Review Solution for Midterm 11, MATH 20C, 2009

1 Chapter 13
1. A parking ramp follows the curve in space traced by the function
r(t) =< cost,sint,t > for 0<t<4m.

What is the curvature function «(t) of the ramp?

Ans. Note that the curvature formula is

P < )
"0 =R

r'(t) =< —sint,cost,1 >, r'(t) =< —cost,—sint,0 >, r'(t) x r"’(t) =< sint,—cost,1 >. So,

|7 (t) x " (t)|| = V2. ||7'(t)|| = V2. Hence, x(t) = % = %

2. (13.5) Santa Claus’ sleigh loses power after taking off at 64 ft/s from a 32 foot high roof at an angle
45°. How many seconds elapse before he hits the ground?
(For this problem, assume that Santa exists and that his magic is not powerful enough to alter the
earth’s gravitational acceleration of 32 ft/s?).

Ans. a(t) =< 0,-32 >, v(0) = 64 < cos45°,sin45° >, r(0) = (0, 32).

o(t) = /Ot a(u)du + v(0) =< 32v/2, —32t + 32v/2 >,

t
r(t) = / v(u)du +7(0) =< 32v/2t, —16t> + 32v/2¢t + 32 > .
0

We want to find ¢ such that —16¢2 + 32/2t + 32 = 0, or t? — 2v/2t — 2 = 0 and the positive root of
this equation is t = 2 4+ /2.

3. (13.5) At t = 0, an airplane takes off. At that moment, its position vector is < 0,0,0 > and its
velocity vector is < 1,2,0 >. Find its position vector at time ¢t = 6, if the acceleration of the airplane
is a(t) =< 1,0,t >.

Ans. r(0) =<0,0,0>, v(0) =< 1,2,0 >, a(t) =< 1,0,t >.

¢ 1 1
v(t) = / a(u)du 4+ v(0) = <t,0, 2t2> +<1,2,0 >= <t—|— 1,2, 2t2>,
0

t

1 1
r(t) = [ v(u)du+7(0) = <t2 +t, 2t, t3> .
0 2 6

Hence, the position at t = 6 is 7(6) =< 24,12,36 > .



2 Chapter 14

1. (14.2) Compute the following limits. If the limit does not exist, explain why.

() i 2?2+ oy +2y° -1
(@y)—23) 22—-y?+4
1‘2 + y2

b i _
(b) (x,y)1—>nl(0,0) 22 + 2y + Y2

Ans. (a) For this limit, we can simply plug in the values x = 2 and y = 3 because the rational

function % is defined and continuous at (2,3). Hence,
, 2 +ay+2P—1 44+6+18—1
lim = = —27.
(z,y)—(2,3) 2 — y2 +4 4—-9+4+4

(b) In this case, the limit does not exist because we get two different values if we take the limit along
two different paths through the point (0,0). For example, if we let y = 0 then along the z-axis, the
limit becomes

22 + 02 . 2

lm —m— =
(2,0)—(0,0) 22 + - 0 + 02

lim — =
(2,00—(0,0) ©
On the other hand, if we let y = x, then the limit becomes
x? + 22 . 222 2

hm _— = hm —_ = —,
(z.2)—(00) 22 +x - x + 22  (22)—(0,0) 322 3

(14.3) Let f(z,y,2) = ™’ +In(y + 23). Compute the following partial derivatives of f.
(a)
(b)
(c)
(d)

x

Sre

(oW

Y

Ans. (a) f, = y2e™’.
2
b) fy = 2zye™ + y_&zs-

(
@) fro=fo:=2fo=2 <y2€xy2) _0
| (

d) fzy:fyz:%fy:%

3. (14.4) Let F(x,y,z) = z — y?> + 22 + 3. Find the tangent plane to the level surface F(z,y,z) = 0 at
the point (1,2,0).

Ans. The tangent plane equation at (1,2,0) is
Fp(1,2,0)(z — 1) + F,(1,2,0)(y — 2) + F.(1,2,0)(z — 0) = 0.

Since VF =< Fy, Fy, F, >=< 2z,—-2y,1 >, we have VF(1,2,0) =< 2,4, -1 > so the equation of
the tangent plane is
2 —-1)—4(y—2)+(2—0)=0
or,
20 — 4y + 2z = —6.



4. (14.4) Consider the surface given by z = f(x,y) = /22 + 3y2.

(a) Find the tangent plane to the surface at the point (1,1,2).

(b) A student was asked to find an approximation for f(1.1,1.2) but the professor did not allow cal-
culators. The student noticed that f(1.1,1.2) is approximately f(1,1) = /1 + 3 = 2. Use the linear
approximation to get a better approximation.

AIIS. (a)
f—ix f—iy = V]‘(ll)—<f(11)f(11)>—71<13>
x /7‘%2 3y2a Yy /71:2 3y2 9 T ) 1 JY 9 2 ) .

The tangent plane equation is

1 3 1 3
2—225(33—1)—1—5(3/—1) or, z= z+y.

(b) We use the tangent plane equation to get the linear approximation value :
1 3
f(1.1,1.2) = f(1,1) + 5(1.1 -1)+ 5(1.2 —-1)=240.35=2.35

5. (14.4) The tangent plane to a surface z = f(z,y) at the point (—2,3,4) has equation 4z + 2y + 2z = 2.
Estimate f(—2.1,3.1).

Ans. By the given tangent equation, we get f,(—2,3) = —4 and f,(—2,3) = —2, so the linear
approximation would be

f($,y) ~ f(_2’3) + fx(_273)($ + 2) + fy(_2a3)(y - 3)

=  f(-21,31)~4—4(-21+2)—2(31-3)=4.2

6. (14.4) Approximate (/28)% + (v/24)3.

Ans. Let f(z,y) = (¥z)* + (/y)>. We will use the tangent plane
z = f(27,25) + f2(27,25)(z — 27) + f,(27,25)(y — 25)

to approximate f(28,24). Note that we have chosen (27,25) as our point of tangency since f(27,25)
can be easily calculated. While other points could be used, they would most certainly lead to a less
accurate approximation.

£(27,25) = (V27)2 + (V25)> =32 + 53 =9+ 125 = 134

21 2
o(wy) =55 2(27,25) = §
3 15
folzy) =5V = f(27,25) = —
Therefore,
3/52)2 3 2 15 131 _
(V/28)% + (vV24)3 = f(28,24) ~ 134 + (28 =27) + (24 - 25) = 134 — = = 126.72.

For comparison, note that the value given by a calculator is 126.7963802.



7. (14.6) The dimensions of a closed rectangular box are measured as 20 cm, 10 cm, and 5 cm respec-
tively, with a possible error of 0.2 cm in each dimension. Use differentials to estimate the maximum
error in calculating the volume of the box.

Ans. V =zyz. So,
dV = Vidx + Vydy + V.dz = yzdx + vzdy + xydz.

Since x = 20,y = 10 and z = 5, we get dV = 50dz + 100dy + 200dz and since for the maximum error
dr =dy = dz = 0.2, we get

dV =50-0.24100-0.2 + 200 - 0.2 = 70.

8. (14.5) Let f(x,y) = 22 + 63>,

(a) Find the unit vector in the direction for which the directional derivative of f at the point (—3,4)
is maximum.

(b) Find the unit vectors in the directions for which the directional derivative of f at the point (—3,4)
is zero.

(c) Compute the directional derivative of f at the point (—3,4) in the direction toward the origin.

Ans. (a) Note that the gradient direction gives the maximum directional derivative. Since V f =<
fa, fy >=< 22,12y >, Vf(=3,4) =< —6,48 >. So, the unit vector with the gradient direction would
1
be \/ﬁ < —1, 8 >.
(b) The directional derivative in the direction of u =< a,b > is Dyf = Vf e u, and at (—3,4),
Duf(—3,4) = Vf(-3,4) eu = J% < —1,8 > e < a,b >= 0 when a = 8/1/65, b = 1/1/65. Hence,
— 1
u= o <8 1>.

(c) If we let P = (—3,4) then the vector from P toward the origin is PO =< 3, —4 >, and we let the
unit vector with that direction be v = % < 3,—4 > . Then,

1
Dyf(=3.4) = Vf(=3,4) o v =< —6,48 > o <3, —4 >= —42

9. (14.5) Suppose that f(x,y) is a function of two variables and that the directional derivative of f in
the direction u =< 1,0 > at the point (2,3) is 5, i.e., Dy f(2,3) = 5, and that Dy f(2,3) = -2, if
v=<0,1>.

(a) What is the gradient of f at < 2,3 >, i.e., Vf(2,3)?
(b) In which direction w is the directional derivative Dy, f(2,3) = 07

Ans. We know that
Duf(2,3) =Vf(2,3)eu=5, Dyf(2,3)=Vf(2,3)ev=-2.
If we write V f(2,3) =< a,b >, the above equations simply becomes
<a,b>e<10>=a=5 <ab>e<0,1>=b=-2

which gives Vf(2,3) =<5, -2 >.
(b) The directional derivative Dy f(2,3) = V f(2,3)ew =< 5, —2 > ew = 0 in the direction < 2,5 >.



10. (14.5) Let F(z,y) = 2% — 22 +4® —y + 1.

a) Find the gradient VF(z,y).

(b) Find the directional derivative in the direction of < 1,2 > at the point (2, 3).

(c¢) Let r(t) =< f(t),g(t) > be a curve such that r(0) =< 1,0 > and r'(0) =< 1,1 >. Let
h(t) = F(r(t)). Find 1'(0).

Ans. (a) VF(2,y) =< 322 — 22,2y — 1 >,
(b) Unit vector in the direction < 1,2 > is u = % = % <1,2>.VF(2,3) =< 8,5 >.
The directional derivative in the direction of < 1,2 > is

1 18
DuF(2,3) = VF(2,3) eu=<85>0e— <1,2>= .
uf'(2,3) (2,3) 7 7
(c) By the chain rule, h'(t) = VF(r(t)) e r'(t). So,

'(0)=VF(1,0)e <1,1>=<1,-1>e<1,1>=0.

11. (14.6) Evaluate ‘3—2 at (q,7) = (3,2), where h(u,v) = ue’, u = ¢, v = qr.

Ans. Note that
oh B Ohou OhOv

3¢ 9udq  0voq
oh _ v Oh __ v Ou

_ 22 Ju _ 2
Gu = €', §g =ue’, 5L =3¢, 5, =r°. S0,
Oh
87:e”-3q2+ue”'r2:3q26qr2+q3r26qr2.
q
At (¢,7) = (3,2),
oh

— = 927e"2 + 27 - 4¢'? = 135¢12.
9 |(4.r=32)

12. (14.6) Evaluate g—z when e 4 sin(zz) +y = 0.
Ans. Take 9/0y on both sides of the given equation :

0 0
J— Yy 1 e — —
99 (€™ + sin(zz) + y) 2y (0) =0.

0z
= ze AT
xe™ + x cos(xz) 9y +

Solve for g—; :
0z —ze®™ —1

Ay wcos(zz)



