Spring 2021 Math 20D Lecture B Homework #-8
Due Sunday, 11:59pm, May 30th

Submit this homework through Gradescope.
Topics covered: section 8.3

1. Find a power series solution centered at x = 0 to the differential equation 3’ + 2y = 0.
Your answer should include a general formula for the coefficients. Then explain why
your solution is the same as y = age™%*.

Answer. Assume y =Y - a,z"™, then ¢ =3 > na,a""'. Plug into the equation

Yy +2y = inanaz“ +2 ianx” =0
n=1 n=0

Shifting the summation index, we shall get

ik—i— Dagi1x —i—ZZan:U =0,
k=0 n=0

= Z(k: + 1)ak+1xk + ZZ apx® =0,
k—

thus the recurrence relation is
(k+1)ak+1+2ak20, k:0,1,2,"-

and a1 = % The general formula for ay, is

k
~ag, k=012,

Therefore the power series solution for the differential equation is

o0

k=0

Note the Taylor series of e’ is e = > 7, Z—k, Replacing t by —2z, we get e 2* =
2x

oo 2"k Hence the solution y is the same as y = ape”
k=0 " &I y Y

2. Solve the initial value problem using a power series centered at x = 0. Write out the
first four nonzero terms of the infinite series:

y' —axy —y=0, y(0)=2¢(0)=-1



Answer. Assume y = >~ a2, then y = > na,a™ "t and y’ = Y 2, n(n —
1)a,z" 2. Plug into the equation

y”—xy’—y:Zn(n—l anx —xZnanx —Zanx":O,
n=2 n=0
= Z n(n — 1a,z"" Z na,r" — Z apx” =0
n=2 n=0
Shifting the summation index, we shall get
Zk+2 k+1ak+2x —Zkakx —Zakxk:O,
k=0 k=1 k=0

thus the recurrence relation is 2a5 — ag = 0 and
(k+2)(k+1)ak+2—kak—ak20, k:1,2,'--,

thus (k + 2)ags2 = ag. The first few terms are

1 1 1
Aa = —Qa as = —Q, as = —Qa
3 3 1, 4 8 05 5 15 1
Therefore
- 1 1 1 1
= a2 = ap(1+ 52° + ot +ai(z+ ;28 + —z” +-
y nzoanx ao( 5% +8x +- )+t a(x 395 15x ).
Since y(0) = ap and 3/(0) = a;, we get agp = 2 and a; = —1. The first four nonzero

terms of the power series solution is

1
_l-3+...

-9 2
Y T+ 3

. Solve the initial value problem using a power series centered at x = 0. Write out the
first four nonzero terms of the infinite series:

(1—2)y" +y=0, y(0)=3,4y(0)=0.

Answer. Assume y = Y - ja,z", then v = Y 07 na,z" !t and vy’ = Y o2, n(n —

1)a,z" 2. Plug into the equation

1—-z)y +y=(1-1) Znn—lan"2+2anx =0,
n=2

n=0



[e.9]

[o@) oo
:>Znn—1anx —xZn(n—l)anx"_2+Zanx”:O,
n=2 n=2 n=0

[o@) o oo
= Zn n—1)a,z" > Zn(n — Da,z™t + Z a,z” = 0.
n=2 n=2 n=0

Shifting the summation index, we shall get

(k+2)(k + 1)ag2r” — Z(k‘ + Dkapp2” + Z arz® =0,
0 k=1 k=0

hE

iy

thus the recurrence relation is 2as 4+ ag = 0 (thus a = —30a0) and
(k+2)(k+ 1agie — (k+ Dkagsy +ar =0, k=1,2,---

The first few terms are

1 aq N 1 aq
as = —Q9 — — as = ——=Qag — —
3 3 2 6 3 6 0 67
1 N 1 1
aq4 = 2&3 12(12 Ay = 24a0 12001,
Therefore
n=0
a 1 1 . 1 1
= Qp + a1r — 50.1'2 — (6610 —+ 6&1)1'5 — (ﬂag + Eal) 4 B

Since y(0) = ap and y'(0) = a1, we get ap = 3 and a; = 0. The first four nonzero terms
of the power series solution is
3 1 1

=3 g% - Tt St
Y 296 295 83:' +



