MATH 20D — HOMEWORK 2 SOLUTIONS

Problem 1. Solve (y — 2% cos x)dx — zdy = 0.

Solution. We can rewrite this equation as

d
y—x%osx—x—y =0
dx
which we notice is a first order linear differential equation. Thus we can rearrange it to our
standard form

dy
—~—=Z = _—gcosz.
dx x

We calculate our integration factor as

,LL(QC) — ef*%dz _ efln:p —

8|

Multiplying our equation by u gives us

Rewriting the left hand side as a single derivative gives

L)

and integrating both sides with respect to x gives us

¥ /—cosxdx = —sinx + C.
x

Thus our final solution is
y(x) = —xsinz + Cx.

Problem 2. Solve (2zy)dz + (y* — 32%)dy = 0.
Solution. We have our two function
M(z,y) = 2zy
N(z,y) = y* — 3%

Calculating the partial derivatives gives that

oM

— =2z

Ay

ON

— = —bz

ox

which shows that our equation is not exact. However, we have that
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is a function of only y. Thus we can get an integrating factor

M ) y:ef_%dyze—ﬂny:%'
)
Multiplying our original differential equation by pu(y) gives us the exact equation

2 1 2
—xdx+<——3i) dy = 0.

ply) = 6f<

y? vyt
Since the equation is exact, we have a function F'(x,y) such that
oF 2x
(1 =
or gy
@) or 1 322
dy vyt

Thus using equation (1) we have
2

i
F(z,y) = /erygdm = +9(y)

for some function g(y). Using equation (2) we get that

—3? +d ) 1 322
g =—5——
y? vy
This tells us that ¢'(y) = 1/y*. Since we can take any antiderivative of ¢'(y), we have that
g(y) = —1/y. Thus our final solution to the differential equation is
2
1
L o—-c
Y Y

Problem 3. Solve the initial value problem
y" +4y' +6y =0, y(0) =1, y'(0) = 0.

Solution. Since our equation is a second order linear differential equation, we look at the
auxiliary equation

r? 4+ 4r +6 = 0.
Using the quadratic formula, we get that

p o dEVIO—2A ”;6_24:—2iz‘\/§.

Thus the general solution to our differential equation is
y(t) = cre cos(tV/2) + e sin(tv/2).
We calculate the first derivative
Y (t) = —2c1e72 cos(tV2) — V2e1e 2 sin(tV2) — 2c0e 2 sin(tV/2) + V2e2e 7% cos(tV/2).
Plugging in our initial conditions gives us the system of linear equations
y(0)=1=¢
¥ (0) =0 = —2¢; + V20.
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Solving this system gives us that ¢; = 1 and ¢, = v/2. Thus our final solution is

y(t) = e * cos(tV/2) + v2e 2 sin(tV/2).

Problem 4. Solve the initial value problem
9"+ 6y +y =0, y(0) =6, y'(0) = -1
Solution. Since this differential equation is second order and linear, we look at the auxiliary
equation
9 +6r+1=0.
This equation can be factored as (3r + 1) = 0 which has a single solution of r = —1/3.
Thus our general solution is
y(t) = cre” + cote” 3.

We take our first derivative

& t t

_t _t Co, _
‘() = — =73 4 coe 5 — —te 3.
y'(t) 3 2 3
Plugging in our initial values gives us the system of linear equations
y(0) =6 =c¢

C
y'(0)=—1= —51 + e

Solving this system gives us that ¢; = 6 and ¢ = 1. Thus our final solution is

t

y(t) = 6675 + te 5.

Problem 5. Solve the initial value problem

v'+y —2y=0, y0) =0, y(0) =1
Also, find the value of « so that the solution goes to 0 when ¢t — 4o0.
Solution. Since our differential equation is first order and linear, we look at the auxiliary
equation
r?+r—2=0.
This can be factored as (r + 2)(r — 1) = 0 so we have two solutions, r = —2 and r = 1.

Therefore our general solution to our differential equation is
y(t) = cre’ + coe .

Taking the first derivative gives
Y (t) = cre’ — 2c9e™ .

Plugging in our initial values gives us the system of linear equations
y(0)=a=c +c
y'(0)=1=c; — 2co.

Subtracting the second equation from the first gives

a—1=3cy
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SO ¢y = O‘T’l Then we get that
a—1 2a+1
3 3

Cl =0 —C =« —

Thus our final solution is %+ 1 1
y(t) = a3 et + 2 ; e 2.

For the second part of the problem, for any constants ¢; and ¢y, we have that

lim (cre’ + coe™ = lim (c1€') + ¢ lim e = lim (¢;e")
t—o0 t—o0 t—o00 t—o0

2

since lim; o, €72 = 0. Also, since lim;_,, €' = oo, we have that lim; ., y(t) = 0 if and only

if c; = 0. In our case, since ¢; = 20‘; L we have that lim,_, . y(t) = 0 if and only if
20+ 1
=0
3
which happens if and only if
1
a=—=



