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Linear systems or equations can be represented using matrices and vectors. And it turns out
that such representation is helpful even in solving the equation. Therefore, let us discuss matrices
and vectors in the next subsection.

6.1 Matrices and vectors

A matrix is a rectangular array of numbers, symbols, or expressions, arranged in rows and columns.
An m x n matrix is with m rows and n columns:

a1y a19 e Qup
A= |ayn a Q2n
Am1 Am2 ... Qmn

We can simply write [a;;] € R™*" to denote the matrix.

Square matrices: m = n.
Diagonal matrices: a;; = 0 for all 7 # j.
(Column ) Vectors: m x 1 matrices. (Row ) Vectors: 1 x m matrices.

Zero matrix: a;; = 0 for all 4, 7, denoted as 0.

Can you write equation in Example 6.0.1 into a matrix form where the matrix only depend on
the free variable?

6.1.1 Algebra of Matrices
Scalar Multiplication. Let € R and A = [a;;] be a matrix. Then
rA = [raij].

‘We write
—A = (-1)A=[—ay]

Matrix Addition. We can add up two m x n matrices. Suppose A = [a;;], B = [b;;] are two

m X n matrices, then
A+ B =la; +byl, A—B=la; — byl
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If two matrices have different numbers of rows or columns, we can not add the matrices up.
Matrix Multiplication. Let A = [a;;] be a m X n matrix and let

by
B—|b
br
be a n-dimensional column vector. Then
ay;r Qe ... Qip by a11b1 + aigby + ...ainby,
AB = |asy a9 .. a9, by _ a91b1 + agsbs + ...ag,by,
Am1 Am2 o Qmp, b, m1b1 + Amaby + ... by,

For example
1 2 3|0 0+2+6 8
4 5 6| |1]| =|0+5+12| = |17
78 9] |2 0+8+18 26

In general, we are able to define AB if A is an m X n matrix and B is an n X p matrix:

a1y 12 ... Q1p bll b]g blp
AB = o1 A9 ... Q9pn b21 bgg bgp
am1 Am2 ... Amn bnl bng bnp
aubn + a12621 + ...alnbnl aublp + algbzp + ...alnbnp
. aglbu + a22621 + ...agnbnl aglblp + aggbzp + ...aannp
a'mlbll + a'm2b21 + -~-a'mnbn1 a'mlblp + a'm2b2p + ~-~amnbnp

If we denote C':= AB then C' = [¢;;] isam x pmatrix and fori =1,...,m,j =1,...,p
Cz'j = Ezzlaikbkj.

Theorem 6.1. Suppose A, B, C" are matrices and r is a number. The following holds as long as
they are well-defined:
A+B=B+ A, r(A+B)=rA+rB,

(AB)C = A(BC), A(B+C)=AB+ AC.
Example 6.1.1. Let A, B be two n x n matrices. Remove the bracket of (A + B)>.

Solution.
(A+ B)> = A*+ AB+ BA + B>

Note that this is not the same as A? + 2AB + B?. In matrices multiplication, AB # BA. [
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