Spring 2021 Math 20D Lecture B Homework #6
Due Sunday, 11:59pm, May 16th

Submit this homework through Gradescope.
Topics covered: section 7.6, 7.7/7.8

1. Express the given function using window and step functions and then compute its

Laplace transform.
0, t€10,2),
g(t) = 0.2)
t+1, te[2,00).

SOLUTION: We can see that the function is zero for every value t < 2 and t + 1
for every other value of t. Therefore, g(t) = (t + 1)u(t — 2). We use the identity
Z{ftu(t —a)} = e ZL{f(t+a)} to take the Laplace transform of this function:
L{gt)} =e > L{t+3} =e >[5 + ).

S

2. Solve the given initial value problem using the method of Laplace transforms.
y' +y=ult—3), y(0)=0,y(0)=1

SOLUTION: We take the Laplace transform of both sides, yielding s*Y (s)—1 +Y( ) =
(s) = Z{y(t)}. Solving for Y (s), we get Y( ) = e o] + = We

s(s2+1)
will use the partial fraction decomposition: m = % — 777 Taking the inverse
Laplace transform,

7 1 1y,—3s o
y(t) = { 2+1}+$ { } L e (82+1)}—smt—l—u(t—B)[l—cos(t—S)]
3. Use the convolution theorem to compute
1
—1 -
z {(32 + 4)2}'
SOLUTION: By convolution theorem,
1 1 2 2 1
-1y - _ - -1 ) _ L X
< {<82+4)2} 4$ {32—1—4 52—1—4} 4sm(2t) * sin(2t).

The convolution is

~+

sin(2t) * sin(2t) sin(2(t — 7)) sin(27)dr

ﬁc\

[cos(4T — 2t) — cos(2t)]dT

DO | —

[~ sin(47 — 2t) — cos(2t)7]|" _,

L\DTH.N»—

sin(2t) — t cos(2t)]

..l>|>—t1\3|>—t[\3||—

sin(2t) — %tcos(Qt).



The second equality uses the identity that sin(A)sin(B) = 1[cos(B — A) — cos(B + A)].
Thus

L } = L sin(2t) — 115 cos(2t).

-1
Z {(s2+4)2 16 8

. Solve the integro-differential equation for y(t):

y'(t) — Q/Ot e Ty(rydr =t, y(0) = 2.

SOLUTION: First, we recognize that fot e Ty(T)dr = €' x y(t). Taking Laplace trans-
form of both sides, we get

SY(5) = y(0) — 2LV (s) = 5

)
82

2Y(s) 1

SosY(s) -2 28 2
sV (s) s—1 82
253 — 252 4+ 5 —1

2(s+1)(s—2)

=Y(s) =

Performing partial fraction decomposition, we get Y(s) = (=3)f + (3)% + (3)5 +

(2) 515 and therefore y(t) = —% 4 £ + 2e* 4 2¢7",



