- Analytic discs have been extensively used by many mathematicians
since the work of Lewy [14] and Bishop [6], and play a central role in
questions of holomorphic extendibility and propagation of analyticity for
Cauchy-Riemann (CR) functions defined on M . In this paper we study
the geometry of the set of all small analytic discs attached to A through
p, whose derivatives are Holder continuous up to the boundary.

Using elementary Banach space techniques, including the implicit func-
tion theorem, we prove (see §2) that, for p, € M, the set of discs defined
as above forms an infinite-dimensional submanifold .S{,O(M) of the Ba-

nach space of all discs valued in c¥. we also give a parametrization of
.M (M ) as well as an explicit descnptlon of its tangent space at each disc
in the manifold & o(M ). In particular, this allows us to construct families
of discs near a given small disc without use of the Bishop equation [6].
Forany 4 € Jaq,o(M ), we consider (see §3) the analytic discs attached
to X(M), the conormal bundle of M , with base projection equal to the
given disc A. Then, for { € S', we introduce the defect of 4 at { as the
dimension of the subspace spanned by these discs in the fiber = A(C)(M ).
In fact, this defect is independent of { if A is sufficiently small. For
small discs the notion of defect given here coincides with that introduced
by Tumanov [20], but ours is expressed in a geometric context and, in
particular, is invariant and independent of the choice of coordinates.
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Our approach (see Theorem 1 in 34) yields some variations and new
proofs of the main result of Tumanov [20] relating the rank of the eval-
uation map, 4 — A({,) from.sx’po(M ) into M, to the defect of 4. In
Theorem 1(ii) we also obtain new results for the image and the rank of the
derivative map A4 — 6A(e'o)/80|0=o. For later applications, we extend
the results of Theorem 1 to the case where M is only assumed to be a CR
submanifold of C", not necessarily generic. (See Theorem 1’ in §6.)

In §5, we describe the image of the mapping A4 aA(e“’)/ao for any
real 6 (see Theorem 2). As a corollary, we show that if the defect of a disc
Ae .SVPO(M ) is equal to the codimension of M in CV, then its derivative,

aA(e"")/ao liesin T°M, the complex bundle of M. We also show in
this section (Theorem 4) that if A4 is of defect 0 and dA(e™) [86]4_p is in
T:DM , then every CR function on M extends to a full neighborhood of
py in M. In §5 we also generalize the notion of minimal convexity that
was introduced in [3] in the case of a hypersurface. We prove that if M
is minimally convex at Py and A is a small disc attached to M through

Py, then 8A(e“’)/é)(9|,,=o does not lie in the complex bundle unless A4 is
of maximal possible defect (Theorem 3). We conclude §5 by showing that
for a homogeneous hypersurface of finite type in C> all nonconstant discs
are of defect 0 (Corollary (5.9)).

In §7 we give applications of the previous sections to holomorphic exten-
sion of CR functions on hypersurfaces as well as propagation of analyticity.
Theorem 6 states that if 4 € 4, (M) and 9A4(e”)/96],_, € T, M, but

8A(e'0)/30|0=00 ¢ T;(ewo)M for some 6,, then any holomorphic func-
tion on one side of M near P, extends to the other side. In Theorem7 we
prove a new propagation result, namely that the boundary of an analytic
disc propagates one-sided holomorphic extendibility. This in particular
implies the propagation result of Hanges and Treves [11] and its general-
ization (in the context of hypersurfaces) by one of the authors [19], who
used microlocal analysis for its proof. It should be noted that Tumanov
(21] has recently given propagation results related to those of Theorem
7. Finally, Theorem 8 gives a completely different proof of a propagation
result along a minimal CR submanifold, previously obtained by one of
the authors [19] by more complicated microlocal analysis arguments from
[18].

As mentioned above, analytic discs and the use of the Bishop equation
have appeared in many contexts. We mention here only a few: Hill and
Taiani [12], Boggess and Polking [8] (see also Boggess [7]), Bedford and
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Gaveau [5], and Trepreau [17]. It should also be noted that the use of the
conormal bundle as a submanifold of a complex manifold appeared first
in Sato-Kawai-Kashiwara [15] and, in the context of generic manifolds, in
Webster [22], Lempert [13], Sjostrand [16], [18], and others.

1. Generic manifolds and their complex and characteristic bundles

Let M be a smooth generic manifold in C" of real dimension 2N -/ ,
given locally near p, by p(Z) =0, p = (p;,- -, p;), where the p;
are smooth, real-valued functions vanishing at p, and dp, A--- A3p, #
0. We have used the notation 8f = z:'!;‘{(af/azj)dzj . Here p will
be considered as an / x 1 matrix. Note that if j is another matrix of
defining functions for M , then we have p = ap, where a is an invertible
I x | matrix of real-valued smooth functions. For Z € C¥ we shall write
Z=(Z,, - ,Zy). We denote by TC" the real tangent bundle of C",
and by TM the real tangent bundle of M . Also, we denote by T°M the
complex bundle of M , i.e., the real subbundle of TM invariant under J,
the complex involution of C" . Then for p € M near p,, we have

T,M = {X € T,C": (dp;(p), X) = 2Re(dp,(p), X) =0,
(L.1) j=1,--.1,
TiM={XeT,C": (8p,0), X)=0, j=1,--,1}

Let CT'C" be the complexified cotangent bundle of C” . For Z e CV,
a covector a in CT3C" can be written in the form

N
(1.2) a=z;/1jd2j+,ujd2j, A m;€C.

j=
We denote by A"°C¥ the subbundle of CT"C" consisting of covectors of
the form (1.2) with 4; =0, j=1,---, N. The bundle A""°C" is then

a complex manifold which may be identified with c by the coordinates
(Zy, - Zys Ays ey Ay)-

We identify A'*°CY with 7°C", the real cotangent bundle of C",
as follows. For 6 = 3-,¢,dZ; +T; dfj € T;CN, we associate the cov-
ector @ = 2i¥;¢;dZ; € A7°C", so that (6, X) = Im(a, X) for all
X € TZCN . Under this identification, the conormal bundle Z(M) of a
submanifold M in C” is then given by

(13) M) ={aeA,°C": Im(e, X)=0, X €T,M}.
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For p € M, the restriction map (i.e., pullback) r: Zp(M ) — Y;fM given
by
(r(a), X) = (a, X), XeTpM,

is in general not injective. However, if M is generic, as above, then the
map r defined above is injective and

(1.4) nE, (M) = (T,M)" C T, M,

where orthogonality is taken in the sense of duality between T°M and
TM. Hence the bundle Z(M) can be identified with the characteristic
bundle (T°M)* of the CR structure on M.

If M is locally defined by p = 0 as above and p is a point in
M near p,, then idp,(p),--- , idp,(p) form a basis of the real vec-
tor space }.‘.p(M ). If, in addition M is generic, then the pullbacks to M
of idp,(p), --- , i8p,(p) form a basis of the characteristic bundle of M .
With the identification above we have

(15) (M) =(T,M)y ={i"t9p(p)=i)_t,0p,, teR},
J

where *B denotes the transpose of a matrix B. To summarize, we assume
M is generic, so that the characteristic bundle of M can be identified with
the submanifold Z(M) of real dimension 2N in the complex manifold
A°cy , which is of complex dimension N.

Finally, if we choose an N x/ matrix C with complex coefficients such
that

(1.6) pz(po)c = I[xp
then we can write
(L.7) T;M = {"adZ +"GdZ +i'19p(p), a€C", *Ca=0, te R},

where the covectors in (1.7) are identified with their pullbacks to covectors
on M . Similarly, we have

(1.8) (T MY = {i"t0p(p), teR').

2. Analytic discs attached to generic manifolds

An analytic disc in CV is a continuous mapping A: A — CV which
is holomorphic in A, where A is the open unit disc in the plane and
A=AUS', where S' is the unit circle. We say that A is attached to
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M through p, if A(S') C M and A(l1) = p,. We shall always assume
all analytic discs to be of Holder class at least C l"'('A-) for some fixed
a € (0,1). We denote by @" the space of all analytic discs valued in

, 1.e.,
(2.1) PV =(a: A=V aeC @ n2 ).
We regard & ¥ as a real Banach space equipped with the C ! '*(A) norm.
For p, € ¥ we put
(2.2) gp’: ={AeD": 401) = p,}.
We write (p,) for the constant disc A({) = p, for all { € A. Note that
with the above notation we have Qp:' = (p,) +9, . We observe that F,’
is a Banach subspace of & N , while 9;: is only and affine space. For
>0 we put

N N,

(2.3) D, .={4eD, 14—, , <&}

Denote by C!**(S') the space of real-valued functions in C'**(S")
vanishing at 1. If p is a defining function near p, of a generic manifold

M as above, and ¢ sufficiently small, we introduce the map R: 9,’: e
[C!*(s")) defined by

(2.4) D, > A RA)) = p(A() e [C) (SN

0+ &
With the above notation, the subset & of Qp’: i
lytic discs in QPI: i

. consisting of those ana-

which are attached to M is given by

(2.5) W=, (M)={de 9,,':,81 R(A) = 0}.

The following abstract arguments will show that if ¢ is sufficiently small,
the set & defined by (2.5) is actually a smooth (infinite dimensional)
closed submanifold of Qp’:’ and will give a description of its tangent
space.

Let E and F be two real Banach spaces, E an affine space with un-
derlying Banach space E and ¢, € E. For &> 0, we let

(2.6) B,={xeE:|lx - ¢ <e}.

Let R: B, — F be a smooth map with R(e,) = 0. Assume that the
linear map R'(eo): E — F has a right continuous inverse S: F — E | i.e.,

[ 4
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R'(e))S = I.. Then we may write E = E; & E, , where E, = ker R'(e,)
and E, = S(F ). Note also that R’ (¢) is an isomorphism from E, to F
with i mverse S.

Let & = {x € B, : R(x) = 0}. By the implicit function theorem, there
exist # > 0 and a smooth map ®: {x; € E; : ||x,|l < n} — E,, with
@(0) = 0, such that if ¢ is sufficiently small,

(2.7) & ={x€B,:x—ey=x4+P(x;), X, € Ep}.

This shows that % is a manifold. For x € & , we shall now describe
T &/ , the tangent space of & at x considered as a subspace of E. Note
that for x close to ¢, in B,, R'(x)S is an isomorphism of F into itself,
since by assumption R'(eo)S is the identity map on F.

Lemma 2.8. For ¢ sufficiently small and x € &/ the tangent space
T, is given by

29) T ={xeE:x=3x-SRx)S)'[R(x)%,], %, € E,}.

Proof. Let x € E. We may write umquely X =X, +Sy with X, € E,
and y € F. Then % € T, if and only if R (x)x0+R (x)Sy=0. Usmg
the invertibility of R’ (x)S and solving in p yield (2.9). q.e.d.

We shall apply the previous arguments, and in particular Lemma 2.8,
to describe T, ford e givenby (2.5). Here we take E=9" , E =
9” = [C""(S')]’ and e, = (p,) . Hence we have B, = 9" . given
by (2 3) Recall that R is given by (2.4). To show that R’ ((po)) E—-F
has a right continuous inverse §, it suffices to take S defined as follows.
Since M is generic, the / x N complex matrix p,(p,) is of rank /.

Choose an N x ! matrix C with complex coefficients (as in (1.6)) such
that

(2.10) P20y)C =1,
For f € F, we define S(f) by
(2.11) Sy =3C(f +iT,f),

where T, f is the Hilbert transform of f vanishing at { = 1. Note that
T, maps F into itself.

For Ae P} and A D"

one WE have the following:

(2.12) [R'(AANC) = p,(ALNAQ) + pz(AL)AQ).
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It is easily checked from (2.11), (2.12) and the definition of E; and E|,
that we have R'((po))S = I, and

o~ N ~
E,={Ae€F, : py(p))4=0},
E ={dieg:4=cbD, be9y),
where C is as in (2.10) and § is defined by (2.11).

In order to use (2.9) to describe T, for 4 € & , we need to compute
the inverse of the map R'(A4)S of F into itself. We shall make use of the
following lemma.

Lemma 2.14. There is 1 > 0 such that if m({) is an | x| matrix with
complex-valued coefficients in C'*°(S"), satisfying m(1) invertible and

(2.15) lim(e”®y = m(D)ll, , < n(im(H~'H7",

then there exists a unique invertible | x | matrix v({), whose coefficients
are real-valued functions in C"**(S"), with v(1) = I, and such that the

Sunction Si_a { — v()m(L) extends holomorphically to A as an invertible
matrix in A. Moreover, if f({) isan | x 1 vector of real-valued functions
in C"“(S') such that S' 3¢ *'m($)f (L) extends holomorphically, then

(2.16) £ ="v()f(1).

Proof. Let X be the Banach space of all / x / matrices whose co-
efficients are complex-valued functions in C l"”(S'). Denote by Y the
closed subspace of X consisting of those matrices whose coefficients ex-
tend holomorphically to A. Also, denote by Z the subspace of X consist-
ing of those matrices whose coefficients are real valued. Then the mapping
B: X xY — Z defined by

(2.17) B(n, h)=Imhn

is R-bilinear. Note that if 7 =1, , (the identity matrix), then B(I/, I) =
0. By applying the implicit function theorem, it is easy to see that for any
matrix n € X sufficiently close to I, there exists # € Y, also close to 7,
such that B(n, k) = 0. In addition, 4 is unique up to left multiplication
by an invertible real constant matrix. The first part of the lemma follows
from the above statements by taking n({) = m(l)m"({) .

We now prove (2.16). Since *f({)m({) extends holomorphically, so
does 'f(C)m(C)(nu(z)m(C))" = 'f(?,’)u"({). Since the latter is real-
valued, it must be constant, and hence (2.16) follows, since v(1) = I.
This completes the proof of Lemma 2.14. q.e.d.

(2.13)



386 M. S. BAOUENDI, L. P. ROTHSCHILD & J.-M. TREPREAU

For A € 9 N ,¢» With & sufficiently small, we shall apply Lemma 2.14
for the matnx

(2.18) m({) = pz(A(5))C,

and let v({) be the matrix given by the lemma.
I.emma 2.19. For ¢ sufficiently small and A € &, an analytic disc
AEQ isin T & ifand only if

(2.20) A=4,+CD,

where A € E, given by (2.13), C is the matrix given by (2.10) and
De 9 is given by
(2.21) _ —
=2Dlg = (vm) ™ (vp (VA + v py(A) Ay + iT, (v p 4 (A) 4, +vp5(A)Ay)],
where m({) is given by (2.18), and v(L) is the associated matrix given by
Lemma 2.14.

Proof. To compute (R'(4)S)™', we let f € F; by (2.11) and (2.12)
we have
(222) g =R(ASS = Lp,(AC(S +iT,f) + pr( TS — iT, f)).

Applying Lemma (2.14) for m given by (2.18), and multiplying (2.22) on
the left by » yield '

(2.23) vm(f +iT,f) = vg +iT,(vg).
Hence
(2.24) ST, f=(wm) ' vg +iT,(ve)].

We then obtain (2.20) and (2.21) from(2.9), (2.12),(2. 24), and the fact
that Sf = CD, where Dls. = 2(f+sz) q.e.d.

To conclude thls section it should be noted that we have shown that if
¢ > 0 is sufficiently small then.s = M .¢(M) is an infinite-dimensional

submanifold of 9 N ¢» and that &/ and its tangent space 7,% at any

Ae Y are parametnzed by E, the closed subspace of 9 given by
(2.13).

3. Defect of an analytic disc attached to a generic manifold

Let M be a generic manifold in C" as in §1. Recall that (M),
the conormal bundle of M defined by (2.4), is a real submanifold of
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dimension 2N contain_ed in the complex manifold A% . We con-
sider analytic discs B: A — A"CY attached to X(M). The base projec-
tion of such a disc will then be an analytic disc in c" attached to M.

Taking (Z,,--- , Zy, 4;, -+ , 4y) for global holomorphic coordinates in
AM°C¥ | we have -
(3.1 B({) = (4(0), AL)),

with A({) = (4,({), -+ , Ax({)), where each Aj is a scalar analytic disc.
The disc B given by (3.1) is attached to Z(M) if and only if

(32)  AS")cM and Z:).j(C)deeZA(c)(M), res'.

For A attached to M, we denote by ¥, the set of all discs of the form
(3.1) attached to Z(M). Note that by (3. 2) V, can be equipped with a

real vector space structure. For { € S', let V,.(C) CIyM be defined by
(33) V() ={a€Z,yM:a= Zl,-(C) dz;, (A(C), M) € V).

Hence V,({) is a subspace of X A(C)M , and by the identification (1.4), we
have, for every { € s',

(3.4) V(0) € (TyyM)*.

Definition 3.5. If { € S! and A is a disc attached to M, we define
the defect of A at §, defc A, as the dimension of the real vector space
V(5.

The following shows that if a disc 4 attached to M is suﬂicwntly
close to a constant disc, then its defect is independent of { € s'. Using
the identification (1.5) we may regard V,({) as a subspace of TA(C)M
Making use of (1.7) we have:

Proposition 3.6. If & > 0 is sufficiently small and A € .W;,o‘c(M ), then

def, A is independent of { € S'. More precisely, for { € S', a covector
é e pra yM isin V,(5y) if and only if
(3.7) & =i"bu(e)ap(AL,)),

with b € R', v given by Lemma 2.14 with m({) defined by (2.18), and
such that { — "bu({)p,(A(L)) extends holomorphically to A.

Proof. An analytic disc B({) of the form (3.1) with 4 € & is attached
to Z(M) if and only if

(3.8) S A0dZ; = (Ddp(AR),  CeS',
J



388 M. S. BAOUEND], L. P. ROTHSCHILD & J.-M. TREPREAU

with 4;(1) extending holomorphically to A and S's¢m () € R of
class C'+*(S"). This implies that the map

'3 ¢ "D, (A) e C”
extends holomorphically. In particular, if C is the matrix given by (2.17),
then the map given by

§'s {m "t p A C eC

also extends holomorphically. By applying the second statement in Lemma
2.14 t0 m(() given by (2.18), we conclude that ¢({) = u(C)t(l) where
v({) is as given by the lemma The characterization follows since v({)
is invertible for all { € S'. This completes the proof of the proposi-
tion. q.e.d.

For A € &, we denote by def 4 the defect of 4 atany { € S'.

4. Variations on a theorem of Tumanov
For every {, € S' fixed we define the evaluation mapping 9’ oV
c” given by
(4.1) A (A) = A({,).
Also, for 4 € oV , we consider the push forward by A of the tangent

vector of S', 0/880\,_4, as a real tangent vector of cV at A(l). We
introduce the derivative map £: 2" — rcV given by

a
(4.2) CAEVESVIEVE (a_9|a=o) € Ty C-

We consider the restrictions of the mappings .9' and &, given by (4.1)

and (4.2), to the submanifold & = .9/ (M) of PV defined by(2.5).
Their differentials at 4 € & are then real linear mappings

(4.3) FUA): Ty = Ty M,
'
(4.4) F'(A): Tyt — T, M.

Note that since F(4) = p, forall 4 € &, we have &' (4) =0. We can
now state the following theorem.

Theorem 1. Let {, € s! ﬁ.xed §o # 1. If & is sufficiently small,
A e.ﬂ' M), and V ({))C T A(C M defined by (3.3), then

() FUAT =V G*
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(ii) &'(AT,¥ =V,(1)",
where orthogonality is taken in the sense of duality between TM and T* M .

Statement (i) of Theorem 1 is essentially proved in Tumanov [20]; how-
ever, our formulation is expressed in a more geometric and invariant way.
Statement (ii) is also inspired by a related result in [20].

Making use of (3.4), we obtain the following corollary of Theorem 1.

Corollary 4.5. Under the assumptions of Theorem 1, the codimension of
.?(';(A)TAM in T, \M and the codimension of E'MNHT A in T, M co-
incide and are equal to the defect of A. Furthermore the following inclusion
holds:

(4.6) TaMCF (AT, T, MCT AT,

Proof of Theorem 1. We shall first prove (i). For this, we shall begin
by showing the inclusion

(4.7) FAT, A C V(L)

Note that 9;;(,4),2 = A(L,) for A € T & given by (2.20). Then using
Proposition 3.6, it suffices to prove that

(4.8) “bi(Lg) Pz (AL A(&o) + CD(E) = 0,

for b € R’ such that { *bu(L)p,(A(L)) extends holomorphically, and
Ay, C, D are as in Lemma 2.19. Replacing D in (4.8) by using (2.21),
and noting that T,/ = —if if f is a function on S' which extends
holomorphically to A and vanishes at 1, we obtain (4.8), which proves
the inclusion (4.7).

To show that the opposite inclusion .Z;(A)TAM D VA((O)“ holds, we
shall prove

(4.9) [ (AT T C VL),
For this, let & € T;(CO)M such that
(4.10) &, AL =0

forall A€ T, . We must show that { € V,({,). By (1.7), we may take
& in the form

(4.11) ¢ ="adZ +'adZ +i"tdp(A(Ly)),

with a € CY, "Ca =0, and t € R’ . We first choose Eo in (2.20) so that
Ay(¢,) =0. Then (Re("adZ), A({,)) =0 and (4.10) becomes

(4.12) i*1p5(A(L))CD(,) — i*1pz(4,) TD(Gp) = 0.
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Substituting the expression for D fron (2.21) in (4.12), we obtain
(4.13) Ty tw(Lo) ™ v (A) Agl(Ly) = .

Note that if %({) is defined on S' we have

—pyl [ _#O1-4)
(4.14) Tl =PV | T=DC= ¢y

For d € R" with p,(p))d =0, we take 4y({) = (£ - 1)({ - {o)¢* d, with
k any nonnegative integer. Then (4.13) and (4.14) imply that

(4.15) (o) (o (AL d

extends holomorphically. This, together with the fact that v({)p,(A4({))C
extends holomorphically, implies that 't p(A({,)) € V,,(£,) -

To finish the proof of inclusion (4.9), it suffices to show that if &,
given by (4.11), satisfies (4.10), then « = 0. From inclusion (4.7) and
the previous step, we have (i'tap(A((;o)) s }f({o)) =0 for any Ae T .
Hence by (4.10) and the fact that "Ca = 0, we have Re(*ady(L,)) = 0.
Since EO(CO) is an arbitrary vector in the kernel of p,(p,) in cV,it
follows that 'a/fo(co) =0, and hence « = 0. This completes the proof of
(i) of Theorem 1.

We shall now prove (ii) of Theorem 1. As in the proof of (i), we begin
by showing the inclusion

(4.16) F' (AT c V(1)

d¢.

Note that £'(4)4 = dA(e'®)/d6),_, for A€ T & givenby (2.20). Using
Proposition 3.6, it suffices to prove

-~

(@.17) "5(50) 151 Aole™) + CDE™ 0 =0,

for b € R’ such that { — "bu({)p,(A({)) extends holomorphically and
Ay, C,and D are as in Lemma (2.19). Since p,(py)4,(e”) = 0, we also
have pz(po)dfo(e'a)/de = 0. Hence the first term in (4.17) vanishes.
Using the observations above, the rest of the proof of inclusion (4.16) is
similar to that of (4.7).

To show that the opposite inclusion .?«"(A)TA.W' D VA(I)‘L holds, we
shall prove

(4.18) [E'(T 1" cV,(1).
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For this, let ¢ € Tp‘o M such that

(4.19) (€, A Ygg) = 0

forall A€ T, . We must show that & € ¥,(1). By (1.7), we may take
¢ in the form

(4.20) ="adZ +GdZ + "3 p(p,),

with a € CN , Ca=0,and t € R'. We first choose "fo in (2.20) so
that dAy(e)/d6],_o = 0. Then (Re(‘adZ), dAy(e™)/db},_,) =0 and
since p,(p,)C =1, (4.19) becomes

d ~ 0, d=
(4.21) i [ﬁu(e“’) - E1)(;:"’)] lo_o = 0.
Substituting the expression for D from (2.21) and (4.21) yields
d ~_
(4.22) =5 Tl w7 (D) A5)e")lgo = 0.

Note that if #({) is defined on S’ with u(l) = du(e'"g)/a’ﬂl,,=0 =0, we
have

(4.23) 2 Ty = = [ L ar.

i Jst (¢ - 1)
For d € RY with p,(p))d = 0, we take 4,({) = (¢ - 1)%¢*d, with &
any nonnegative integer. Then (4.22) and (4.23) imply that

(4.24) e " (0)p(AL)) d

extends holomorphically. This, together with the fact that v({)p,(4({))C
extends holomorphically, implies that i*t9p(p,) € V,(1).

The rest of the proof of inclusion (4.18) is similar to that of (4.9). This
completes the proof of Theorem 1.

Remark 4.25. Another consequence of Theorem 1 is that for ¢ > 0
sufficiently small, the mapping %o' M) > 4+~ defd € Z* is upper
semicontinuous. Indeed, the map A — rank.%; (4) is lower semicontinu-
ous. Hence the claim follows from Theorem 1(i).

Following [21], we recall that M is minimal at p, if there is no germ
N of a submanifold of M through P with T:M C TPN forall pe N.
The following corollaries are due to Tumanov [20].

Corollary 4.26. If M is minimal at p,, then there exist analytic discs
A of defect O attached to M through p, with ||A - (P, ., arbitrarily
small,
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Proof. Choose a disc 4, € & of minimal possible defect in a neigh-
borhood of the constant disc (p,). After replacing A4,({) by A,({z),
which does not change the defect, we may assume A4 (-1) = p,. If 4,
were not of defect 0, then it would follow from Theorem 1(i) that the im-
age of a neighborhood of 4, in & by ¥, is a proper submanifold N
of M containing p, for which T:M CT,N for all p € N, contradicting
the minimality of M at p,. q.e.d.

The following is also an immediate application of Theorem 1(ii).

Corollary 4.27. If A € & is of defect 0, then there is a smooth map,
r A(r;-), from an open neighborhood U of 0 in R*™' into &, such
that A(0,8) = A({) and U 3 r— A (r;8/80|,_,) € TpoM is of rank
2n+1.

Remark 4.28. If M isa generic manifold in c”,and Py € M , one can
prove by techniques similar to those used in §2 that the set on. M) of

all discs in @V attached to M within e distance from the constant disc
(py) forms an infinite-dimensional submanifold of the real Banach space
2" . The manifold s, (M) of §2 is then a submanifold of &, ,(M).
The tangent space to .Q},O' (M) at any point of this manifold can be
parametrized by those analytic discs 4 € 9" for which p,(p,)4() = ir,
with r € R'. (See §2 for a similar calculation.) If 4, € &, (M) is of
defect 0, by using the tangent space at A4, one can show that the mapping
% x[0, 113 (4, &) — A(¢) € CV, where % is a neighborhood of A, in
.on’ (M), covers an open wedge with edge M in Cc”. Tumanov [20]
proves this result by solving the Bishop equation with parameters. His
argument is replaced here by the use of the implicit function theorem for
Banach spaces. If M is minimal at p,, the filling of wedges by discs de-
scribed here, together with the approximation theorem in [4), shows that
every CR function in a neighborhood of p, in M extends holomorphi-

cally to a wedge in C" .

S. Discs of maximal defect. Minimal convexity

In this section we shall use the notation of §4. We begin with the fol-
lowing result.
Theorem 2. If ¢ is sufficiently small, then for any A€ & = ‘%o- M)

andany {, €S ! L, O = %, the Jollowing holds:
0 0
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(5.1) A, (%|a=%) €V (L)*

Corollary 5.2. Let A be as in Theorem 2. If A is of defect |, the
codimension of M in C" , then for every {, € S', we have

a
(5.3) A, (ﬁlo:bo) € T:(to)M’
where {, = e'%
Proof of Corollary 5.2. Since A isof defect /, we have dimg V,({,) =/
forall {j€S !, On the other hand, by (3.4) we also have

(5-4) Taco C ValGo)™

Since dimg Tfa(c.,) = 2N -/, we conclude by dimension that the inclusion
in (5.4) is an equality when 4 is of defect /. Then (5.3) follows from
(5.1). ,

Proof of Theorem 2. Since A is attached to M, we have p(A(e’a)) =
0. Differentiating this identity in @ yields

(5.5)  ip (ADA Q) - ipfAONTAQ) =0, (eS

Let v({) be as in Proposition (3.6). For b € R’ such that

¢ = "br(E)p(A(L))
extends holomorphically to A, from (5.5) we obtain
(5.6) Rei bu({)p,(AQNA() =0, (eS'.

Since ¢ — tbu(({)pZ(A((,’))A'(C) extends holomorphically, we conclude
from (5.6) that *bu({)p,(A()4' ()L =0, ie., for every {, € S

(5.7) (i‘bu(co)pz(A(co)), 4, (%IM,)) =0.

This proves the theorem, by using the description (3.7) of ¥ ({,) given
by Proposition (3.6).

Another proof of Theorem 2. We give here a different proof of Theorem
2 which could be of independent interest. Note that for ¢ € A the mapping

(5.8) ®.(0) = (€ +e) 1 +T)/(1+T)(1 +¢)
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is an automorphism of A fixing the point 1. Let 4 € & and assume A
to be of class C***. Fix a € A. Consider the one-parameter family of
discs defined by

(5.9) A(t, §) = A(D,,(0)).

If I is a small open interval containing the origin, then the map I>t—
At,-) e isa C' curve with A4(0, -) = A(-). Hence

(5.10) i0=2208) e

Applying the chain rule, we obtain
(5.11) AQ) = A1 - O)(a+aY).
Hence for {, = e'% we have

“ 1 - a
(5.12) ALy = 4, ((';9_0'9=00) ( Coi_(gao +462)

Assume {, # | and take a € A such that al, + @ # 0. Since A({,) €
.?C'O(A)T %, (5.12) and Theorem 1(i) imply (5.1). If ¢o = 1, differentiat-

ing (5.11) and taking { = 1 yield Z(l) = —A'(a)(a + @), which implies

(5.13) F'(A)A=-4, (‘%I,,:O) (a+a).

With a real and nonzero, (5.13) and Theorem 1(ii) imply (5.1) for {, = 1.
We conclude the second proof of Theorem 2 by observing that the discs
in & of class C*'*(S") are dense in & . q.e.d.

The following generalizes the notion of minimal convexity for hyper-
surfaces given in [3].

Definition 5.14. Let 7 : A, (M) — T, M/ T;OM be defined by
T (A) = n(Z(4)), where = is the canonical projection of TLDM onto
T, M/ T;o and ¥ is defined by (4.2). We say that M is minimally convex
at p, if M is minimal at P, and there exists a closed, strictly convex
cone I' C YLOM/T:OM such that F(4) cT forall 4 e & = ‘%o-t(M)
and ¢ sufficiently small.

Note that, as observed in [3], in the case where M is a hypersurface,
i, / =1, it follows from Tumanov [20] that if M is minimal at Po>
then either M is minimally convex at Py or every CR function on M
near p, extends holomorphically to a full neighborhood of Py in cV.



GEOMETRY OF ANALYTIC DISCS 395

Theorem 3. If M is minimally convex at p,, A e.%o'c(M ), & suffi-
ciently small, and A,(8/86|,_,) € 7:0M , then A is of defect | and hence
A (0/080) € A(e’”)M Jorall 6eR.

Proof. By Corollary 5.2, it suffices to show that the assumption implies
that 4 is of defect /. We note first that k7' (4) = 0. Indeed, since
T (A) = 0 by assumption, if kI '(4) > 1, then J (&) contains a
nonsingular curve passing through the origin, contradicting the fact that
J () lies in a strictly convex cone, since M is minimally convex. By
Theorem 1(ii) and (and also (4.6)), the rank of F at A4 is [/ —def A for
all 4 € &, which proves that def4A=/. q.e.d.

Using the remarks preceding Theorem 3 concerning minimally convex
hypersurfaces and taking / = 1 in Theorem 3, we obtain the following.

Corollary 5.15. Let M be a hypersurface in Cc” minimal at Dy Then
one of the following occurs:

(i) M is not minimally convex at p,.

(ii) Thereis e > O which satisfies the following property. If A € %o.e(M )
and A,(8/96|,_,) € T;OM, then we also have A,(8/36) € Ty 0,M for
all 6.

For a general generic manifold in C” we have the following result.

Theorem 4. Let M be a generic manifold and p, € M . Then there ex-
ists & > 0 such that the following holds. If A € %, " M) and A (8/086],_)
€ T‘ M , then one of the following must occur:

(1) Every CR ﬁmctzon on M extends holomorphically to a full neigh-
borhood of p, in cV

(ii) def4>1.

Proof. Let  be the map defined by Definition 5.14. Then we have
F (A) = 0 by assumption, If def(4) =0, then by Theorem 1(ii), the rank
of 9 at A is !/. An argument similar to the one used in Remark 4.28
(or inspection of the proof of Tumanov [20]) will then show that the set
of discs attached to M through points near p, fill a full neighborhood of
Py in C" ; hence (i) holds. g.e.d.

If M is a generic manifold of codimension / in c , we shall say that
M is homogeneous if there exist holomorphic coordinates Z = (z, w),

with zeC", we c , defining functions p = (p,, -- , p;), and integers
my,.--,m, m; 2> 2, such that p, (0) is invertible, p,(0) = 0, and
p;(tz, 6w)=1"p,(z,w), where Sw = (t"w,, -, Mw), t>0.

Theorem 5. Let M be a homogeneous generic manifold of codimension
I in C'*', minimal at 0. Then any nonconstant disc attached to M
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through 0 is of defect less than 1. In p.irticular, if for some nonconstant disc
A passing through 0, A,(8/86|,_,) € T;M, then M is not minimally
convex at 0.

Proof. Note first that since M is smooth, homogeneous, and minimal
at 0, it must be of finite type (in the sense of Bloom and Graham) and
hence M is of finite type, and therefore minimal, at every point. Assume
by contradiction that there is a nonconstant disc A({) = (z({), w({))
attached to M through O of defect /. Let

A(r, &) =((1+1r)z((), &, w({)).
For each r € R, r > -1, A(r,{) is attached to M through 0, by
the homogeneity of M. Since A4 is not constant, z({) # 0. We claim
there is {, € S' such that Re{yz'({,)z({;) # 0. Indeed, write z(e’) =
Y2086 and (Z'(0)z(0) = Y be™; then by = ¥ |a*n #
0. Hence the map (r, 6) — (1 + r)z(e'®) is of rank 2 at (0, 6,), where
e'% = {o- The map (r, 8) — ¥(r, 0) = A(r, ew) € M is then also of
rank 2 at (0, 6;). We claim now that the image of ¥ contains a germ of
a CR submanifold of M through A(L,) , which would contradict the min-
imality of M at 0 since dim T:M =2 for all p € M. Indeed, applying

Theorem 1(i) we have '¥,(8/r),, ) € (¥, ,(e"))" . Also, by Theorem
2, ¥,(8/00l,, 4) € (V. ,(€°))" . Since A(r, ) is of defect /, we have,

by (5.4), Tg, oM = (V4 4(0))". Since tk'¥'(r, 8) = 2 near (0, 6,),
this proves the claim and completes the proof of Theorem 5. q.e.d.
Taking / = 1 in Theorem 3, we obtain the following corollary.
Corollary 5.16. Let M be a homogeneous hypersurface of finite type in
C2, ie., given by

M={(z,w), zeC, weC, Imw =p(z, 2)},

where p is a nonharmonic homogeneous polynomial. Then all nonconstant
discs A attached to M through 0 are of defect 0. In particular, if for some
nonconstant disc A passing through 0, A,(8/86|,_,) € ToM , then M is
not minimally convex at 0.

We conclude this section with some remarks and examples.

Remark 5.17. If A4 is a disc attached to a generic manifold M such
that A(A) ¢ M, we claim that 4,(9/86) € Ty oM for all §. In-
deed, since p(A({)) = 0, ¢ € A, we have, by differentiating this iden-
tity, p,(A({)A'(¢) = 0, which proves the claim. Note, however, that
A(A) € M does not imply that A4 is of positive defect, as shown by the
following example.
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Example 5.18. Let M be the hypersurface in c given by Imw =
|zl|2 - |22|2 and A(l) = (z({), z({), 0), where z({) is any noncon-
stant analytic disc valued in C, with z(1) = 0. We have A(A) C M,
A,(9/86) € Ty, )M for all 8 by Remark 5.17, but 4 is of defect 0.
Note also that all nonconstant discs through 0 are of defect O for this
hypersurface.

Example 5.19. If M is a hypersurface in c’, 0e M, and 4 is
a small disc attached to M through O, then the defect of 4 can be 1
although A(A) ¢ M. For this, let M be the hypersurface in C* given
by Imw = (Imz, - |z,|2)2 , and let A({) = (2,({), z,({), 0), where the
disc B({) = (z,({), z,({)) is any nonconstant disc attached to the Lewy
hypersurface in C’ given by Imz, = |z,|>. Then A(A)N M =@ and A4
is of defect 1, since for { € S' p,(4({)) =0 and p,,(A()) = 1/2i.

Remark 5.20. If M is a tubular hypersurface in c, i.e.,, M isgiven
by Imw = ¢(Rez), with ¢ a smooth, real-valued function satisfying
$(0) = ¢'(0) = 0, then for A any analytic disc of defect 1 attached to M
through 0, we have A(A) C M . Indeed, in this case p, is real valued and
P, =1/2i.

Example 5.21. We give here an example of a hypersurface in c? given
by Imw = ¢(z), with ¢ a smooth, real-valued function of two real vari-
ables, satisfying ¢(0) = 0, ¢'(0) = O with the following property. There
is no nonconstant disc 4 attached to M through 0 with A(A) C M;
in addition for any & > 0, there is a nonconstant disc 4 attached to M
through 0 of defect 1 with norm < ¢. For n > 1 let C, be the circle
in C givenby C, = {z € C: |z -1/2"| = 1/2"}. Let ¢ € C*(C) with
¢ 20 and ¢(z) =0 if and only if z € C =1J,,, C,. The existence of
such a function ¢ is standard by the Whitney Theorem. Note that since
¢ > 0 we have necessarily ¢'(z) = 0 for z € C. It is easy to check
that the hypersurface M satisfies the above properties. In particular, for
every n > 1, the disc 4,({) = (27"(1 - {), 0) attached to M through 0
is of defect 1, and 4,(A) ¢ M . Note also that the only nonconstant discs
attached to M through 0 of defect 1 are of the form A({) = (2({), 0)
where z({) maps S' into C.

Remark 5.22. If M is a real analytic hypersurface in C? minimal at
0 € M, we do not know whether there exist nonconstant analytic discs
attached to M through 0 of defect 1 and of arbitrarily small norm. Note
that Example 5.19 shows that such discs exist for minimal analytic hyper-
surfaces in C>.
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Example 5.23. A real analytic hyp:rsurface in C? can have a noncon-
stant analytlc dlsc of defect 1. Let M be the hypersurface in c? given by
Imw = 2|z)°+222°+272° +|z]*+z*+2. Thedisc Ay(0) =({-1,0) isat-
tached to M and is of defect 1. However, since this hypersurface is strictly
pseudoconvex in a neighborhood of 0, there cannot be a small disc of defect
1 through 0, since for any small disc A({) we have 4,(3/96|,_,) ¢ ToM,
which implies A is not of defect 1, by Corollary 5.2.

6. Analytic discs attached to CR manifolds

Let M be a smooth manifold in C¥ of codimension /. For each
peEM,let TCM be the real subspace of T M invariant under J, the

complex mvolutlon of CV. Recall that M isa CR manifold if dimg T"M
is independent of p. Since dim, T“M is necessarily even, if M is CR
and 2n is the fiber dimension of the real bundle 7°M , then we shall say
that M is of CR dimension n.

For the rest of this section we shall assume that A is a CR manifold
in CY of codimension / and CR dimension n. The following local
characterization, whose proof is elementary, was given in [2].

Proposition 6.1 [2). Let M bea CR mam'fold as above, py € M. Then
there exist holomorphic coordinates in CV near Py, vanishing at p,, a

generic submanifold M, in ™, where N =2N-n-1Il,and N-n-1
CR functions y,, -+, Yn_n_t ON M, near 0, vanishing at 0, such that
in a neighborhood of p, in c¥, M isagraph of a CR mapping over M, ,
ie.,

(6.2) M={Z,vz)ec":ZeMm},

where y = (¥,, -+, ¥y_,_)- The natural projection of M onto M,
is a CR diffeomorphism, i.e., it carries T°M onto T"M the bundle for
M,, and is invariant under J. Finally, if M is real analytzc, then the
holomorphic coordinates can be chosen so that w = 0.

Using the results of §2 and Proposition 6.1, one can check that if &
is sufficiently small, then again %,,,z(M ), the set of all analytic discs
attached to M through p, and within ¢ distance of the constant disc
(py) forms an infinite-dimensional manifold. Let M, and ¥ be as in
(6.2), and A4, an analytic disc attached to M, and sufficiently close to the
constant disc (0) . By the approximation theorem [4], since each y; isCR,

the functions w;(A,(£)) extends holomorphically from S' to A. Hence
A= (A0, y(4,()) € %o, (M) if & is sufficiently small. Conversely,
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any A € ‘Vp,,.c(M ) is obtained this way. Hence for r > 0 sufficiently
small, there 1s a diffeomorphism

(6.3) Hy (M) 3 A~ (4, V(4,) € S, (M)

of & ,.(M,) onto a neighborhood of (py) in &, .(M).

As in §2, we let £(M) denote the conormal bundle to M in C". For
p € M, the restriction map (i.e., pullback) r: X (M) — Tp' M given by
(r(@), X) ={a, X), X € T,M , isin general not injective. However it can
be checked that A is CR if and only if the dimension of the image of r
is constant. For A € &, (M), welet V, denote the set of all discs of the
form B({) = (A(), A(L)), attached to X(M), i.e., those analytic discs for
which A(S') c M and T;A({)dZ; €2 ,,(M), {€S'. For {€S',let
V() € Ty, M be defined by ¥,({) = fa € Z,,M: a = T;4,(0)dZ;,
(A(5), A(L)) € V,} . We define the defect of A at { by

(6.4) def, A = dimg r(V,({).

Proposition 6.5. If A= (A,,¥(4,)) asin(6.3), then def, A = def A,
Jor every { € S'. In particular, if ¢ is sufficiently small, then def A4 is
independent of (.

Proof. Since the components of ¥ are CR functions on M, , we may
extend them to a neighborhood of 0 in c™ sothat 3Y jl‘"l =0 forall j.
We write Z = (Z', 2"), with Z' € C™ and 2" € C"™™ _If M, isgiven
near 0 by pj(Z') =0,j=1,---,/ ,thenadisc B(-)=(4(-),A() €V,
with 4= (4,, y(4,)) satisfies for all { € s!

N
(6.6) Y _4,(0)dz,
j=1

N-N,

II
=Y 1,(08p,(4,N+ Y h{(ENAZ] - 8% (4,(0))),
Jj=1 j=1

where the t; are real-valued functions, and the A ; and }.j extend holo-

morphically to A. Since the pullback to M of the form defined by the
second sum on the right-hand side of (6.6) vanishes identically, the propo-
sition follows from the definition of the defect. q.e.d.
Note that the defect of A4, is the one defined in §3, since M, is generic.
We may now state an analogue of Theorem 1 in the context of CR
manifolds. Let .9;0 and Z be defined as in (4.1) and (4.2).
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Theorem 1'. Let M be a CR submanifold of C, pye M, and {y €
S"\{1}. If & > 0 is sufficiently small, and A € .W;,o_c(M) , then
(i) F (AT, =r(V, ()"

(ii) AT, =r(V, ()",
where orthogonality is taken in the sense of duality between TM and
T'M.

The proof of Theorem 1’ follows from that of Theorem 1 and the
results of this section. Details are left to the reader.

7. Applications to extension of holomorphic functions across
a hypersurface and propagation of analyticity

We recall the following result, which is a consequence of the work of
Diederich and Fornaess [9].

Propesition 7.1. Let M be a smooth pseudoconvex hypersurface and
Aed, (M).If e issufficiently small, and A,(8/06,_,) € 7:°M , then
AB)C M.

Proof. Assume that M is a subset of 9Q, where Q is a pseudocon-
vex open set. The proposition follows by applying the Hopf Lemma to
the function A 3 { — p(A({)), where p is a plurisubharmonic defining
function for Q as constructed in Diederich and Fornaess [9]). q.e.d.

We prove here some related results for nonpseudoconvex boundaries.

Theorem 6. Let M be a hypersurface in CV and Py € M . Then there
exists € > 0 such that if there is A € &, (M) with A,(8/96|,_,) € T;;M
but A,(8/861y_q) ¢ Ty oM for some 6, € R, then every holomorphic
Junction defined on one side of M extends holomorphically to a full neigh-
borhood of p, in C".

Proof Let & be given by Theorem 4. If there is a disc 4 as in the
statement of the theorem, then def 4 = 0 by Corollary 5.2. Hence The-
orem 4(i) must hold, i.e., every function holomorphic on one side of M
extends holomorphically across p,. q.e.d.

Theorem 7. Let M be a hypersurface in c” and Py € M . Then there
exists & > 0 such that if u is a CR function on M and A, € &, (M)

with A,,(8/88|,.,) € T;OM , such that u extends holomorphically to one

side of M near p, = Ay(§,) for some {, € S', then u also extends
holomorphically to the same side of M near p, .
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Proof. We may assume that A, is of defect 1, since otherwise, by
Theorem 4, every CR function extends to both sides of M near p,. Let p

be a local defining function for M near p,, and v, € T CN nontangent

to M and such that v, points to the side of M to whlch u extends
holomorphically near p, . Hence we may assume

(7.2) Re(@p(p,), v,) > 0.

Let ¢ € C5’° (CN) with small support concentrated near p, and vanishing
identically near p,, 0 < ¢(Z) < 1, and ¢(p,) = 1. We let p(Z, n) be
the perturbation of p given by

(7.3) p(Z, ) =p(Z - nd(Z)v,),

and M, the hypersurface defined by p(Z, ) = 0. Note that for n > 0
small, M coincides with M in any open set in M on which ¢ vanishes,
and is contained on the side of M where u extends holomorphically near
p, - Hence, the restriction of u together with its holomorphic extension to
M, isa CR function on M, . We shall show first that there is a disc A,

attached to M, through p; such that 4,.(3/30]s_,) ¢ T:OM,', or more
precisely,

(7.4) Re <6p(p0), i, (:—0|0=0)> >0,

ie, A (1) points to the same side of M as v,.

To construct a family of discs 4, attached to M, for ne (- Mo M) »
with 4, the given disc, we shall use an argument sumlar to that in §2.
That is we use the implicit function theorem for Banach spaces. For this,
let Qp): ¢ be defined by (2.3). For 7,>0 sufficiently small, consider the

map R: Qp’:'z X (=N, M) — c!2(S") defined by

N x(=ng. 1) 3 (4, 1) = R(4, 1)(-)

= p(A("), 1) € C,""(S").
To solve the equation R(4, , ) =0 with 7 — 4, smooth near 5 = 0 and
A, the given disc, it suffices to show that the denvauve R 4(4g, 0): 9 -
C, ' "(S ) has a right continuous inverse. For Aeg? , we have

(7.6) R\(4,, 0)A = py(A)A+ pz(Ag)A.

Invertibility then follows by an argument similar to that used in §2, since
if e is sufficiently small, A4, is close to the constant disc (p,). Note that

(7.5)
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the map n — A,, is not unique due to its dependence on the choice of the
matric C satisfying (2.10) as in §2.
We shall show that (7.4) holds for » small. We write

(7.7) A, = A+ nd + O’

with 4 € 9, . Differentiating the identity R(A,, n) =0 and using (7.5)
and (7.6) we obtain, after putting 5 =0,

(7.8) Re(dp(4y(0)), A(L)) = Re(@p(4y({)), $(4y(0)),).

Since A4, is of defect 1, there exists v(:) € C l"’(S') real valued and
nowhere vanishing (say »({) > 0) such that the mapping

$'5 £ v(0)2p(A(4(0) € A" OCY
extends holomorphically to A. Hence the mapping

S'5 0 k() = W(£)0P(44(L)), A()) € C

also extends holomorphically to A. We also denote by h({) its holomor-
phic extension. We will apply the Hopf Lemma to the harmonic function
Reh({). We claim first that ReA({) > 0. For this, we observe that by
(7.8) and the reality of v({), we have

(7.9) Reh({) = v($)¢(4y(0)) Re(@p(4y(()), v)),

which implies the claim if the support of ¢ is sufficient close to p, . Since
h(1) = 0, from the Hopf Lemma it follows that Re@h(1)/8¢ < 0, so
that 3 Im h(e'o)/80|o=o < 0 by the Cauchy-Riemann equations. Since
A(1) =0, we obtain

(7.10) Im <3p(po), g—g(e‘”)b:o) <o.

Using (7.7), (7.10), and the fact that A, is of defect 1 yields (7.4) for
n > 0 small.

We claim that for 5 sufficiently small, the images of A by all the discs
attached to Mn near A y Cover, near p,, the side of Mn defined by A:’(l) ,
which is the same as the side defined by v, . Indeed, by (7.4) and Theorem
1(ii), the disc A,’ , for n > 0 and small, is of defect O for the hypersurface
Mn' (Note that this does not imply that Mn is minimal at p,. Indeed
there need not exist arbitrarily small discs of defect 0 attached to M,

through p,.) The claim follows by an argument similar to that outlined
in Remark 4.28.
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Remark 7.11. If M is a hypersurface which is not minimal at p,,
then there exists a germ at p, of a complex hypersurface # in " with
A& C M. It is shown in [18] (see also Hanges and Treves [11] and [10])
that # propagates one-sided extendibility of CR functions on M. In
this case, propagation of one-sided extendibility along the boundary of an
analytic disc is equivalent to propagation along # since all 4 € .sx;o’ (M)
are actually attached to # , the boundaries of all such discs cover #,
and necessarily 4,(8/96|,_,) € T;;M for all such discs. It should be
noted, however, that Theorem 7 is a stronger result, since it implies that
the side of extendibility is also preserved in the minimal case. Note also
that if M is minimal at p,, and the condition A,,(8/86|,_,) € T:OM is
dropped in the statement of Theorem 7, then propagation of holomorphic
extendibility to the same side need not hold.

We shall give here, as an application of Theorems 6 and 7, a completely
different proof of one of the main results in [19].

Thereom 8 [19]. Let M bea hyperswface in C¥, and Py € M. As-
sume that there is a CR submanifold V of C¥ through Py With VCM,
T,Vc T‘ M, and V minimal at p,. Then the following hold:

(1) If there is no open neighborhood U of p, in V such that TU C
T°M , then every CR function on M near Py extends holomorphically to
a full neighborhood of p, in cV.

(i) There exists a neighborhood U of p, in V such that any CR func-
tion u on M extending holomorphically to one side of M near p, € U,
also extends to the same side of M near p,.

Proof. To prove (i), we let %o,e(V) denote the-manifold of all discs
attached to ¥ through p, of norm less than ¢. Note that %O’G(V)

.%o' M), and by the assumption, for every 4 € .sxﬂ,o.c(V) we have
A (8/00),_,) € T;DM . We shall prove the following lemma. Then Theo-
rem 8(i) will follow from Theorem 4.

Lemma 7.12. Under the assumption (i) of Theorem 8, for every ¢ >0,
sufficiently small, there is A € .%o' V) with def,, 4 = 0, where def,,
denotes the defect of A, regarded as an element of Mﬂo, AM).

Proof of Lemma. Let & > 0 be sufficiently small and let p, be close
to p, and satisfying T,V ¢ T;IM . Since V is minimal at p,, if p,
is sufficiently close to p,, then by Theorem 1’ and its consequences in
§6 there is A4 € Mbo"(V) with def, 4 = 0 and A(-1) = p,. Asin §2,
we denote by &, the evaluation map at —1. By Theorem 1" we obtain
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4 4
T,V =T, (V)CF T, (M)CT,M.

Note that we must have either ¥~ T, (M)= T;flM or &, T, (M)
=T, M, depending on whether def, A =1 or def,, 4 = 0, by Theorem
1(ii). Since by assumption T;IV ¢ 7;'M , we must have def, 4 =0,
which proves the lemma.

This completes the proof of part (i) of Theorem 8. To prove (ii), we
note that if u extends to one side of M near p, € V' sufficiently close to
Py, we may consider a disc 4 € .m;m AV) with A(-1) = p, (by Theorem

1’ as in the proof of Lemma (7.12)). Then applying Theorem 7 yields the
desired result, which completes the proof of Theorem 8. q.e.d.
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