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ABSTRACT. This monograph, based on lectures given at the NSF-CBMS con-
ference on Tropical Geometry and Mirror Symmetry at Kansas State Univer-
sity, aims to present a snapshot of ideas being developed by Gross and Siebert
to understand mirror symmetry via tropical geometry.

In this program, there are three worlds. The first part of the book presents
these three linked realms: tropical geometry, in which geometric objects are
piecewise linear objects; the A- and B-models of mirror symmetry (Gromov-
Witten theory and period integrals respectively); and log geometry. Log ge-
ometry is used to go between the world of tropical geometry, on the one hand,
and the world of the A- and B-models, on the other.

Next, one complete example is given in depth, namely mirror symmetry
for P2. Following Siebert and Nishinou, a complete proof of Mikhalkin’s tropi-
cal curve counting theorem is given for toric surfaces. Gross’s mirror result for
P2 showing how period integrals can be computed directly in terms of tropical
geometry is then given.

Finally, the book ends with a survey of the Gross-Siebert program in the
Calabi-Yau case. A complete proof of the correspondence theorem between
affine K3 surfaces and degenerations of K3 surfaces is given, a special case
of the correspondence theorem for Calabi-Yau varieties proved by Gross and
Siebert in general and proved for K3 surfaces by Kontsevich and Soibelman.



“Maybe the tropics,” somebody, probably the General said, “but
never the Polar Region, it’s too white, too mathematical up
there.”

—Thomas Pynchon, Against the Day.
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Preface

The NSF-CBMS conference on Tropical Geometry and Mirror Symmetry was
held at Kansas State University during the period December 13-17, 2008. It was
organized by Ricardo Castano-Bernard, Yan Soibelman, and Ilia Zharkov. During
this time, I gave ten hours of lectures. In addition, talks were given by M. Abouzaid,
K.-W. Chan, C. Doran, K. Fukaya, I. Itenberg, L. Katzarkov, A. Mavlyutov, D.
Morrison, Y.-G. Oh, T. Pantev, B. Siebert, and B. Young.

My talks were meant to give a snapshot of a long-term program currently
being carried out with Bernd Siebert aimed at achieving a fundamental conceptual
understanding of mirror symmetry. Tropical geometry emerges naturally in this
program, so in the lectures I took a rather ahistorical point of view. Starting with
the tropical semi-ring, I developed tropical geometry and explained Mikhalkin’s
tropical curve-counting formulas, outlining the proof given by Nishinou and Siebert.
I then explained my recent work in connecting this to the mirror side. Finally,
I sketched the ideas behind recent work by myself and Siebert on constructing
degenerations of Calabi-Yau manifolds from affine manifolds with singularities.

This monograph follows the structure of the lectures closely, filling in many de-
tails which were not given there. Like the lectures, this monograph only represents
a snapshot of an evolving program, but I hope it will be useful to those who may
wish to become involved in this program.

NSF grant DMS-0735319 provided support both for the conference and for this
book.

Mark Gross, La Jolla, 2010






Introduction

The early history of mirror symmetry has been told many times; we will only
summarize it briefly here. The story begins with the introduction of Calabi-Yau
compactifications in string theory in 1985 [11]. The idea is that, since superstring
theory requires a ten-dimensional space-time, one reconciles this with the observed
universe by requiring (at least locally) that space-time take the form

R x X,

where R"3 is usual Minkowski space-time and X is a very small six-dimensional
Riemannian manifold. The desire for the theory to preserve the supersymmetry
of superstring theory then leads to the requirement that X have SU(3) holonomy,
i.e., be a Calabi-Yau manifold. Thus string theory entered the realm of algebraic
geometry, as any non-singular projective threefold with trivial canonical bundle
carries a metric with SU(3) holonomy, thanks to Yau’s proof of the Calabi conjecture
[113].

This generated an industry in the string theory community devoted to produc-
ing large lists of examples of Calabi-Yau threefolds and computing their invariants,
the most basic of which are the Hodge numbers A and h':2.

In 1989, a rather surprising observation came out of this work. Candelas,
Lynker and Schimmrigk [12] provided a list of Calabi-Yau hypersurfaces in weighted
projective space which exhibited an obvious symmetry: if there was a Calabi-Yau
threefold with Hodge numbers given by a pair (h''!, h12), then there was often also
one with Hodge numbers given by the pair (A2, h%!). Independently, guided by
certain observations in conformal field theory, Greene and Plesser [36] studied the
quintic threefold and its mirror partner. If we let X,, be the solution set in P* of
the equation

5 5
To+ -+ xy — Yrorirow3Ts =0

for 1) € C, then for most v, Xy is a non-singular quintic threefold, and as such, has
Hodge numbers

RbY(Xy) =1, hY3(Xy) =101
On the other hand, the group

{(ao. ..., a1)|a; € ps, [T}y a; =1}

G:
{(avavava»a”a € M5}

acts diagonally on P4, via
(zo, .-, 74) = (aoZo, - . ., asTs).

Here ps is the group of fifth roots of unity. This action restricts to an action on
Xy, and the quotient X, /G is highly singular. However, these singularities can be

xi



xii INTRODUCTION

resolved via a proper birational morphism Xw — Xy /G with Xw a new Calabi-Yau
threefold with Hodge numbers

hb(Xy) =101, RM*(Xy) =1

These examples were already a surprise to mathematicians, since at the time very
few examples of Calabi-Yau threefolds with positive Euler characteristic were known
(the Euler characteristic coinciding with 2(hbt — h1:2)).

Much more spectacular were the results of Candelas, de la Ossa, Green and
Parkes [10]. Guided by string theory and path integral calculations, Candelas et
al. conjectured that certain period calculations on the family Xd, parameterized by
1) would yield predictions for numbers of rational curves on the quintic threefold.
They carried out these calculations, finding agreement with the known numbers of
rational curves up to degree 3. We omit any details of these calculations here, as
they have been exposited in many places, see e.g., [43]. This agreement was very
surprising to the mathematical community, as these numbers become increasingly
difficult to compute as the degree increases. The number of lines, 2875, was known
in the 19th century, the number of conics, 609250, was computed only in 1986
by Sheldon Katz [66], and the number of twisted cubics, 317206375, was only
computed in 1990 by Ellingsrud and Strgmme [22].

Throughout the history of mathematics, physics has been an important source
of interesting problems and mathematical phenomena. Some of the interesting
mathematics that arises from physics tends to be a one-off — an interesting and
unexpected formula, say, which once verified mathematically loses interest. Other
contributions from physics have led to powerful new structures and theories which
continue to provide interesting and exciting new results. I like to believe that mirror
symmetry is one of the latter types of subjects.

The conjecture raised by Candelas et al., along with related work, led to the
study of Gromov-Witten invariants (defining precisely what we mean by “the num-
ber of rational curves”) and quantum cohomology, a way of deforming the usual cup
product on cohomology using Gromov-Witten invariants. This remains an active
field of research, and by 1996, the theory was sufficiently developed to allow proofs
of the mirror symmetry formula for the quintic by Givental [34], Lian, Liu and Yau
[75] and subsequently others, with the proofs getting simpler over time.

Concerning mirror symmetry, Batyrev [6] and Batyrev-Borisov [7] gave very
general constructions of mirror pairs of Calabi-Yau manifolds occurring as complete
intersections in toric varieties. In 1994, Maxim Kontsevich [68] made his funda-
mental Homological Mirror Symmetry conjecture, a profound effort to explain the
relationship between a Calabi-Yau manifold and its mirror in terms of category
theory.

In 1996, Strominger, Yau and Zaslow proposed a conjecture, [108], now referred
to as the SYZ conjecture, suggesting a much more concrete geometric relationship
between mirror pairs; namely, mirror pairs should carry dual special Lagrangian
fibrations. This suggested a very explicit relationship between a Calabi-Yau man-
ifold and its mirror, and initial work in this direction by myself [37, 38, 39] and
Wei-Dong Ruan [97, 98, 99] indicates the conjecture works at a topological level.
However, to date, the analytic problems involved in proving a full-strength ver-
sion of the SYZ conjecture remain insurmountable. Furthermore, while a proof of
the SYZ conjecture would be of great interest, a proof alone will not explain the
finer aspects of mirror symmetry. Nevertheless, the SYZ conjecture has motivated
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several points of view which appear to be yielding new insights into mirror sym-
metry: notably, the rigid analytic program initiated by Kontsevich and Soibelman
in [69, 70] and the program developed by Siebert and myself using log geometry,
[47, 48, 51, 49].

These ideas which grew out of the SYZ conjecture focus on the base of the
SYZ fibration; even though we do not know an SYZ fibration exists, we have a
good guess as to what these bases look like. In particular, they should be affine
manifolds, i.e., real manifolds with an atlas whose transition maps are affine linear
transformations. In general, these manifolds have a singular locus, a subset not
carrying such an affine structure. It is not difficult to write down examples of such
manifolds which we expect to correspond, say, to hypersurfaces in toric varieties.

More precisely,

DEFINITION 0.1. An affine manifold B is a real manifold with an atlas of

coordinate charts
{¢i : Ui — R™}

with ; o wj_l € Aff(R"™), the affine linear group of R™. We say B is tropical
(respectively integral) if 1/)1'01/)]-_1 € R"xGL,,(Z) C Aff(R™) (respectively 1/%‘01/);1 €
Aff(Z™), the affine linear group of Z").

In the tropical case, the linear part of each coordinate transformation is integral,
and in the integral case, both the translational and linear parts are integral.

Given a tropical manifold B, we have a family of lattices A C 7p generated
locally by 8/0y1, . ..,0/0yn, where y1,...,y, are affine coordinates. The condition
on transition maps guarantees that this is well-defined. Dually, we have a family of
lattices A C T, o generated by dyi,...,dy,, and then we get two torus bundles

f:X(B)— B
f:X(B)—B
with
X(B)=1Tp/A, X(B)=1T;/A.
Now X (B) carries a natural complex structure. Sections of A are flat sections of
a connection on 75, and the horizontal and vertical tangent spaces of this connection
are canonically isomorphic. Thus we can write down an almost complex structure
J which interchanges these two spaces, with an appropriate sign-change so that
J? = —id. It is easy to see that this almost complex structure on 73 is integrable
and descends to X (B).
On the other hand, 7} carries a canonical symplectic form which descends to
X(B), so X(B) is canonically a symplectic manifold.
We can think of X(B) and X (B) as forming a mirror pair; this is a simple
version of the SYZ conjecture. In this simple situation, however, there are few
interesting compact examples, in the Kéahler case being limited to the possibility

that B = R"/T for a lattice T’ (shown in [15]). Nevertheless, we can take this
simple case as motivation, and ask some basic questions:
(1) What geometric structures on B correspond to geometric structures of
interest on X (B) and X (B)?
(2) If we want more interesting examples, we need to allow B to have singu-
larities, i.e., have a tropical affine structure on an open set By C B with
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B\ By relatively small (e.g., codimension at least two). How do we deal
with this?

By 2000, it was certainly clear to many of the researchers in the field that
holomorphic curves in X (B) should correspond to certain sorts of piecewise linear
graphs in B. Kontsevich suggested the possibility that one might be able to actually
carry out a curve count by counting these graphs. In 2002, Mikhalkin [79, 80]
announced that this was indeed possible, introducing and proving curve-counting
formulas for toric surfaces. This was the first evidence that one could really compute
invariants using these piecewise linear graphs. For historical reasons which will be
explained in Chapter 1, Mikhalkin called these piecewise linear graphs “tropical
curves,” introducing the word “tropical” into the field.

This brings us to the following picture. Mirror symmetry involves a relationship
between two different types of geometry, usually called the A-model and the B-
model. The A-model involves symplectic geometry, which is the natural category
in which to discuss such things as Gromov-Witten invariants, while the B-model
involves complex geometry, where one can discuss such things as period integrals.

This leads us to the following conceptual framework for mirror symmetry:

A-model B-model

Tropical

geometry

Here, we wish to explain mirror symmetry by identifying what we shall refer to
as tropical structures in B which can be interpreted as geometric structures in the
A- and B-models. However, the interpretations in the A- and B-models should
be different, i.e., mirror, so that the fact that these structures are given by the
same tropical structures then gives a conceptual explanation for mirror symme-
try. For the most well-known aspect of mirror symmetry, namely the enumeration
of rational curves, the hope should be that tropical curves on B correspond to
(pseudo)-holomorphic curves in the A-model and corrections to period calculations
in the B-model.

The main idea of my program with Siebert is to try to understand how to go
between the tropical world and the A- and B-models by passing through another
world, the world of log geometry. One can view log geometry as half-way between
tropical geometry and classical geometry:
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log geometry

Tropical

B-model

geometry

As this program with Siebert is ongoing, with much work still to be done, my
lectures at the CBMS regional conference in Manhattan, Kansas were intended to
give a snapshot of the current state of this program. This monograph closely follows
the outline of those lectures. The basic goal is threefold.

First, T wish to explain explicitly, at least in special cases, all the worlds sug-
gested in the above diagram: the tropical world, the “classical” world of the A- and
B-model, and log geometry.

Second, I would like to explain one very concrete case where the full picture
has been worked out for both the A- and B-models. This is the case of P2, For the
A-model, curve counting is the result of Mikhalkin, and here I will give a proof of
his result adapted from a more general result of Nishinou and Siebert [86], as that
approach is more in keeping with the philosophy of the program. For the B-model,
I will explain my own recent work [42] which shows how period integrals extract
tropical information.

Third, T wish to survey some of the results obtained by Siebert and myself in
the Calabi-Yau case, outlining how this approach can be expected to yield a proof
of mirror symmetry. While for P? I give complete details, this third part is intended
to be more of a guide for reading the original papers, which unfortunately are quite
long and technical. I hope to at least convey an intuition for this approach.

I will take a very ahistorical approach to all of this, starting with the basics of
tropical geometry and working backwards, showing how a study of tropical geom-
etry can lead naturally to other concepts which first arose in the study of mirror
symmetry. In a way, this may be natural. To paraphrase Witten’s statement about
string theory, mirror symmetry often seems like a piece of twenty-first century math-
ematics which fell into the twentieth century. Its initial discovery in string theory
represents some of the more difficult aspects of the theory. Even an explanation of
the calculations carried out by Candelas et al. can occupy a significant portion of a
course, and the theory built up to define and compute Gromov-Witten invariants is
even more involved. On the other hand, the geometry that now seems to underpin
mirror symmetry, namely tropical geometry, is very simple and requires no partic-
ular background to understand. So it makes sense to develop the discussion from
the simplest starting point.

The prerequisites of this volume include a familiarity with algebraic geometry
at the level of Hartshorne’s text [57] as well as some basic differential geometry.
In addition, familiarity with toric geometry will be very helpful; the text will recall
many of the basic necessary facts about toric geometry, but at least some previ-
ous experience will be useful. For a more in-depth treatment of toric geometry, I
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recommend Fulton’s lecture notes [27]. We shall also, in Chapter 3, make use of
sheaves in the étale topology, which can be reviewed in [83], Chapter II. However,
this use is not vital to most of the discussion here.

I would like to thank many people. Foremost, I would like to thank Ricardo
Castano-Bernard, Yan Soibelman, and Ilia Zharkov for organizing the NSF-CBMS
conference at Kansas State University. Second, I would like to thank Bernd Siebert;
the approach in this book grew out of our joint collaboration. I also thank the many
people who answered questions and commented on the manuscript, including Sean
Keel, M. Brandon Meredith, Rahul Pandharipande, D. Peter Overholser, Daniel
Schultheis, and Katharine Shultis.

Parts of this book were written during a visit to Oxford; I thank Philip Candelas
for his hospitality during this visit. The final parts of the book were written during
the fall of 2009 at MSRI; I thank MSRI for its financial support via a Simons
Professorship.

I would like to thank Lori Lejeune for providing the files for Figures 17, 18 and
19 of Chapter 1 and Figures 7 and 8 of Chapter 6. Finally, and definitely not least,
I thank Arthur Greenspoon, who generously offered to proofread this volume.

Convention. Throughout this book k denotes an algebraically closed field of
characteristic zero. N denotes the set of natural numbers {0, 1,2, ...}.
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The three worlds






CHAPTER 1

The tropics

We start with the simplest of the three worlds, the tropical world. Tropical
geometry is a kind of piecewise linear combinatorial geometry which arises when
one starts to think about algebraic geometry over the so-called tropical semi-ring.

This chapter will give a rather shallow introduction to the subject. We will start
with the definition of the tropical semi-ring and some elementary algebraic geometry
over the tropical semi-ring. We move on to the notion of parameterized tropical
curve, which features in Mikhalkin’s curve counting results. Next, we introduce the
type of tropical objects which arise in the Gross-Siebert program: affine manifolds
with singularities. These arise naturally if one wants to think about curve counting
in Calabi-Yau manifolds. We end with a duality between such objects given by the
Legendre transform.

1.1. Tropical hypersurfaces

We begin with the tropical semi-ring,
Rtrop — (R7 @, @)
Here R is the set of real numbers, but with addition and multiplication defined by
a®b = min(a,bd)
a®b = a+b.
Of course there is no additive inverse. This semi-ring became known as the tropical
semi-ring in honour of the Brazilian mathematician Imre Simon. The word tropical
has now spread rapidly.
We would like to do algebraic geometry over the tropical semi-ring instead of
over a field. Of course, since there is no additive identity in this semi-ring, it is not

immediately obvious what the zero-locus of a polynomial should be. The correct,
or rather, useful, intepretation is as follows. Let

Rtmp[xl, ey T
denote the space of functions f : R™ — R given by tropical polynomials
f(xlv"'vxn) = Z ailwnﬂinxlf xizn
(i1,~~~7in)€S

where S C Z™ is a finite index set. Here all operations are in R'°P, so this is really
the function

n
flr, .. wn) =min{as, i, + Y ixzr|(ir,. .. in) € S}
k=1

This is a piecewise linear function, and the tropical hypersurface defined by f,
V(f) CR", as a set, is the locus where f is not linear.

3



4 1. THE TROPICS

I 0

FIGURE 1. 0@ (0 ©® 1)

In order to write these formulas in a more invariant way, in what follows we
shall often make use of the notation

M=7" Mrp=Mac®zR, N:HomZ(M,Z), Nr = N ®zR.

We denote evaluation of n € N on m € M by (n,m). We shall often use the
notion of index of an element m € M \ {0}; this is the largest positive integer r
such that there exists m’ € M with rm’ = m. If the index of m is 1, we say m is
primaitive.

With this notation, we can view a tropical function as a map f : Mr — R
written, for S C N a finite set, as

flz)= Z anz" = min{a, + (n,z)|n € S}.
nes
Now V(f) will be a union of codimension one polyhedra in R". Here, by a
polyhedron, we mean:

DEFINITION 1.1. A polyhedron o in Mg is a finite intersection of closed half-
spaces. A face of a polyhedron is a subset given by the intersection of ¢ with a
hyperplane H such that o is contained in a half-space with boundary H.

The boundary 0o of o is the union of all proper faces of o, and the interior
Int(o) of 0 is o \ do.

The polyhedron o is a lattice polyhedron if it is an intersection of half-spaces
defined over Q and all vertices of ¢ lie in M.

A polytope is a compact polyhedron.

Returning to V'(f), each codimension one polyhedron making up V' (f) separates
two domains of linearity of f, in one of which f is given by a monomial with
exponent n € N and in the other by a monomial with exponent n’ € N. Then the
weight of this polyhedron in V(f) is the index of n’ —n. We then view V(f) as a
weighted polyhedral complex.

EXAMPLES 1.2. Figures 1 through 5 give examples of two-variable tropical
polynomials and their corresponding “zero loci.” All edges have weight 1 unless
otherwise indicated. We also indicate the monomial determining the function on
each domain of linearity and the precise position of the vertices.

We now explain a simple way to see what V' (f) looks like. Given

[= Z anz",

nes



1.1. TROPICAL HYPERSURFACES

z1
(1,1)

€2

FIGURE 2. 1@ (00 z1) @ (0© x2)

0
x
(0,0)
5+2$1 (_57_1)
(_17 _1)
T2
1421+ 2 /A
(_17_5)
5+ 21‘2

FIGURE 3. 00 (00z1)®(0022) D (10x1 Ox2) D (501 ©®x1) D
(5@ a2 @ x2)

34+ a1+ 29

FIGURE 4. 00 (00z1)®(0022) D (30 x1 Ox2) D (90 1 ©®x1) D
(1O x ©x2)

we consider the Newton polytope of S,
Ag = Conv(S) C Ng,
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FIGURE 5. 00 (0021) @ (10 22) @ (00, ©® 21 © 12 © 3)

(3,2)

FIGURE 6

the convex hull of S in Nr. The coefficients a,, then define a function
p:Ag—R
as follows. We consider the upper conver hull Ag of the set
S ={(n,a,)|nc S} C Ng xR,
namely
Ags = {(n,a) € Ng x R|there exists (n,a’) € Conv(S) with a > a'}.
We then define }
p(n) =min{a € R|(n,a) € Ag}.
For example, considering the univariate tropical polynomial
f=1lo0or)e(0or?) o 202?),

we get Ag and Ag as depicted in Figure 6, with the lower boundary of Ag being
the graph of ¢.
This picture yields a polyhedral decomposition of Ag:

DEFINITION 1.3. A (lattice) polyhedral decomposition of a (lattice) polyhedron
A C Np is a set & of (lattice) polyhedra in Ny called cells such that



1.1. TROPICAL HYPERSURFACES 7

|

)
o
—®

FiGURE 7. The left-hand figure is Ag. The right-hand picture
shows & on the z-axis and the graph of @.

(1) A= Usew o
(2) If 0 € Z and 7 C o is a face, then 7 € 2.
(3) If 01,09 € &, then o1 N oy is a face of both o and o5.

For a polyhedral decomposition &, denote by Ppax the subset of maximal cells of
2. We denote by 2*! the set of k-dimensional cells of 2.

Indeed, to get a polyhedral decomposition & of Ag, we just take & to be
the set of images under the projection Ng x R — Ng of proper faces of Ag. A
polyhedral decomposition of Ag obtained in this way from the graph of a convex
piecewise linear function is called a regular decomposition and these decompositions
play an important role in the combinatorics of convex polyhedra, see e.g., [32].

We can now define the discrete Legendre transform of the triple (Ag, 2, ¢):

DEFINITION 1.4. The discrete Legendre transform of (Ag, 2, ) is the triple
(Mg, &, ¢) where:

(1)

P ={7|Te P}
with
Ja € R such that (— <
B a € R suc tat.( m,n>.+a_cp(n) '
for all n € Ag, with equality for n € 7

(2) ¢(m) = max{a|(—m,n)+a < p(n) for all n € Ag}.

Let us explain this in a bit more detail. First, if 0 € P .x, let m, € M be the

slope of ¢|,. Then in fact
= {_mtf}’

as follows from the convexity of ¢. Second, the formula in (2) is a fairly standard
way of describing the Legendre transformed function ¢. We think of ¢(m) as
obtained by taking the graph in Ng x R of a linear function on Ny with slope —m
and moving it up or down until it becomes a supporting hyperplane for Ag. The
value of this affine linear function at 0 is then ¢(m); see Figure 7. Note that if
m € Int(7), then the graph of (—m,-) + @(m) is then a supporting hyperplane for
the face of Ag projecting isomorphically to 7.
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@

0 0

FiGURE 8. The Newton polytope and subdivision for Figure 1.

In fact, ¢ can be described in a more familiar way. Note that

¢(m) = min{p(n) + (m,n) [n € As}.

From this, it is clear that Poax consists of the maximal domains of linearity of
¢, with @|; having slope v for v a vertex (element of 2[0) of 2. Indeed, the
minimum is always achieved at some vertex, and if this vertex is v, then p(m) =
p(v) + (m,v). Thus ¢ is linear on v with slope v. Furthermore, as necessarily
o(v) + (m,v) < (") + (m,v") whenever m € v, one sees that ¢ is in fact given by
the tropical polynomial

> p(n)z".

ne 210l

This is not necessarily the original polynomial defining the function f. However,
clearly the vertices of Ag are of the form (n,a,) for n € 20 C S, s0 o(n) = a,
for n € 29 and the tropical polynomial defining ¢ is simply missing some of the
terms of the original defining polynomial f. These missing terms are precisely ones
of the form a,z" with (n,a,) not a vertex of Ag. We can see that such terms
are irrelevant for calculating f. Indeed, if (n,a,) is not a vertex of Ag for some
n € NNAg,and f(m) = (m,n) + a, for some m € Mg, then

<ma n> + an S <m7 n/> + ay
for all n’ € S. But then the hyperplane in Ng x R given by
{(n',7) € Ng x R|{m,n') +r = (m,n) + a,}

is a supporting hyperplane for Ag which contains (n,a,), and hence must also
contain a vertex (n', a, ) of Ag. Then f(m) coincides with (m,n’) 4+ a,, and hence
the term a,,z™ was irrelevant for calculating f. Thus we see

¢=1r

Since the domains of linearity of ¢ are the polyhedra of Py, we see that

vin= | =

Tepl]

Since the 0-cells of 2 are the cells 5 = {—=m,} for 0 € Pax, it is usally easy to
draw V (f) using this description. Additionally, the weights are easily determined:
for 7 € 2 the weight of 7 is just the affine length of 7, i.e., the index of the
difference of the endpoints of .

To summarize, the function ¢ determines the dual decomposition 22, whose
vertices are given by slopes of ¢, and V/(f) is the codimension one skeleton of 2.

ExAMPLES 1.5. For the examples of Figures 1 through 5, the Newton polytopes
along with their regular decomposition and values of a, are given in Figures 8
throught 12.
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0

F1GURE 9. The Newton polytope and subdivision for Figure 2.

)

FiGURE 10. The Newton polytope and subdivision for Figure 3.

1

FiGURE 11. The Newton polytope and subdivision for Figure 4.

This description of V' (f) leads to an important condition known as the balancing
condition. Specifically, for each @ € 22["=2 a codimension two cell, let 71, ..., 7, €
2711 be the cells containing it in V(f), with weights wy, ..., wy. Note that w is
a two-dimensional cell of & and 71, ..., 7 are the edges of w. Let ny,...,nx € N
be primitive tangent vectors to 7, ..., 7;, pointing in directions consistent with the
orientations on 71, ..., 7, induced by some chosen orientation on w. The vectors
ni,...,Nn, are primitive normal vectors to 71,...,7¢. Indeed, the endpoints of 7;
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FiGURE 12. The Newton polytope and subdivision for Figure 5.

give the slopes of ¢ = f on the two domains of linearity of f on either side of 73,
so n; must be constant on 7;. Obviously, we have

k
(1.1) > win; = 0.
i=1

We call this the balancing condition.

In the case when dim Mg = 2, so that V(f) is a curve, it is useful to rewrite
this as follows. Let V € 2% be a vertex of V(f), contained in edges Ei, ..., Ey €
P of V(f), and let my, ..., my € M be primitive tangent vectors to E, ..., Ey
pointing away from V. Suppose E; has weight w;. Then (1.1) is equivalent to

k
i=1

EXAMPLE 1.6. The tropical Bézout theorem. Suppose dim Mg = 2, and let
e1,e2 be a basis for M. Let Ay be the polytope which is the convex hull of 0, deq,
and dez. If f =37 A anz", then V(f) is a tropical curve in Mg, which we call
a degree d curve in the tropical projective plane. For example, Figure 2 depicts a
degree 1 curve, i.e., a tropical line, and Figures 3 and 4 depict degree 2 curves,
i.e., tropical conics. These should be thought of as tropical analogues of ordinary
lines and conics in P2. These tropical versions often share surprising properties in
common with the usual algebraic versions. We give one example here.

Let C, D C Mg be two tropical curves in the tropical projective plane of degree
d and e respectively. Suppose that C' and D intersect at only a finite number of
points; this can always be achieved by translating C' or D. In fact, we can similarly
assume that none of these intersection points are vertices of C' or D. We can define
a notion of multiplicity of an intersection point of these two curves. Suppose that
a point P € C'N D is contained in an edge F of C' and an edge F' of D, of weights
w(F) and w(F) respectively. Let my be a primitive tangent vector to E and mq
be a primitive tangent vector to F. Then we define the intersection multiplicity of
C and D at P to be the positive integer

ip(C, D) = w(E)w(F)|mi A ma.
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F1GURE 13. Two tropical conics meeting at four points.

Here mi,mo € M = 72, and /\2 M = 7, so |m1 A ma| makes sense as a positive
number no matter which isomorphism is chosen. We then have the tropical Bézout
theorem, which states that

> ip(C,D)=d-e.
PeCND

This is exactly the expected result for ordinary algebraic curves in P2, of course.
For a proof, see [96], §4. See Figure 13 for an example.

1.2. Some background on fans

We will collect here a number of standard notions concerning fans. We send
the reader to [27] for more details.

DEFINITION 1.7. A strictly convex rational polyhedral cone in My is a lattice
polyhedron in My with exactly one vertex, which is 0 € Mpg.
A fan ¥ in My is a set of strictly convex rational polyhedral cones such that
(1) If o € ¥, and 7 C o is a face, then 7 € X.
(2) If 01,09 € 3, then 01 N oy is a face of o7 and os.

In other words, a fan 3 is a polyhedral decomposition of a set |3 C My, called
the support of 3, with all elements of the polyhedral decomposition being strictly
convex rational polyhedral cones.

A fan is complete if |X| = Mg.

DEFINITION 1.8. Let X be a fan in Mg. A PL (piecewise linear) function on X
is a continuous function ¢ : || — R which is linear when restricted to each cone
of 3.

The function ¢ is strictly convex if

(1) |X] is a convex set in Mpg;
(2) For m,m’ € |X|, p(m)+ o(m’) > p(m+m'), with equality holding if and
only if m,m’ lie in the same cone of 3.



12 1. THE TROPICS

The function ¢ is integral if for each o € ¥,,x there exists an n, € N such
that n, and ¢ agree on o.
The Newton polyhedron of a strictly convex PL function ¢ : || — R is

Ay :={n € Ng|p(m)+ (n,m) >0 for all m € |Z|}.

The Newton polyhedron of a function ¢ is unbounded if and only if 3 is not a
complete fan. If ¥ is complete, it is easy to see that

A‘P = COHV({—ng |U € Ernax})
where n, € Ng is the linear function ¢|,. Note there is a one-to-one inclusion
reversing correspondence between cones in 3 and faces of A,, with o € ¥ corre-
sponding to
{n e Ay|p(m)+ (n,m) =0 for all m € o}.
DEFINITION 1.9. If A C Np is a polyhedron, ¢ C A a face, the normal cone to
A along o is
Na(o) ={m € M |m|, = constant, (m,n) > (m,n') for alln € A, n’ € o}.
If 7 C o is a subset, then 7.0 denotes the tangent wedge to o along 7, defined by
Tro={r(m—m')|meom €r,r>0}
The normal fan of A is
YA :={Na(0)| o is a face of A}.
One checks easily that
(1.3) T,A = (Na(0))Y :={n e N|{n,m)>0 Vm e Na(o)}.
The normal fan ¥a to A carries a PL function pa : |EA| — R defined by
oa(m) = —inf{(n,m) |n € A}.

It is easy to see that if ¢ : [3] — R is strictly convex, then ¥ is the normal
fan to A,. This in fact gives a one-to-one correspondence between strictly convex
PL functions ¢ on a fan ¥ and polyhedra A with normal fan . Note given A,
Ay, = A, and given ¢ : [X| — R, pa, = .

DEFINITION 1.10. If ¥ is a fan in Mg, 7 € X, we define the quotient fan X(7)
of ¥ along 7 to be the fan

(1) :={(c +R7)/Rr|oc € X, 7 Co}

in Mg /R7, where R is the linear space spanned by 7.

If o : |3] — Ris a PL function on ¥, then ¢ induces a function ¢(7) : ¥(7) — R,
well-defined up to linear functions, as follows. Choose n € Ng such that ¢(m) =
(n,m) for m € 7. Then for any o containing 7, (|, —n is zero on 7, hence descends
to a linear function on (o + R7)/R7. These piece together to give a PL function
(1) on X(7), well-defined up to a linear function (determined by the choice of n).

Note that if ¢ is strictly convex, then so is ¢(7). If M} = Mr/R7 and N§ =
Hom (M}, R), then Ng = (R7)%. It is then easy to see that Ay is just the
translate by n of the face of A, corresponding to 7.
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1.3. Parameterized tropical curves

We shall now use the discussion of the balancing condition in §1.1 to define
tropical curves in a more abstract setting. In theory, similar definitions could be
given for tropical varieties of higher dimension, but we will not do so here.

Let I be a connected graph with no bivalent vertices. Such a graph can be
viewed in two different ways. First, it can be viewed as a purely combinatorial
. . S . = C . .
object, i.e., a set F[ ) of vertices and a set Fm of edges consisting of unordered pairs

of elements of f[o], indicating the endpoints of an edge.

We can also view I' as the topological realization of the graph, i.e., a topological
space which is the union of line segments corresponding to the edges. We shall
confuse these two viewpoints at will, hopefully without any confusion.

Let fg be the set of univalent vertices of ', and write

r=T\TY,

Let '), T[1 denote the set of vertices and edges of I'. Here we are thinking of T’
and T as topological spaces, so I' now has some non-compact edges. Let F([Dlol be
the set of non-compact edges of I'. A flag of T is a pair (V, E) with V e T'l% and
EeTlM with V € E. 3

In addition, all graphs will be weighted graphs, i.e., I' comes along with a weight
function

w:TW S N=1{0,1,2,....

We will often consider marked graphs, (T',x1,...,xy), where I' is as above and
T1,...,T) are labels assigned to non-compact edges of weight 0, i.e., we are given
an inclusion

{#1,...,2x} — TIU
with w(E,,) = 0. We will use the convention in this book which is not actually
quite standard in the tropical literature that w(E) # 0 unless E = E,., for some x;.

We can now define a marked parameterized tropical curve in Mg, where as
usual, M = 7", Mr = M ®z R and N = Homy(M,Z).

DEFINITION 1.11. A marked parameterized tropical curve
h: (I‘,xl,...,xk) — M]R

is a continuous map h satisfying the following two properties:
(1) If E € T and w(E) = 0, then k| is constant; otherwise, h|g is a proper
embedding of F into a line of rational slope in M.
(2) The balancing condition. Let V € TI% and let E,..., E, € Tl be the
edges adjacent to V. Let m; € M be a primitive tangent vector to h(FE;)
pointing away from h(V'). Then

1=1

Ifh: (T, 21,...,2,) — Mg is a marked parameterized tropical curve, we write
h(z;) for h(E,,).
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We will call two marked parameterized tropical curves h : (', 1, ..., x5) — Mg
and ' : (I, 2),...,2}) — Mg equivalent if there is a homeomorphism ¢ : I' — I"
with ¢(FEy,) = E, and h = h' o p. We will define a marked tropical curve to be an

equivalence class of parameterized marked tropical curves.
The genus of h is by (T). O

We wish to talk about the degree of a tropical curve, and to do so, we need
to fix a fan X. In fact, for the moment, we will only make use of the set of one-
dimensional cones in %, X1, Denote by T% the free abelian group generated by
2l For p € x| denote by t, € Tx. the corresponding generator. We have a map

T TE — M

t, — mp

where m,, is the primitive generator of the ray p.
DEFINITION 1.12. A marked tropical curve h is in Xy if for each E € Fg

which is not a marked edge, h(E) is a translate of some p € %11,
If h is a curve in Xy, the degree of h is A(h) € Tx, defined by

Ah)= > dyt,
pez[l]

where d, is the number of edges F € Pg with h(E) a translate of p, counted with
weight.

For AeTs, A=5" _vndpyt,, define

A=Y d,.

pEE[l]

peEX

The following lemma is a straightforward application of the balancing condition,
obtained by summing the balancing conditions over all vertices of I':

LEMMA 1.13. 7(A(R)) = 0.

EXAMPLE 1.14. Let ¥ be the fan for P2. This is the complete fan in My = R?
whose one-dimensional rays are pg, p1, p2 generated by mo = (—1,—1), m; = (1,0)
and mg = (0, 1); see Figure 14. The two-dimensional cones are o; 11, with indices
taken modulo 3 and where o0; ;11 is generated by m; and m;;;. We shall see in
Chapter 3 that this fan defines P? as a toric variety (Example 3.2). In particular,
we shall give meaning to the symbol “Xy”, which is actually a variety, and in the
case of this particular ¥, Xy = P2. Then the examples of Figures 2, 3 and 4 are
tropical curves in Xs; = P2, The degree of Figure 2 is tp, + tp, + tp,, while the
degree of Figures 3 and 4 is 2(¢,, + t,, + tp,). In general, a tropical curve in P?
will be, by the above lemma, of degree d(t,, + t,, + t5,), in which case we say the
curve is degree d in P? (compare with Example 1.6). So in particular, Figure 2 is
a tropical line, and all degree one curves in P? are just translates of this example.
Figures 3 and 4 are tropical conics.

It is reasonable to ask what the relationship is between this new definition of
tropical curve and the earlier notion of a tropical hypersurface in Mg with dim My =
2. In particular, one can ask whether or not h(I") is a tropical hypersurface in Mp.
Of course, to pose this question, one must first define weights on h(I'), as h is in
general not an embedding. Viewing h(I") as a one-dimensional polyhedral complex,
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P2

P1

Po

FIGURE 14. The fan for PZ2.

we need to assign a weight w(E) to each edge E of h(I'). We define this as follows.
Pick a point m € E which is not a vertex of A(I") and is not the image of any vertex
of I', and define

wE) = Y wE)
E'erttl
E'nh™Y(m)#£0
i.e., the weight of F is the sum of weights of edges of I' whose image under h contains
m. It is easy to check that the balancing condition on h implies firstly that this
weight is well-defined, i.e., doesn’t depend on the choice of m, and secondly that
h(T") satisfies the balancing condition.

ProrosiTioN 1.15. If h : ' — Mg is a tropical curve with dim Mg = 2,
then there exists a tropical polynomial [ such that h(T') = V(f), as weighted one-
dimensional polyhedral complezes.

ProOOF. We define f as follows. h(I") yields a polyhedral decomposition P of
My whose maximal cells are closures of connected components of Mg \ h(T).

Choose some cell g € Dok and define floo = 0. We then define f inductively.
Suppose f is defined on 0 € Ppax. If 0/ € Prax and E = oNo’ satisfies dim E = 1,
then we can define f on ¢’ as follows. Extend f|, to an affine linear function
fo : Mg — R. Let ngp € N be a primitive normal vector to E which takes a
constant value on E and takes larger values on o than on ¢’. Denote by (ng, E)
the value ng takes on E. Then we define f to be f, + w(E)(ng — (ng, E)) on o’.
It is an immediate consequence of the balancing condition that this is well-defined.
Indeed, if we define f on a sequence of polygons with a common vertex V', starting
at o and passing successively through edges Fn, ..., E,, then when we return to o,
we have constructed the function f, + >, w(E;)(ng, — (ng,, E;)) = f- by the
balancing condition.
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Finally, we note that f is convex, i.e., given by a tropical polynomial. In

addition, clearly h(I") = V(f). O
We are ready to talk about moduli spaces of such curves. For this, we need to
talk about the combinatorial type of a marked tropical curve h : (T, z1,...,x,) —

Mpg. This is the data of the labelled graph (T',z1,..., 2, ), the weight function w,
along with, for each flag (V, E) of I, the primitive tangent vector my,g) € M to
h(E) pointing away from h(V). A combinatorial equivalence class is the set of all
tropical curves of the same combinatorial type. We denote by [h] the combinatorial
equivalence class of a curve h.

DEFINITION 1.16. For g,k > 0, ¥ a fan in Mg, A € Ts, with (A) = 0, denote
by Mg k(X,A) the set of tropical curves in X of genus g, degree A and with k
marked points.

If [h] is a combinatorial equivalence class of curves of genus g with k& marked

points of degree A in Xy, we denote by ./\/l (E A) C My (3, A) the set of all
curves of combinatorial equivalence class [h]

ProrosiTIiON 1.17.
h
My i(3,4) = [[MIL (2, ),

where the disjoint union is over all combinatorial equivalence classes of curves of
degree A and genus g with k marked points. For a given combinatorial equivalence
class [h] of a curve h : (T,x1,...,x) — Mg, M[h] (3,A) is the interior of a
polyhedron of dimension

>e+k+ (3—dimMg)(g—1)—ov(D),

where

ov(l') = Z (Valency(V) — 3)
verlol
is the overvalence of I' and e is the number of non-compact unmarked edges of T'.

PrOOF. First note the topological Euler characteristic x(I') = 1 — g satisfies
X@) = #T —pT
4T _ (0l 1),
On the other hand,
3(#I) + ov(T Z Valency(V) = 2(#I1UN\ T 4 41
verlo
from which we conclude that
# of compact edges of I' = # non-compact edges of I" + 3g — 3 — ov(I')
= e+k+39—3—ov(D).

Now to describe all possible tropical curves with the given topological type, we
choose a reference vertex V € I'% and we need to choose h(V) € Mg and affine
lengths! ¢z of each bounded edge h(E). However, these lengths cannot be chosen
independently. Indeed, suppose we have a cycle Ey, ..., E,, of edges in I', 0F; =

IThe affine length of a line segment of rational slope in Mp with endpoints mj,ma is the
number £ € Rs o such that mi — ma = fmp,iy for some primitive mppim, € M.
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{Vi—1,Vi} with V;, = Vb. We of course have by definition of my,_, pg,) that V; =
Vil + éEim(VFhEi)' Thus Vo =V,, =V, + 27;1 gEim(Vvi—lyEi)’ or

m

ZeEim(‘/i—hEi) =0

i=1
in Mg. So, for each cycle, we obtain the above linear equation, which imposes
dim Mp linear conditions on the ¢g’s. Thus, given that there exists a tropical curve
of the given combinatorial type, the set of all curves of this combinatorial type is

My x (R6>4(—)k+3g—3—ov(1") N L)

where I C Rethk+39=3-ov(l) ig 4 linear subspace of codimension < ¢ - dim Mg and
hence the whole cell is of dimension

>e+k+ (3—dimMg)(g—1)—ov(D).
(]

REMARK 1.18. One should view the case where all vertices of I" are trivalent
as a generic situation. However, there are tropical curves of genus g > 1 in Mg
for dim Mg > 3 which are not trivalent and cannot be viewed as limits of trivalent
curves.

Of course, for g = 0, equality always holds for the dimension, but for g >
1 equality need not hold. A curve of a given combinatorial type is said to be
superabundant if the moduli space of curves of that type is larger than

e+ k+ (3—dimMg)(g—1)—ov(D).

Otherwise a curve is called regular. Superabundant curves cause a great deal of
difficulty for tropical geometry, and we shall handle this by restricting further to
plane curves, i.e., dim My = 2. Furthermore, as we shall only need the genus zero
case for our discussion, we shall often restrict our attention to this case also.

Restricting to the case that dim Mr = 2, we define

DEFINITION 1.19. A marked tropical curve h : I' — Mg for dim Mr = 2 is
simple if

(1) T is trivalent;

(2) h is injective on the set of vertices and there are no disjoint edges F1, Fs
with a common vertex V for which h|g, and h|g, are non-constant and
h(Ey) C h(E2);

(3) Each unbounded unmarked edge of T has weight one.

By our discussion above, simple curves move in a family of dimension at least
Al + k+ g — 1, as now e = |A|. However, one can show that simple curves
in dimension two are always regular, see [80], Proposition 2.21, so in fact simple
curves move in (|A| + k 4+ g — 1)-dimensional families. We know this for ¢ = 0
already, but since we shall not be focussing on higher genus curves, we omit a proof
of this fact.

LEMMA 1.20. Fiz ¥ a fan in Mg, dim Mg = 2, and a degree A € Ty,. Let

Py,..., Pa|—1 € Mg be general points.? Then there are a finite number of marked

2By general, we mean that (Pi,...,Paj—1) € MH‘RA‘?1
Mlal-1
o

lies in some dense open subset of
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genus zero tropical curves h: (I'yx1,...,2)a|—1) — Mg in Xs with h(z;) = P; for
all i. Furthermore, these curves are simple, and there is at most one such curve of
any given combinatorial type.

PROOF. First note there are only a finite number of combinatorial types of
curves of degree A in Xy. Indeed, given a curve h : I' — Mg, we know by Proposi-
tion 1.15 that h(T) is in fact a tropical hypersurface in Mg. The degree A in fact
determines the Newton polytope (up to translation) of a defining equation for h(I").
Furthermore, specifying a regular subdivision of the Newton polytope is equivalent
to specifying the combinatorial type of h(I"). For each possible combinatorial type
of h(T'), there are only a finite number of ways of parameterizing such a curve.
Since there are a finite number of lattice subdivisions of the Newton polytope, this
implies there are only a finite number of combinatorial types.

So in fact we can prove the result just by fixing one combinatorial type of curve,
[A]. This gives the description as in the proof of Proposition 1.17,

h ~ e+|A|—4—ov(T
MU (B A) 2= My <RG0,

obtained after choosing a reference vertex V € I'lY), We have an evaluation map

ev: MYl (5, 4) = (M) 1!

sending h : (I',z1,...,2a)—1) — Mg to

ev(h) = (h(z1),. .., h(z|a]-1))-
Note that in fact ev is an affine linear map. Indeed, to compute h(z;) given h
corresponding to a point in Mg X RiJE)lA‘747°V(F), let Ey,...,E, be the sequence

of edges traversed from the reference vertex V' to the vertex adjacent to E,,, with
OF; ={Vi_1,V;}, Vo = V. Then

h(zi) = h(V)+ Y lem, 5
i=1
where (g, is the affine length of F;. This shows that h(z;) depends affine linearly
on h(V) and the length of the edges.

Thus, unless dim Mg_"‘}Al_l(E, A) > dim((Mg)!2171), there is no curve of com-

binatorial type [h] through general (P, ..., Paj—1) € (Mg)!21=1. This inequality
of dimensions only holds if

e+ Al =2~ ov(D) > 2(A| - 1),

or
e—ov(I) > |A|.

Since e < |A| and ov(I') > 0, strict inequality never holds and equality only holds
it e = |A] and ov(I') = 0, i.e., all unbounded edges of I' are weight 1 and T" is
trivalent. If this equality holds, then either the image of ev is codimension > 1,
in which case again there are no curves of combinatorial type [h] through general
(Pi,...,Paj=1), or else ev is a local isomorphism and then there is at most one
curve of combinatorial type [h] passing through any Pi, ..., Paj—1 € Mg.
([)]?\]A|—1(Z’ A) is injective
on the set of vertices. Also, if there is a vertex V' with attached edges Fy, Fy with
h|g,, h|E, non-constant and h(E7) C h(E>), then we are free to move h(V') along

Finally, it is easy to see that the general curve in M
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the affine line containing h(E;), violating the fact that there is only one such curve.
So a curve of type [h] passing through general points P, ..., Pja|—1 is simple, as
desired. 0

This result allows us to count tropical curves passing through a general set of
points. However, as Mikhalkin showed, to get a meaningful result these must be
counted with a suitable multiplicity, which we now define.

DEFINITION 1.21. Let h : I' — My be a simple tropical curve, with dim Mg = 2.
We define for V e Tl% with adjacent edges Ey, Fo and Es,

Multv(h) = wr(El)wp(Egﬂm(V’El) A m(V}E2)|

= wr(E2)wr(Es)|mv,g,) A m,ey)l

= wr(E3)wr(E1)|mw, g, Amy, el
if none of F4, Es, F5 are marked, and otherwise Multy (h) = 1. Here for my,ms €
M, we identify A> M with Z so that |m; A ms| makes sense. The equalities follow

from the balancing condition.
We then define the (Mikhalkin) multiplicity of h to be

Mult(h) = ] Multy (h).
Vverlol
Finally, for a given fan ¥ and degree A, we write

NREP =3 " Mult(h)
h

where the sum is over all h € M ja|—1(X, A) passing through [A|—1 general points
in M]R.

While the generality of these points guarantees that the sum makes sense, it is
not obvious that NX’EOP doesn’t depend on the choice of these points. This will be
shown later, twice, once in Chapter 4 and once in Chapter 5.

In fact, the same definition can be made for curves of genus g. Indeed, one can
show that, for a choice of |A|+ g —1 general points in Mg, there are a finite number
of simple genus g curves passing through these points (see [80], Proposition 2.23).
Using the same definition of multiplicity, one obtains numbers N %P,

If dim Mg > 2, there are similar definitions for counting formulas for genus
zero curves: see [86] for precise statements. However, because of superabundant
families of g > 0 curves, there are more serious issues in higher genus.

Mikhalkin’s main result in [80] relates the numbers N g’f;p, which are of course
purely combinatorial, to counts of holomorphic curves in the toric variety Xys. Stat-

ing this result rather imprecisely here, he shows that the numbers N i’g‘m coincide

with the numbers N g”}gl of holomorphic curves of genus ¢g in Xy, passing through
|A] + g — 1 points in general position. The fact that this count can be computed in
this purely combinatorial fashion was the first significant result in tropical geometry.
We shall give a proof of this result for genus zero in Chapter 4.

1.4. Affine manifolds with singularities

We shall now discuss possible generalizations of the discussion of tropical curves.
The question we want to pose here is: all our curves have lived in Mp, a real affine
space. Are there interesting choices for more general target manifolds?
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One could, for example, study tropical curves inside tropical hypersurfaces, as
has been done, say, in [111]. However, this is not the point of view we want to
take here. Instead, we want to look at target spaces which “locally look like Mp,”
in such a way that we can still talk about tropical curves. The main point is that
to talk about tropical curves, one needs the structure of My as an affine space, but
one also needs to know about the integral structure M C Mpg.

In what follows, we consider the group Aff(Mg) = Mg x GL(Mp) of affine linear
automorphisms of Mg, given by m — Am + b, where A € GL,(R) and b € Mg,
and its subgroups

Mg x GL(M) C Aff(Mg)
and
Aff(M) := M x GL(M) C Aff(Mg).

DEFINITION 1.22. A tropical affine manifold is a real topological manifold B
(possibly with boundary) with an atlas of coordinate charts ¢; : U; — Mg with
transition functions %; o w;l € Mr x GL(M) C Aff(Mg).

An integral affine manifold is a tropical manifold with transition functions in
Aff(M).

We will often make use of two local systems on a tropical affine manifold,
defining A C 75 to be the family of lattices locally generated by /9y, ...,0/0y,
for y1,...,yn local affine coordinates. The sheaf A C 77 is the dual local system
locally generated by dyi,...,dy,. The point is these families of lattices are well-
defined on tropical manifolds because of the restriction on the transition maps.
Note that 7p carries a natural flat connection, Vg, with flat sections being R-
linear combinations of 9/0y1,...,0/0yn.

It is easy to generalize the notion of parameterized tropical curve with target a
tropical affine manifold, as locally the notion of a line segment with rational slope
and the balancing condition make sense.

EXAMPLE 1.23. B = Mp/T for a lattice I' C Mp gives an example of a compact
tropical affine manifold. In [82], such spaces arise naturally as tropical Jacobians of
tropical curves. Figure 15 gives an example of a two-dimensional torus containing
a genus 2 tropical curve.

Unfortunately, tori are not particularly useful for the applications we have in
mind, so we shall generalize the notion of tropical affine manifold as follows.

DEFINITION 1.24. A tropical affine manifold with singularities is a topological
manifold B along with data
e a subset A C B which is a locally finite union of codimension > 2 locally
closed submanifolds of B;
e a tropical affine structure on By := B\ A.

We say B is an integral affine manifold with singularities if the affine structure on
By is integral. The set A is called the singular locus or discriminant locus of B.

Note that we are assuming that B is still a topological manifold even at the
singular points: the singularities lie in the affine structure in the sense that, in
general, the affine structure cannot be extended across A. We shall see some
examples later, but for the moment one can imagine a two-dimensional cone as an



1.4. AFFINE MANIFOLDS WITH SINGULARITIES 21

(a+b,b+c)

FIGURE 15. A tropical curve of genus two in R?/T", where I is
generated by (a,b) and (b, ¢). The dotted lines give a fundamental
domain, and the three external vertices of the curve are in fact
identified, so these vertices represent a single trivalent vertex.

example, obtained by cutting an angular sector out of a piece of paper and then
gluing together the two edges of the sector. (However, in fact we will not ultimately
allow this particular example.)

A priori, the singularities of the affine structure can be arbitrarily complicated,
and there are many reasonable examples which we shall not wish to consider. In
addition, it is often convenient to consider restrictions on the nature of the boundary
of B. To control the singularities and the boundary, we introduce a refined notion
which arises from the following construction.

CONSTRUCTION 1.25. Let B be a topological manifold (possibly with bound-
ary) equipped with a polyhedral decomposition £, i.e.,

B:UU

oceP
where

e 0 € & is a subset of B equipped with a homeomorphism to a (not nec-
essarily compact) polyhedron in Mg with faces of rational slope and at
least one vertex. Thus in particular any o € & has a set of faces: these
faces are inverse images of faces of the polyhedron in Mp.

e Ifo € & and 7 C o is a face, then 7 € Z.

o If 01,00 € P, 01 N0y # 0, then 01 N oy is a face of o7 and os.

For each o0 € &, viewing o C Mp yields a tangent space A, g € Mg to o, and we
can set

Ay = AU,]R N M.

The assumption that o has faces of rational slope implies in particular that if o is
of codimension at least one in Mg, then the affine space spanned by ¢ has rational
slope. Thus A, generates A, r as an R-vector space.

Now the interior of each o € & carries a natural affine structure. Indeed, o
is equipped with a homeomorphism with a polyhedron in My, which is embedded
in the affine space it spans in Mg. This gives an affine coordinate chart on Int(o).
However, this doesn’t define an affine structure on B, but only an affine structure
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ol

FIGURE 16. A fan structure given by the map S, in a neighbour-
hood of the one-dimensional cell 7. This can be viewed as describ-
ing an affine structure in a direction transverse to 7.

on the subset of B given by
U Int (o),
0E€ Prax
where .« is the set of maximal cells in &2. This is insufficient for giving a
structure of tropical affine manifold with singularities to B, so we need to extend
this affine structure. To do so requires the choice of some extra structure, known
as a fan structure.

DEFINITION 1.26. Let 7 € &. The open star of T is

U; = U Int(o).

cePst.7Co

A fan structure along 7 € & is a continuous map S, : U, — RF where k =
dim B — dim 7, satisfying

(1) S71(0) = Int(7).

(2) If 7 C o, then Sr|(s) is an integral affine submersion onto its image,
with dim S;(0) = dimo — dim 7. By integral affine submersion we mean
the following. We can think of o as a lattice polytope in Ay r. Then the
map S|, is induced by a surjective affine map A, — W N ZF, for some
vector subspace W C R* of codimension equal to the codimension of o in
B.

(3) For 7 C o, define K., to be the cone generated by S-(c NU;). Then

Y, ={K,,|7Coe P}

is a fan with |X;| convex.

Two fan structures S, S, are considered equivalent if S; = a0 S,/ for some
a € GLy (Z)
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If S, : U, — R* is a fan structure along 7 € & and o D 7, then U, C U,. We
then obtain a fan structure along o induced by S; given by the composition

U, — U, “SRE — RF/L, =~ R!

where L, C R* is the linear span of K, ,. This is well-defined up to equivalence.
It is easy to see that with the induced fan structure on o, ¥, = (K, ) in the
notation of Definition 1.10.

See Figure 16 for a picture of a fan structure. The most important case is when
7 = a vertex of &. Then a fan structure is an identification of a neighbourhood
of v in B with a neighbourhood of the origin in R (n = dim B). This identification
locally near v identifies & with a fan 3, in R™.

Given a fan structure S, at each vertex v € &, we can construct a tropical
structure on B as follows. We first need to choose a discriminant locus A C B.
The precise details of this choice of discriminant locus in fact turn out not to be so
important, and it can be chosen fairly arbitrarily, subject to certain constraints:

(1) A does not contain any vertex of Z.

(2) A is disjoint from the interior of any maximal cell of .

(3) For any p € £ which is a codimension one cell not contained in 9B,
the connected components of p\ A are in one-to-one correspondence with
vertices of p, with each vertex contained in the corresponding connected
component.

For example, if dim B = 2, we simply choose one point in the interior of each
compact edge of & not contained in 0B, and take A to be the set of these chosen
points. If B is compact without boundary of any dimension, we can take A to be
the union of all simplices in the first barycentric subdivision of & which neither
contain a vertex of &2 nor intersect the interior of a maximal cell of &. For the
general case, see [49], §1.1. We should also note that, for us, this is a maximal
choice of discriminant locus, and if there is a subset A’ C A such that the affine
structure on B\ A extends to an affine structure across B \ A’, we will replace A
with A’ without comment.

For a vertex v of &, let W,, denote a choice of open neighbourhood of v with
W, C U, satisfying the condition that if v € p with p a codimension one cell, then
W, N p is the connected component of p \ A containing v. Then

{Int(0) |0 € Prax} U{W,|v € @[0}}

form an open cover of By := B\ A. We define an affine structure on By via the
already given affine structure on Int(o) for 0 € Pax,

Yo : Int(o) — Mg

and the composed maps
wv . WU PN UviRdinlB

where the first map is the inclusion.

It is easy to see that this produces the structure of a tropical affine manifold
with singularities on B. Indeed, the crucial point is that the affine charts v, induced
by the choice of fan structure are compatible with the charts ¢, on the interior of
maximal cells of &, but this follows precisely from item (2) in the definition of a
fan structure.
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If furthermore all polyhedra in &2 are lattice polytopes, then in fact the affine
structure is integral.

This construction provides a wide class of examples. However, these examples
are still too general. We will impose one additional condition.

We say a collection of fan structures {S, |v € e@[o]} is compatible if, for any two
vertices v, w of 7 € &, the fan structures induced on 7 by S, and S, are equivalent.
Note that given such a compatible set of fan structures, we obtain well-defined fan
structures along every 7 € & 3

DEFINITION 1.27. A tropical manifold is a pair (B, 2?) where B is a tropical
affine manifold with singularities obtained from the polyhedral decomposition &
of B and a compatible collection {S, |v € 2%} of fan structures.

(B, Z) is an integral tropical manifold if in addition all polyhedra in & are
lattice polyhedra.

EXAMPLES 1.28. (1) Any lattice polyhedron o with at least one vertex supplies
an example of an integral tropical manifold, either bounded or unbounded, with
B = o and Z the set of faces of o. In this case the affine structure on Int(o)
extends to give the structure of an affine manifold (with boundary) on . Here
A=1.

(2) The polyhedral decomposition of B = My given in Definition 1.4 is also an
example of a tropical manifold (provided the tropical hypersurface in question has
at least one vertex).

(3) Let = C Mp be a reflexive lattice polytope, i.e., 0 € Int(Z) and the polytope

E :={ne Nrl|{n,m)>—-1 VmecZ}

is also a lattice polytope.

Then B = 0= carries the obvious polyhedral decomposition & consisting of
the proper faces of Z. These faces are lattice polytopes. So, to specify an integral
tropical manifold structure on B, we need only specify a fan structure at each vertex
v of E. This is done via the projection S, : U, — Mg/Rv. Compatibility is easily
checked, as the induced fan structure on a cell w € & containing v is the projection
U, — Mg/Rw, where Rw now denotes the vector subspace of Mg spanned by w.

There are a number of refinements of this construction. For example, if we
take a refinement &2’ of & by integral lattice polytopes, we can use the same
prescription above for the fan structure at the vertices.

Note that, in this case, the description of A’ C B of the singular locus as
determined by the refinement 42’ may give a much bigger discriminant locus, with
A’ N1Int(o) # O for o a maximal proper face of Z. However, the affine structure
induced by &’ on Int(o) is compatible with the obvious affine structure on Int(o),
so in fact the affine structure extends across points of A’ N Int(o). Thus we can

replace A’ with
A'N U T.

TEL

dim r=dim Z2—2

For example, let
2y = Conv{(—1,—1,-1),(3,-1,-1),(=1,3,—1),(—=1,—1,3)}.
3In the case we will focus on in this book, dim B = 2, this compatibility condition is in fact

trivial, since, provided v # w, 7 is dimension one or two and there are not many choices for zero
or one-dimensional fans! So, for the most part, the reader can ignore this condition.
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Then choose &’ so that each edge of & is subdivided into four line segments of
affine length 1, as in Figure 17. Then A’ consists of 24 points, one in the interior
of each of these line segments.

We can repeat this in higher dimension, say taking

25 = Conv{(—1,—1,-1,—1),(4,—1,—-1,-1),...,(=1,-1,—1,4)}.

Suppose £’ is chosen so that each 2-face of = is triangulated by &£’ as in Figure
18. Then A’ restricted to such a two-face is depicted in Figure 19.

So far, these examples are all integral tropical manifolds. To obtain examples
which are not integral, one can deform one of the above examples continuously.
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(1,d—1)

(-1,-1) (0,-1)

(1,0)

FIGURE 20. (B, Z) is shown on the left, with the embedding in
R? shown giving the correct affine structures on o and oo. The
fan structures S, and S, depicted then turn (B, &) into a tropical
manifold.
Suppose =/ C My is a deformation of = which has the same normal fan. For
example, Z; and =5 can just be rescaled, but

E3 = {(x,y,z)| -1 éxvywzé 1}
can be deformed to
25 ={(z,y,2)| —a<z<a,-b<y<b-c<z<c}

As before, take the polyhedral decomposition &2’ of B’ = 9=’ to consist of all
proper faces of 2. Then, for each vertex v’ € &’ corresponding to a vertex v of Z,
define a fan structure S,/ : W, — Mg /Ruv via

Sy(m)=m —1v" mod Ru.

One checks easily again that this defines a fan structure, and hence a tropical
manifold (B’, &') which is not, in general, integral, as the elements of &2’ are not
lattice polytopes.

These are all special cases of much more general constructions given in [40, 54,
55]. The Batyrev-Borisov [7] construction, in particular, for complete intersection
Calabi-Yau varieties in toric varieties yields vast numbers of examples, as discussed
in [40, 55].

(4) In Chapter 6, we will focus largely on the two-dimensional case. In this
case, the classification of singularities which may occur in tropical manifolds is
particularly straightforward. We now give a simple model for the singularities
which can occur.

Consider (B, £) as depicted in Figure 20, with two maximal cells o7, 02 and
one one-dimensional cell 7 = g1 N 09, and four vertices, including v = (0,0) and
v" = (0,1), as depicted. The picture gives the affine structures on o, and o2, and
to specify the full affine structure we need to specify fan structures at the vertices
v and v/, which are shown on the right in Figure 20. We note that we are violating
the condition that |¥,/| be convex, if d > 2, but this can be rectified by embedding
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(0,1) (0,1)
(-1,0) (0,0) (1,0) (-1,0) (0,0)
U U’
FIGURE 21

this local example in a larger B. One can think of the induced affine structure as
coming from two charts on a cover of By = B\ A consisting of the open sets

U = B\{(0,z) e Blz>1/2}
U = B\{(0,z) e Blz<1/2}.

Figure 21 then shows the embeddings of U and U’ into R?. The best way to describe
the singularity is to describe the monodromy of the local system A around, say, a
counterclockwise loop v : [0, 1] — By about A. Suppose ¥(0) is a point right below
A. Using the chart on U, we identify the integral tangent vectors at v(0) with
72 C R?, the latter being the tangent space of the chart on U. We then move into
o9 along v, and to cross back into o above A we need to switch to the chart on U’,
which requires applying on oy the linear transformation (}9); this acts the same
way on tangent vectors. We can then complete our loop 7 through U’, and switching
back to U requires no further change of coordinates. Hence the monodromy of A
around 7 is given in the standard basis by (}9).

In fact, this example describes the local structures of all possible singularities
which can occur in two-dimensional tropical manifolds.

An important feature of these singularities is that tangent vectors to the edge
containing the singularity are left invariant by monodromy.

1.5. The discrete Legendre transform

We now wish to generalize the discrete Legendre transform that we saw in §1.1
to tropical manifolds. As we shall describe in Chapter 6, the motivation for this is
that the discrete Legendre transform in fact describes a form of mirror symmetry.
This section may be skipped on a first reading.

To define the discrete Legendre transform, we first need to generalize the notion
of a convex piecewise linear function. Even if there are no singularities, a tropical
manifold B may carry no convex functions, e.g., B = Mg/I' a torus. Instead, we
use multi-valued functions.
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To begin, we need

DEFINITION 1.29. A function f: Mr — R is affine linear if it is of the form
m — (n,m) + b for some n € Ng, b € R. It is integral affine linear if n € N, b € Z.

DEeFINITION 1.30. If B is an affine manifold, an affine linear function f: B —
R is a continuous function given on a coordinate chart ; : U; — My by the
composition of ¥; with an affine linear function Mr — R. Furthermore, if B is
integral, we say f : B — R is integral affine if it is locally given by Mr — R
integral affine linear.

If (B, 2) is an (integral) tropical manifold, an (integral) affine function on an
open set U C B is a continuous map ¢ : U — R that is (integral) affine on U \ A.

An (integral) PL function on U is a continuous map ¢ : U — R such that if
Sy : U, — R¥ is the fan structure along 7 € 2, then

(]-4) SD|UﬁU.r = >\+()0TOSTa

where

pr |8 =R
is an (integral) PL function on the fan ¥, determined by the fan structure S; along
7, and A is (integral) affine linear.

Denote by Aff(B,R) the sheaf of affine linear functions on B (and denote by
Aff (B, 7Z) the sheaf of integral affine linear functions if B is integral), and similarly
by PL#»(B,R) (or PL»(B,Z)) the sheaf of (integral) PL functions.

A multi-valued (integral) PL function is a section of PLs(B,R)/Aff(B,R)
(respectively PL&» (B, Z)/Aff (B,Z)). In other words, it is a collection {(U;,;)}
of PL functions with ¢; — ¢; affine linear on U; N U;.

We say a multi-valued PL function on U is conwvez if it is locally represented
on UNU,; by ¢, oS, with ¢, a strictly convex function.

We can now generalize the discrete Legendre transform given in §1.1. Given
a triple (B, Z, ), where (B, £) is a tropical manifold and ¢ is a multi-valued
strictly convex PL function on B, we will define the discrete Legendre transform of
(B, 2,¢), denoted by (B, 2, ¢).

For any 7 € &, we have a representative ¢, : |[£;| — R of ¢ as in (1.4), and
set 7 := A, , the Newton polyhedron of ¢,. If 7 C o for 7,0 € &, then X, is the
quotient fan of X by the cone in ¥, corresponding to o and, up to a linear map,
Yo 1 |Xe| — R is induced by ¢, : [3;] — R as in Definition 1.10. Hence & can be
identified with a face of 7.

This gives us the pair (B, &), where & = {5|c € 2}, and B is obtained by
identifying 71 and 7y along the common face & if 0 € & is the smallest cell of &
containing 7 and 7».

It is easy to see B constructed in this way is a topological manifold, with & the
dual polyhedral complex to &, and in fact B\ B and B \ 9B are homeomorphic.

To complete the description of (B, 2, @), we need to define the fan structure
on (B, #) and the function .

For 0 € Pax, 0 is a vertex of P , and let 3, denote the normal fan (Definition
1.9) to 0. The cones of ¥, are in one-to-one inclusion reversing correspondence with
faces of o, and for 7 C o the tangent wedge (Definition 1.9) to 7 at & is N, (7).
Thus there is a natural fan structure

S& : Ug, —>N]R.
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Ipdeed, locally Us N7 looks like the tangent wedge to 7 at &, which is identiﬁefi via
Ss with the normal cone N, (7). Finally, we define ¢ by taking ¢, on X7 = ¥, to
be the function induced by 7 as in Definition 1.9.

EXAMPLES 1.31. (1) Let B = 0 C My be a strictly convex rational polyhedral
cone, & the set of faces of o, and ¢ = 0. Then B is simply the dual cone

o :={n € Ng|{n,m) >0 for all m € o}

and ¢ = 0.
(2) Let B C Mg be a polyhedron, & its set of faces, ¢ = 0. Then & is the
normal fan to B in Ng, B is the support of the normal fan, and

@(n) := —inf{(n,m) | m € B}

is the PL function on the normal fan induced by B, as in Definition 1.9.

(3) Let B C N be a (compact) polytope, & a polyhedral decomposition of B,
@ a strictly convex PL function on B. Then B = Mg, and (B, 2, @) agrees with
the discrete Legendre transform defined in §1.1, up to a change of sign of ¢.

(4) Let = C Mg be a reflexive polytope, B = 9=, & the set of proper faces
of B, so the construction of Example 1.28, (3), yields an integral tropical manifold
(B, Z). Define ¢ as follows. First, let ¥ be the fan defined by ¥ = {R>¢0 |0 € £}.
The fact that = is reflexive implies there is a strictly convex integral PL function
1+ |X| — R which takes the value 1 on each vertex of Z. For 7 € &, choose n, € N
such that n, = 9|, on 7, and define ¢, on the quotient fan X(R>o7) to be defined
by the function induced by ¢ — n,, as in Definition 1.10. From the way the fan
structure was defined on B, 3(Rx>(7) is precisely the fan X, associated to 7 € 2.
Hence the collection of PL functions {¢, |7 € 2} defines a convex multi-valued
integral PL function on B.

As an exercise in the definitions, check that (B, 22, ¢) is the integral tropical
manifold defined by the same construction using the dual reflexive polytope =*.

(5) Consider the surface depicted in Figure 22. This figure depicts a surface
B which is the union of three two-dimensional simplices, each isomorphic to the
standard two-simplex. Furthermore, there is one point of the discriminant locus
along each interior edge. The figure shows an open subset of B obtained by removing
the dotted lines along the edges. This open set is embedded in R? as depicted
by an affine coordinate chart. In this embedding, the vertices are vg = (0,0),
vy = (1,0), v2 = (0,1) and v = (—1, —1). This embedding defines a fan structure
at the internal vertex, and we give fan structures at the three boundary vertices as
depicted. As a result, the boundary is actually a straight line in the affine structure.
This gives B and &2, and in addition, we can choose a strictly convex PL function
. On the open set depicted in the figure, ¢ will be given by (0,0) on the upper
right-hand triangle, (—1,0) on the left-hand triangle, and (0, —1) on the lower left-
hand triangle. In other words, ¢ is completely determined by the fact that it is
zero at all vertices, except for the vertex vs, where ¢ is 1.

What is the discrete Legendre transform of (B, 22,¢)? First, the Newton
polytope of ¢ at vy is the standard simplex, and the Newton polyhedra of ¢ at
v1,v2 and vs are all isomorphic to [0,1] x [0,00). This gives a picture roughly as
in Figure 23. That figure is misleading though: all three unbounded edges are in
fact parallel! Furthermore, the fan structure at each vertex is the normal fan to
the standard simplex, i.e., the fan for P2. This gives us B and £. Finally, p can
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FIGURE 22

FIGURE 23

still be taken to be single-valued, taking the value 0 on the compact maximal cell,
and on each unbounded cell [0, 1] x [0, +00), ¢ is just the second coordinate in this
representation.

One can in fact compute the monodromy of A around the three singular points
of B, and one finds at each point that it is given by (19) in a suitable basis. As
a result, it is actually possible to pull apart each singular point into three singular
points, each with monodromy (1 9), as in Figure 24. We will use this deformation
as an example in the next section.

1.6. Tropical curves on tropical surfaces

Briefly we show how to define tropical curves on two-dimensional tropical man-
ifolds. The reason for restricting to dimension two is that it is not yet clear what
the correct definitions in higher dimensions should be.

So fix a tropical manifold (B, 22) with dim B = 2. Let I be a connected graph
(0]

with no bivalent vertices. Let T',]

be a subset of the set of univalent vertices (in
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FIGURE 24

distinction from §1.3, where f([i] denoted the set of all univalent vertices). Let
r=r\ fg. In addition, assume I' has a weighting w : ™o

We will not bother with marked tropical curves here; one can fill in the details
for this if the reader wishes. So we assume all weights are positive.

In what follows, recall that with By := B\ A, By \ 9By is an honest tropical
affine manifold, and hence carries a local system A. Let i : By \ 0By — B be
the inclusion. We will use below the sheaf i,A. For U a contractible open set
in By, T'(U,i.A) = Z2, i.e., i.A is locally constant on By. But if U is a small
neighbourhood of a point of A, and the affine structure can’t be extended across
this point, then

(1.5) T(U,iA) 27,

the monodromy invariant part of the local system on U. Here, recall that the
monodromy around A takes the form (} ) for some d > 0 in a suitable basis.

DEFINITION 1.32. A continuous map h : I' — B is a parameterized tropical
curve if it is proper and satisfies the following two conditions:
(1) For each edge E of ', h|g is an immersion (the image can self-intersect).
Furthermore, there is a section u € TI'(E,h~1(i,A)) which is tangent to
every point of h(E).
(2) For every vertex V of ', let E1, ..., E,, € Tl be the edges adjacent to
V. It h(V) € A, there is no further condition. Otherwise, let uq, ..., Uy,
be integral tangent vectors at h(V), i.e., elements of the stalk (i.A)nev),
with u; primitive, tangent to h(F;), and pointing away from h(V'). Then

Z w(Ej)uj =0.

Jj=1

Let’s clarify what these conditions mean. (1) tells us that locally h(E) is a line
of rational slope; this is a well-defined notion in a tropical affine manifold. However,
if h(E) contains a point of A with non-trivial monodromy, the tangent direction to
h(E) near this point is completely determined, by (1.5). In other words, there is a
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Ficure 25. The darker lines give a tropical curve.

unique invariant direction at each point of A, and h(E) must be tangent to that
direction. Note that, in the analysis of two-dimensional singularities given in §1.4,
this invariant direction is precisely the direction of the edge of &2 passing through
the point of A.

The second condition tells us that, besides the usual balancing condition, we
can have edges terminating at singular points. Even if an edge terminates at a
singular point, however, it still must be tangent to the invariant direction at the
singular point.

EXAMPLE 1.33. Consider the surface B given in Example 1.31, (5), or rather,
the variant with 9 singular points rather than 3. Figure 25 shows a tropical curve.
In fact, there are 27 such tropical curves: three choices of unbounded edge, and 32
choices for the endpoints. In Example 6.2, we shall see that this surface corresponds
to the cubic surface in P3. Morally, these tropical curves correspond to the 27 lines
on the cubic surface.

1.7. References and further reading

The material of §1.1 largely follows the more in depth introductory paper [96].
Standard references for fans are the books on toric varieties by Fulton [27] and Oda
[87]. The material on parameterized tropical curves originates in Mikhalkin’s work
[80]. See also the book of Itenberg, Mikhalkin and Shustin, [62]. The material on
affine manifolds with singularities and the discrete Legendre transform forms part
of the Gross-Siebert program: see [48], [47], [49] and [41].



CHAPTER 2

The A- and B-models

Our goal in this chapter is to explain the A- and B-models involved in the
mirror symmetry story as needed for this book. The topics covered here are rather
selective. The A-model is concerned with Gromov-Witten invariants. We shall be
extremely brief about the definition of Gromov-Witten invariants, which have been
examined thoroughly in other texts. On the other hand, we shall discuss in detail
some of the structures produced by Gromov-Witten invariants, such as the notion of
semi-infinite variations of Hodge structure. The B-model is concerned with period
integrals. For the B-model, we shall ignore completely the Calabi-Yau case, which
the reader can find discussed in many sources, including [43]. Instead, we focus on
the case we shall be largely interested in here, the case of Fano manifolds. Again,
in this case, the relevant structures are semi-infinite variations of Hodge structure.

2.1. The A-model

2.1.1. Stable maps and Gromov-Witten invariants. Let’s begin with the
basic definitions:

DEFINITION 2.1. A stable n-pointed curve is data (C,x1,...,x,) where C is a
(possibly reducible) proper reduced connected algebraic curve over an algebraically
closed field with only nodes as singularities, and z1,...,x, € C are distinct points
which do not coincide with any of the nodes. Furthermore, the automorphism
group of (C,z1,...,x,) must be finite. Here, an automorphism of (C,z1,...,x,)
means an automorphism ¢ : C' — C satisfying ¢(x;) = x;. The genus of C' is the
arithmetic genus of C. An isomorphism of n-pointed curves (C,z1,...,z,) and
(C' 2l ..., 2)) is an isomorphism ¢ : C' — C" with ¢(x;) = .

We note that (C,z1,...,z,) having a finite automorphism group can be char-
acterized as follows. Let v : ¢ — C be the normalization of C, and call a point
of C distinguished if it either maps via v to a node or to one of the marked points
Z1,...,Z,. Then the condition that (C,x1,...,x,) has a finite automorphism group
is equivalent to every component of C of genus zero having at least 3 distinguished
points, and every component of C' of genus one having at least 1 distinguished
point.

A famous result of Deligne and Mumford [19] is that the moduli space M, ,
of n-pointed stable curves is an irreducible proper smooth Deligne-Mumford stack..

This phrase requires some discussion. We will take the attitude towards stacks
exhibited in [56], pages 139-149. In other words, we won’t give the definition of
a stack, and simply will try not to worry too much about this gap. However, the
basic point is as follows. In an ideal world, ﬂg,n would be a fine moduli space,
i.e., would be a scheme representing the functor from the category of schemes to
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34 2. THE A- AND B-MODELS

the category of sets given by

isomorphism classes of flat families C — S with sections
S+ 19 oy,...,00:S — C such that (Cs,01(8),...,0,(5)) is a stable

n-pointed genus g curve for every geometric point § of S
Thus Hom(S, M, ) would coincide with the set of isomorphism classes of such
flat families over S. In particular, there would be a universal family of stable
n-pointed curves over Mg,n, corresponding to the identity in Hom(mg,n,mg,n).
However, it is well-known that no such universal family exists due to the existence
of automorphisms of curves: the automorphism group of a stable curve is finite,
but need not be trivial. As a result, one needs to enlarge the category of schemes
so that the moduli functor becomes representable. This is done using the category
of algebraic stacks. A smooth Deligne-Mumford stack can be viewed as an algebro-
geometric object which is an orbifold, i.e., a scheme which is locally the quotient
of a smooth scheme by a finite group, but we remember this local description. We
can still talk about such things as Chow groups (or cohomology groups if we are
working over C with the usual topology) and intersection products, but these are
at best defined over Q.

In particular, it is worth emphasizing the point that intersection numbers are
only defined over Q. Indeed, if locally we can describe a smooth Deligne-Mumford
stack as X /G, with X smooth, then informally, if Z;, Z5 C X /G are two subschemes
of complementary dimension meeting in a zero-dimensional subscheme, we define
the intersection number of Zy and Z at P € Z1 N Z5 as ‘—(1;‘ ZQe-rr—l(P) 1Q, where
7 : X — X/G is the projection and ig denotes the intersection multiplicity of
7~YZ1) and 771(Z3) at Q.

For example, consider X = P2, G = Z,, with Zy acting by

(xv Y, Z) = (—{E, Y, Z)
We can view X/G as a smooth Deligne-Mumford stack. Let D; and Dy be the
images of the lines Ly and Ly given by x =0 and y =0 in X/G. If 7: X — X/G
denotes the projection, we then have
1 1
Dy-Dy==L1-Ly=—.
1 e=gli-le =g
With this in mind, given a smooth Deligne-Mumford stack X, we obtain A@(X),
the codimension i Chow group with rational coefficients, along with intersection
products ‘ o
AH(X) x AL(X) — AG7 (X),
giving a ring structure on Ag(X).
Similarly, if we work over C, in the usual topology, the rational cohomology
ring H*(X,Q) makes sense, along with cup products

H'(X,Q) x H(X,Q) — H (X, Q).
We shall usually work in this latter context.

EXAMPLES 2.2. My, is empty for n < 2, and for n = 3 is just a point. In
fact, Mo,n is always a scheme, because n-pointed rational curves with n > 3 have
no automorphisms.

Ho,zx is isomorphic to P!, which we see as follows. Given (P!, 21, 2,23, 74),
there is a unique element of PGL(2) taking 1 to 0, 22 to 1, and x3 to co. Then
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x4 € P\ {0, 1,00} determines the isomorphism class of (P!, x1, 22,23, 24). (This is
just the classical cross-ratio). Thus M 4, the open subset of WOA corresponding to
non-singular curves, is isomorphic to P!\ {0, 1, 00}. The points 0, 1, co correspond
to stable but singular curves depicted in Figure 1.

Note that the universal family over Mg 4 = P! is obtained by taking the family
P! x P! — P! given by projection onto the second component, and taking the
sections {0} x P!, {1} x P! and {co} x P! and the diagonal section as o1,...,04
respectively. We then blow up the three points where o, intersects one of the other
three sections.

Traditionally, one views this as saying that as x4 approaches one of the other
three marked points, we have to bubble off a copy of P! to maintain the distinctness
of the marked points.

M; 1 can be identified with the j-line, but not as a scheme. Every pointed
elliptic curve has an automorphism given by negation, and elliptic curves with j-
invariant 0 and 1 have larger automorphism groups. Thus even points other than
j =0and 7 = 1 have to be viewed as stacky points, locally of the form U/Zs, where
Zo acts trivially on U!

In general, dim M, , = 3g — 3 + n.

Next, we consider stable maps.
DEFINITION 2.3. Let X be a variety. A stable n-pointed map to X is a map
f:(Coxy, ... xp) — X

such that C'is a proper connected reduced nodal algebraic curve, x1, ..., x, € C are
distinct points not coinciding with any nodes of C', such that f has a finite automor-
phism group. Here an automorphism of f is an automorphism ¢ of (C,x1,...,x,)
such that fop = f.

Note that the finiteness of the automorphism group of f is equivalent to the
statement that every component of the normalization of C' on which f is constant
has at least three distinguished points if it is genus zero and at least one distin-
guished point if it is genus one.

If € Ho(X,Z), we say f represents § if f.([C]) = 3, where [C] € Hy(C,Z) is
the fundamental class. (If we are not working over the field C, we can replace Ho
with the dimension one Chow group).
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Two stable maps f : (C,x1,...,2,) — X, [ (C',2],...,2),) — X are viewed
as being isomorphic if there is an isomorphism ¢ : (C, 21, ..., x,) — (C' 2}, ..., 2)
with p(a;) = 2%, and fop = f.

As before, we can ask whether the moduli functor

isomorphism classes of flat families C — S with sections
S 01y...,0p S — C and a morphism f:C — X
such that f: (Cs,01(3),...,0n(5)) — X is a stable map
of genus g representing (3 for every geometric point 5 of S
is representable. It is not in general representable by a scheme, nor even by a
smooth Deligne-Mumford stack. However, it is a proper Deligne-Mumford stack
[9]. This will make life more difficult for us. We write the stack of n-pointed stable
maps of genus g representing a class 3 € Ho(X,Z) as My (X, 3).
Let us also remark here that properness can be tested using the valuative
criterion, which boils down to the following basic fact, known as stable reduction.
See [28], §4.2 for a proof.

PROPOSITION 2.4. Let S be a non-singular curve over k, with s € S a point.
Let U = S\ {s}. Suppose we have a family of stable maps f : (Cy,01,...,05) = X
over U. Then there is an open neighbourhood V' of s, a finite map 7 : V' — V with
V' a non-singular curve and a point s’ € V' such that

(1) if U =V'\{s'}, wlu: is étale;
(2) Let Cyr := Cy xy U'. This gives a pull-back family of stable maps ' :
(Curyol,...,00) — X given by the composition Cyr — Cy——X. Then

1! extends to a family of stable maps (Cy, 07, ...,00,) — X over V'.

EXAMPLES 2.5. Consider the target space X = P2, [(] € Ho(X,Z) the homology
class of a line. Then Mo (X, [/]) is of course (P?)*, the dual of P2. On the other
hand, M (X, [f]) is the incidence correspondence I C P? x (P?)*, with

I={(z,0)|z €t}

Mo 0(X,2[f]) is a bit more complicated. There are four types of stable maps in
this moduli space. First, the domain C of f may be irreducible, with f(C') a conic,
or C' may be a union of two lines, with f(C') a reducible conic. Next, f could be a
double cover of a line ¢ C P?, with the domain either irreducible or reducible. In
these two double cover cases, f has a non-trivial automorphism of order 2, and so
these points are stacky points in My o(P?,2[¢]).

Next consider M (P2, [f]). There are no maps from an elliptic curve to P2
representing the class [¢], so at first glance this moduli space would appear to be
empty. However, we have maps f with domain C' = C; U Oy where C; is a P! and
(5 is either an elliptic curve or a nodal rational curve attached to C; at one point.
Furthermore f embeds Cy as a line and is constant on Cs. Since this requires both
the choice of the image of C in P? and the choice of the points on C; and Cy where
C4 and C5 meet, we see that

M o(P%[4]) = Mo (P2 [4]) x M.
O

We will not go into much detail here, but a standard consequence of deformation
theory tells us that these moduli spaces have an expected dimension. This expected
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dimension arises because given a stable map f with domain an n-pointed curve of
genus ¢, one can compute two spaces, Tf1 and sz, where T} is the tangent space to

[f] € My.n(X,3) and TJE is an obstruction space, which roughly means that locally
M, (X, B) is cut out by dim TJ% equations in T}. This means that the dimension
of a small open neighbourhood of [f] in M, (X, 3) lies between

dim Tf1 — dim TJ% and dim Tfl.

The number dim Tf1 — dim T]? is the expected, or virtual, dimension of ﬂgm (X, 0),
and can be computed using Riemann-Roch, giving the formula

dim T} — dim 77 = n + (dime X — 3)(1 — g) + / c1(Tx).
B
For example, the virtual dimension of Mo o(P?, d[(]) is 3d—1, as ¢1(Tp2) = 3[(]. This
is indeed the correct dimension, and in this case Mo o(P2, d[¢]) is a smooth Deligne-
Mumford stack. On the other hand, the expected dimension of M; o(IP2,[(]) is 3,
while we saw that in fact dim M o(P2,[¢]) = 4. So in fact, these moduli spaces
need not be the expected dimension. More generally, they need not be smooth.

This presents a serious problem for what we want to do. For example, if the
goal is to count the number of curves of genus g representing the class ( in a Calabi-
Yau threefold, (so ¢1(7x) = 0), the expected dimension is zero, and so if the moduli
space ﬂg,o(X ,3) is non-singular of dimension zero, we can just count the number
of points in this moduli space. However, we can’t expect this to happen all the
time.

Historically, there are two approaches to solving this problem. One is to deform
the complex structure on the tangent space X to a generic almost complex structure,
for which these moduli spaces tend to be better behaved. This approach was
pioneered by Ruan [100] and Ruan-Tian [101]. However, this approach takes
us into the realm of symplectic geometry. The alternative approach involves the
construction of a virtual fundamental class, pioneered by Behrend-Fantechi [8] and
Li-Tian [74]. Since our goal is to summarize results here, we only give the outcome
of the construction, namely a so-called virtual fundamental class

Mg, n(X, B)]"" € Aa(Mgn(X, ) ® Q

(or in Hoq(My,(X),Q)), where d is the virtual dimension of M, (X, 3).
We can use this class to define Gromov-Witten invariants. There are natural
maps

evit Mg (X, 08) = X

with, for f : (C,x1,...,2,) — X a stable map, ev;([f]) = f(z;). Putting these
together gives

ev=-evy X - Xevy,: My, (X,p) — X"

For classes a1,...,a, € H*(X,Q), 8 € Ha(X,Z), we define the Gromov-Witten
nvariant

<O[1,...,Oén>g’ﬁ:/7 evi(ag X -+ X ap) € Q.
(Mg, (X,B)]V

Here by the integral we mean we are evaluating a cohomology class on a homology
class. This can also be performed with Chow groups if preferred. Note that if
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a; € H%(X,Q) (we write this by saying dega; = d;), then this integral is zero
n

unless twice the virtual dimension of M, (X, 3) is equal to Y 1" | d;, i.e.,

(2.1) 2(n+(dim(cX—?))(l—g)—i—/ﬂcl(TX)) :zn:di.

Intuitively, Gromov-Witten invariants can be thought of as follows. Fixing sub-
manifolds Y7,...,Y, of X whose Poincaré dual cohomology classes are as, ..., qn,
this Gromov-Witten invariant should be thought of as the number of curves of
homology class § and genus ¢ in X which pass through Yi,...,Y,. This is sub-
ject to the interpretation given above, i.e., by a curve we mean a stable map, and
as regards number, we need to use the virtual fundamental class to get an actual
number. Finally, in general, these numbers are only rational, and need not be
positive.

There is one variant of Gromov-Witten invariants which we shall need in the
sequel, namely the so-called gravitational descendent invariants. On ﬂg,n (X, 0),
there are natural line bundles £;, i = 1,. .., n, whose fibre at a point [(C, z1, ..., 2,)]
is the cotangent line m,, /m2 , where m,, C Oc,,, is the maximal ideal. Let

d}i = Cl('ci) € Hz(ﬂg,n()g ﬂ)7 @)
Then for classes a1, ...,a, € H*(X,Q), 8 € Ha(X,Z), descendent Gromov-Witten
invariants are defined by

(WP aq, ..., Y0P o) g8 :/ PP U UYEr Uev(ag X - X ap) € Q.

[Myg,n (X,8)]V

Note that if deg c; = d;, this is zero unless twice the virtual dimension of M, ,, (X, 3)
isequal to Y1 di + > i, 2pi, e,

22)  2(n+ (dime X — 3)(1 —g>+/ﬁcl(Tx>) = > di+ Y2

EXAMPLE 2.6. The example we shall focus on in this book is X = P? and
g =0, and in this case M, (P2, d[{]) is a smooth Deligne-Mumford stack for d > 0
(and n > 3 if d = 0) of the expected dimension. Omne can in fact show that if
we take ay,...,q, € H*(X,Q) to be the Poincaré dual class [pt] of a point, then
(a1,...,an)o,q in fact coincides with the number of rational curves of degree d
passing through general points Py, ..., P, € P2 when this number is expected to be
finite, which is precisely the case, using (2.1), if n — 1 4 3d = 2n, i.e., n = 3d — 1.
So, for example,

(Ipt], [ptho,ig = 1,

since there is one line through two points, and

([pt]*)o,21 == ([pt], [pt], [Pt], [Dt], [Pt])0,21 = 1,

as there is again one conic passing through 5 points in P?. Next

([pt]®)0,319 = 12,

using the well-known fact that 8 general points in P? are contained in a pencil
of cubic curves, and a general pencil of plane cubics contains 12 singular, hence
rational, cubics.
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In this case, we always obtain integers; there are no stacky phenomena here.
Essentially, the point is that, in this case, only curves involving multiple covers
contribute to stacky phenomena, and there are no such curves passing through a
general set of points. However, this is not the case with descendent invariants; for
example, it can be shown that

1
(¥ [pt])o,2g = 3
(See Example 5.17.)

We will list here the most important properties of Gromov-Witten invariants
and descendent Gromov-Witten invariants here, without proof. See for example
[28] and [18] for more details.

For Gromov-Witten invariants, we have:

The Fundamental Class Aziom. If n+2g > 4 or f # 0 and n > 1, and
[X] € H°(X,Q) is the fundamental class of X, then

<0[1, sy On—1, [X]>9w3 =0.
The Divisor Aziom. If n+2g > 4 or # # 0and n > 1, and o, € H*(X,Q),

then
(Q1,..., Q)3 = (/ ozn> (a1, ..., n—1)g.3-
B
The Point Mapping Axiom. For ¢ =0, =0,

<a17"'7an>0,0 = {

Descendent Gromov-Witten invariants satisfy generalizations of these axioms,
and some new ones. In particular, we have:
The Fundamental Class Axiom. If n4+2g >4 or # 0 and n > 1, then

JyaiUaUas ifn=3,
0 otherwise.

n—1
<¢p10417 SRR wpnilan—la [X]>g,/3 = Z<¢p1041a s awpiilaia s awpnilan—lxq,ﬂv
i=1
where the invariant on the right is taken to be zero if ¢ appears with a negative
power.
The Divisor Aziom. If n+2g >4 or f# 0and n > 1, and o, € H*(X,Q),
then

(WProq, ..., YP " tam 1, an)g 8

n—1
+ Z(dﬂ“al, ca P g U)o P g g 8,
i=1
with the same caveat if a power of 1 is negative.
The Point Mapping Axziom. If n < 3, then
<¢”1a15 o awunan>0,0 =0

unlessn =3 and v =--- =v, = 0.
The Dilaton Aziom.

<¢[X]’ d}plalv R ﬂ/)p"an>g,,8 = (29 -2 + n)<¢p1a17 R 7wpnan>g,,8~
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2.1.2. Quantum cohomology. One significant insight which came out of
string theory (see [112], [110]) is that Gromov-Witten invariants can be used to
perturb the usual cup product in cohomology. The fact that this new product, called
the quantum product, remains associative then gives strong restrictions on Gromov-
Witten invariants, in particular giving a complete determination of Gromov-Witten
invariants for P2.

We first define the Gromov-Witten potential of X as follows. Choose a basis
To, ..., Ty, of H*(X,C). We will always use the convention that Ty € H(X, C) is
the fundamental class of X and T1,..., T}, generate H*(X,C). Let v = >1" , v T;.
Then we define the Gromov-Witten potential as

o0
1
¢ = Z Z H<7n>0ﬂ-

n=0 Be Hy(X,Z)
Here (Y")o.38 = (V,.--,7)0,3, with « taken n times. So for a given n and (3, we
obtain a term which is a sum of monomials in yg, ...,y of degree n. If, for a
given n, there are only a finite number of 3 such that (y™")o g is non-zero, then
® € Clyo,-- -, Yym], the ring of formal power series in yo, ..., Y. This holds, for
example, in the Fano case, i.e, ¢1(7x) is ample, as follows from (2.1). In the non-
Fano case, it is sometimes necessary instead to work over a Novikov ring, but we
shall not do so here. As a result, in this case we can consider ® as a function on a
formal neighbourhood of 0 € H*(X, C).

In the case that X has non-trivial cohomology in odd degree, there is some sub-
tlety in the definition of ®, since T; UT; = (—1)dceTitdeeTi T, Y T;. This essentially
forces us to view H*(X,C) as a supermanifold. Assume that each T; has some
definite degree, i.e., T; € H%(X,C), with degT; = d;. Then from the definition of
Gromov-Witten invariants, we have

deg T;+deg T}
<---;T%7Tj;--->g,ﬂ:(_1) egTitdeg ]<---7Tj7n7--->g,ﬂ-
If, with v = E;":‘O y; T;, we take the coordinates y; to be supercommuting, i.e.,
Yyiy; = (_1)(1egT,;+degTj Yivi, leJ _ (_l)degT¢+degTjiji’

then y;7; and y;1; commute for all ¢,j. So ® should be viewed as a function of
supercommuting variables, and this commutation rule has to be applied uniformly.
Since our main interest here is X = P? where there is no odd cohomology, we
will often restrict to the case of X having only even cohomology to avoid excessive
worries about signs.

Using @, we define the (big) quantum cohomology of X as the ring’

H*(X7(C[[y05 s aym]])a
with product given on generators by
T; * Tj = Z(ayz allj 8yk (I))Tk7
k

where T°,...,T™ is the Poincaré dual basis to Tp,...,T},. It is often useful to
define g% to be the inverse matrix to

gij:/ T; UTy,
X

1n the next section, we will redefine quantum cohomology as a family of products on the
tangent bundle of a certain manifold.
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so that T" = 3" g¥ T}, and
T;«Tj = (9y,0y,0y,8)g" Ty
a,k

It is not obvious that this product is associative; that it is associative is a
fundamental observation and can be proved from additional properties of Gromov-
Witten invariants. By writing out the equality

according to the definition above, one obtains the WDVV equation

Z (0y, 0y, 0y, (I))gab (Oy, Oy, Oy, P)
a,b
= (—1)leeTildeeTitdes T Y 2(9,,0,,0,,9)9" (9y,0,,0,,P),
a,b

a system of partial differential equations.

We shall not prove associativity here as this is covered in many basic references
on quantum cohomology, see e.g., [28]. Instead, following [28], let’s investigate a
standard consequence of the WDVV equation, especially with regards to Gromov-
Witten invariants for P2,

First consider % (") 5 for 3 = 0. By the Point Mapping Axiom, this is zero

n!
except for n = 3, and then

1 —_—
3! 3 )y

which is purely classical information. So split ¢ as

(r*Yo,0 YUy Un,

d = (I)C]assical + (I)quantum

(I)quantum = Z Z %<7n>05

n>0 BEHL(X,Z)
370

with

and (I)C]assical satisfies
8Z/i 8?/_7‘ 8yk D lassical = / T, U Tj U Tk,
X

and hence gives a contribution to 7T} * T of

Z(/ TiUTjUTk)Tk:TiUTj7
X

k

i.e., the classical cup product. Recalling that we are taking T to be the fundamental
class of X and T1,..., T, generators of H?(X,C), we can write, for 3 # 0,

i< "o,s = Z e(n nm) (T4 Tpm) Yoo o U
n"Y 0,86 — 0y «--rltm 0 »--rdm O,ﬁnO!_”nm!a
70,0 Tm >0
> nj=n
where the sign €(ng, ..., n,;,) is determined by the supercommutation relation

(W0T0)"™ -+ (ymTom)"™ = €(n0, -, ) T5"" - Ty -y
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The Fundamental Class Axiom tells us that there is a non-zero contribution in the
above sum only if ng = 0, and then the Divisor Axiom yields

> %W%ﬂ

n>0
= Z 6(0’n1’~~"nm) (H_l <yi/Ti) ) <T;—ﬁ-1*—17""Trrrle>0,ﬁ'
N1y, >0 i=1 i 8
Tp+1 m
(2.3) et Y

np+1! N nm'
= Z 6(05 . '7Oanp+17 .. anm)<T;L+p1rl? s 7T':"lbm>075'

Npt1yeeeyNm >0
P Mp+1 N,
(flonsn) e
=1

np+1'nm'

Let us write this down for P?, where Ty, T, T> are the cohomology classes of
P2, a line, and a point respectively. We have

3d—1
_ y, Y
(I)quantum(y07 Y1,Y2) = Z<T23d 1>0,d[€] et (3d2— 1! :

d>0

Letting Iy = 0y, 0y, 0y, Pquantum, We obtain the following description of the quan-
tum product:

ToxT; = 1T;

Ty *Th Ty + 1111y + 12Ty
Ty % Ty 12171 + IM'122Tp
ToxTy = Tao1T1 + I'agaTo

with

3 /m3d—1 4 B!
r = E d>{Ty" s
111 < ( 2 >0,d[e]€ (3d — 1)!
2 /m3d—1 4y B2
r = E d“{Ty"" s
112 < ( 2 >0,d[e]€ (3d — 2)!
3d—1 d ygdﬂg
F = d T4 Y1
122 d§21 ( 2 >0,d[e]€ (3d — 3)!
3d—1 g W
F = T - yli.
222 dé; 2 >0,d[e]€ (3d — 4)!

2 2
Keeping in mind that ®eassical = % + y02y L the WDVV equation with ¢ =j =1

and k = [ = 2 gives us 'aga + 1110192 = '35, or

2
Tage = I'{15 — T'111l120.
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Comparing the coefficient of ygd_4 on the left- and right-hand sides of this last
equation gives us the Vafa-Intriligator formula (first appearing in [60])

<T23d_1>07d[€] — Z <T23d1_1>0,d1[€] <T23(12_1>07d2[€]'

dy,dg>0
oo (3d—4 5 (3d—4
.(d1d2(3d1_2 —didy (40 7))

dy+do=d
Since <T§>0,m =1, all other genus zero Gromov-Witten invariants now follow from
this formula recursively. So the WDVV equation is extremely powerful in this case.

2.1.3. Frobenius manifolds. The quantum cohomology ring

H*(ch[[yoa---,ym]])

can be viewed as a family of rings, parameterized by the formal completion of
0 € H*(X,C) (a formal supermanifold if X has odd cohomology). Noting that
H*(X,C) is the tangent space to H*(X,C) at any point, we can view the formal
completion as a formal manifold M coming along with a ring structure on each fibre
of Tpq. These ring structures aren’t arbitrary, but rather have properties turning
M into what is known as a Frobenius manifold.

To save rather tedious discussions concerning sign conventions, we will assume
from now on that X has no odd cohomology, so that we only need to define the
notion of a Frobenius manifold on an ordinary manifold, not a supermanifold.

In what follows, M will be a complex manifold, a germ of a complex manifold,
or a non-singular scheme. Later on, it will be a formal completion of a complex
manifold along a complex submanifold.

DEFINITION 2.7. Let M be as above. A pre-Frobenius structure on M is a
triple of data (V,g,.A) where

(1) V: Ty — Ty ® Q4 is a flat connection.

(2) g is a metric on M, i.e., a symmetric pairing g : S?(7n) — O which
induces an isomorphism Ty = 7. Furthermore, g must be compatible
with V, i.e.,

d(g(X,Y)) = g(VX,Y) + g(X, VY).

(3) A:S3(Tpm) — Opy is a symmetric tensor.

Given this data, this defines a product on each tangent space of M, by defining
X oY via the formula

AX)Y,Z)=g(X oY, 2Z).
By symmetry of A, we also have
(2.4) g(X oY, Z)=g(X,YoZ).
A pre-Frobenius manifold is a Frobenius manifold if this data satisfies two
additional properties.

(4) The product defined by A is associative.
(5) Locally on M, there is a potential function ® such that

AX,Y,Z) = XY Z®.
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ExamMpLE 2.8. For X a non-singular variety, with cohomology only in even
degree and H*(X,C) generated by Tp,..., T, M = SpecClyo, ..., ym] furnishes
an example of a Frobenius manifold, assuming the Gromov-Witten potential ® of
X lies in Clyo, . .., ym] (e.g., if X is Fano). Take the metric to be constant on M,
defined by

9(0,,,0,,) = /XTiUTj.
The connection V is the trivial one, with 9y, ..., 0,,, flat sections. Finally,
A(0y;,0y,,0y,) = 0y,0y,0y, P.
The product is then the quantum cohomology product, i.e.,
YoZ=YxZ.

We can in fact consider quantum cohomology as giving a Frobenius manifold
structure on a much bigger manifold. Assume that we have chosen the generators
Ti,...,T, of H*(X,C) to in fact lie in H*(X,R) and to have the property that
fﬁ T; >0 for 1 <i <pand any class 8 € Ha(X,Z) represented by a stable curve.
For example, if H1(X,C) = H*(X, C), we just need to choose T1,...,T), to lie in
the closure of the Kéhler cone of X. We then introduce new variables k1, ..., kp,
with the relation

eV =k, 1<i<p.

Now assume that for any npy1,..., %y, there are a finite number of 8 with
<T:+p-fl’ cee 7T77rllm>0,ﬂ 7& 0

(this holds e.g., if X is Fano). Noting that [, T1,..., [; T} are all non-negative and
determine [ up to a finite number of choices, we see by (2.3) that

D € Clr1s .-y 5pllY0, Yp+1s - - - Yml-

This ring is the ring of formal power series in the variables yo, ¥p+1,- .., yYm With
coefficients in the polynomial ring Clky, ..., kp).
Now set

(2.5) M = SpecClk1, - . ., kpl[Y0, Yp+1s - - - > Yml]
M = SpecClx{?, ..., H;tl][[yo, Yptis-- s Yml-
The M used previously, Spec Clyo, ..., ¥m], can be thought of as a formal neigh-
bourhood of the point in the new M with k1,...,kp =1, y0 = Yp+1 =+ = Ym = 0.
The potential ® is now a function on M. Note that 9,, = r;0,, 1 <14 < p, so that
the connection we previously defined extends to the flat connection on M whose
flat sections are 0y, 0y, ., -, 0y,, and K10, , ..., kp0Ox,. This connection does not
extend across M\ M. Similarly, the metric g and symmetric form A extend to M,
always using 0y, = Kk;0x,, 1 <1 <p.

In general, when we talk about quantum cohomology for the remainder of this
chapter, we are really referring to a Frobenius manifold structure either on the
above M or on closely related manifolds.

This example has some additional structure.

DEFINITION 2.9. If M is a pre-Frobenius manifold, then
(1) A vector field e on M is called the identity if eoY =Y for all Y.
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(2) A vector field E on M is an Fuler vector field if for all vector fields ¥ and

Z,

(2'6) E(Q(Yv Z)) - g([E,Y], Z) - g(Y, [Ev Z]) = Dg(Y, Z)
for some constant D and

(2.7) [E,)YoZ]|—[E,Y]|oZ—-Yo|E,Z]|=dyY oZ

for some constant dj.

An Euler vector field can be used to produce a grading on vector fields: given
a vector field Y, it is homogeneous of degree d if

[E,Y]=dY.
ExAMPLE 2.10. Continuing with Example 2.8, we make the same assumptions
on the generators Ty, ...,7T,, so that we have a Frobenius manifold structure on
M= SpecC[nI—Ll, e H;tl]ﬂyo, Yp+1s-- - Yml. Then 9y, is a flat identity: T is the

identity in quantum cohomology, as follows from the Fundamental Class Axiom for
Gromov-Witten invariants.
There is also an Euler vector field, defined by

m p
o Z (1 B degﬂ) yi0y, + ;cmﬁm,

=0

where ¢1(Tx) = >0, ¢;Ti. Recall 8, = K;0,, for 1 <i <p.
Note that with respect to this vector field E, a vector field Y of the form
Y = ygoky kg y ey Oy,
is homogeneous, with the degree given by taking y; to have degree
1— (degT;)/2
ifi ¢ {1,...,p}, k; having degree ¢; if i € {1,...,p}, and 9,, having degree
(degT;)/2 — 1.

This comes from the simple calculation that

B,Y]= | ~(1— (degT)/2) + S e+ Y (1—(degTy)/2)a, | V-
j=1 j=0
J€{1,...,p}

To check that E is an Euler vector field, one notes that both the left- and
right-hand sides of (2.6) and (2.7) are tensors, i.e., are O aq-linear, so we only need
to check these for Y = 9,,, Z = 0,,. Checking (2.6) first, we see that

E(g(ayi’allj)) - g([Ea 81/1]’ allg) - g(aym [E7 8%])

deg T; deg T
g((l— i >aymayj)+g(allm(1_ i j)ayj)

deg T; + deg T}
(2- "2E5 ) 40,00,)

= (2 - dlm(c X)9(8y778y7)7
as g(0y,,0y;) # 0 only if deg T; + deg Tj = 2dimc X. Thus D = 2 — dim¢ X.
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Next we claim that (2.7) holds with dy = 1. Again taking Y = d,,, Z = 0,,,
we note that Y and Z are homogeneous of degrees (degT;)/2—1 and (degT})/2—1
respectively. Thus for (2.7) to hold, ¥ o Z must be homogeneous of degree 1 +
((degT;)/2—1)+((degT};)/2—1). To see this, first note that ® itself is homogeneous.
Indeed, by (2.3) a term in ® is of the form

P Mp+1 n
Np+1 n ST\ Yp+1 = Ym"
(T,0 . T, ||n e e
p+ m ’ ? n 1' cen |
i=1 P m

and is then of degree

Zcz/TjL Z (1—degT)n]
j=p+1
= /ﬂcl TX Z nj Z (deiTj)nj.

j=p+1 Jj=p+1

On the other hand, by (2.1), the Gromov-Witten invariant in this term is zero

unless
/01 (Tx) + E n— Y (di/> n; =3 — dime X.

j=p+1 Jj=p+1

Hence ® can be viewed as homogeneous of degree 3 — dim¢ X, and the degree of
0y, 0y, 0y, @ is

3 —dime X + ((degT;)/2 — 1) + ((degT})/2 — 1) + ((deg T})/2 — 1).
Putting this all together,
Oy, © 0y, = Z(ay 0y, 0y, ®)g" 0y,
k.l

is of degree

3 —dimc X + ((degT3)/2 — 1) + ((degT})/2 — 1)

+ ((degTy)/2 — 1) + ((deg T1) /2 — 1)

=3 —dimc X — ((degT5)/2 — 1) + ((deg Tj)/2 — 1)

— 24+ dimec X
=14 ((degTi)/2 —1) + ((degT})/2 — 1)
since g" # 0 only when deg T} + degT; = 2dimc X. This shows (2.7). O

If M is a pre-Frobenius manifold with a vector field £ and dy # 0, we can define
a connection V on the vector bundle pi7Tapm on M x C*, where p; : M x C* — M
is the first projection, and C* = C\ {0}. Let & be the coordinate on C*. This
connection is defined by

Vx(Y) = Vx(Y)+h'XoY
doVio, (Y) = hozY —h 'EoY + Grg(Y),

where Grg is the O p-linear map defined on flat vector fields Y by Y — [E,Y]. This
connection is known as the first structure connection, or the Dubrovin connection.
It has the following important property:
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THEOREM 2.11. The first structure connection is flat if and only if M is Frobe-
nius and E is an Euler vector field with

[E,XoY]—[E,X]oY — Xo[E,Y] = doX oY.
For a proof, see [76], Theorem 1.2.5.2.

2.1.4. The quantum differential equation. Suppose we are given a non-
singular variety X with cohomology only in even degrees. Let Ty, ..., T,, be gen-
erators of H*(X,C) as usual, with Ty the fundamental class of X and T7,...,T,
generators of H?(X,R) non-negative on all 3 € Hy(X,Z) represented by stable
maps. Let T°,...,T™ be the Poincaré dual basis. This gives rise as in Example 2.8
to a Frobenius manifold M with Euler vector field £ and first structure connection
V. We will now describe solutions of the quantum differential equation
(2.8) Vo, s=0, i=0,....m
In particular, we will write down a fundamental set of solutions to this equation.

We first need

PROPOSITION 2.12. The Topological Recursion Relation (TRR).
<1/1d1041, L) wdnan>0ﬁ
=Y @" ar, [T v%ai, Te)o s, (T 0% az, v%ag, [ v ai)os
€St €S2
where the sum is over all 0 < e < m, all splittings 1 + B2 = 3, and Sy, Se disjoint
index sets with S1 U Sy = {4,...,n}.

For a proof, see for example [90].

REMARK 2.13. In fact, the topological recursion relation actually shows that
one can completely reconstruct the genus zero descendent invariants from the or-
dinary genus zero Gromov-Witten invariants. So genus zero descendent Gromov-
Witten invariants do not actually carry new information, but it is useful to keep
track of them here precisely because they give rise to solutions of the quantum
differential equation.

Next, we introduce another notation: write, for aq,...,a, € H*(X,C), and
non-negative integers dy, ..., d,,

o0
1
<<wd1al7-..7wdnan>> = Z Z H<wd1a17"'awdnana’yk>0,ﬂ-

k=0 B€ Ho(X,Z)
Here, as in the definition of the Gromov-Witten potential, v = 7" v;T;, and o
means we take v k times. Note this allows us to write the Gromov-Witten potential
as

® = ((1)).
Furthermore,
8y'i <<1/’d10417 ) ?/Jd"an» = <<¢d1a1a ey Z/Jd"an’ Tl>>

We can then define, for 0 < i < m,

sii=Ty— Y ((—— TN,
Z;ﬁ+w I
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Here T;/(h + 1) is viewed in terms of the power series expansion
_ nﬁ (n+1) nT
ﬁ + (4 Z v
THEOREM 2.14. The s;’s satisfy the quantum differential equation (2.8).

ProOOF. The TRR implies
<<¢d1+1Tj1 ) wdszz ) wdSTJé»

1
y <¢d1+1T11 ) wd2Tj2v wdsTjs ) 7k>075

1 7
E <¢d1 le ) V#Sl ’ E>O7ﬁl <T ’ wdzTJé ’ ¢d3Tj37 7#32>0,[32
= E E E alb! <¢d1Tj1”7 ’Ti>0,ﬁ1 <T 7wd2Tj2’wd3Tj3”7b>0ﬁz

= Z<<¢d1TjuT>><<Ti,¢d2Tj2,¢d3Tjs>>-

Note that the quantum differential equation (2.8) can be written, for s = s;, as
(2.10) hoy,(s;) = —=T; xsj, for 0 <i<m.

Now

i nT;
hidy,(sj) = (T, L, 1)) T*.
R

On the other hand, 9,,0,,0,,® = ((T3,T;,T})) and the quantum product is given

by
T« Ty = > (Ti, 15,7,
k

So
Tyxsj =T +Tj— Z T S T))Ty  TF
B+’
= U T TTY — 3 (e T T T T
=0 k=0
= > (T, 1y, Z J T3, To)T*
=0 =0
% T
= ST, 2 )7,
P 41’
Here the next to last equality follows from (2.9). So the left- and right-hand sides
of (2.10) agree. O

It will be useful to use the axioms of descendent Gromov-Witten invariants to
rewrite the s;’s as follows.
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ProrosITION 2.15.

e~ (Si_owTR)/h T,

s; =~ Zk=ousT)/h T _Z< — ,Tj’T:_izjl’”.,Trfrle%ﬂTj
B,
nk
P Tp+1 m
(e sen)
—1 np+1!---nm!
where the sum is over 0 < j < m, 8 € Ho(X,Z), and npy1,...,nm > 0. The ex-

pression e~ (im0 T/ s interpreted in the ring H*(X,C)@cClyi, - . ., yp)[yo, A ],
with the usual cup product.

PROOF. First note that by the Fundamental Class Axiom and then the Divisor
Axiom for descendent invariants, if 3 # 0 or 8 = 0 and E;n:p k>,

T; n n
<maTj’T007 s 7Tmm>075

o0
= (Y ()R TOGT, Ty TR0 TR0

n=0
oo

= (> (=) Ry T T L T e

n=ngqo
’

= Z<Z(_1)nﬁ—(n+1),¢n—no—nl1—'~~—n; (T7 U T1n/1 U---U T:P), Ty, T;L-ﬁrla
ny,

P ne ng—n%
..,T;’Lm/>075 H (%) </@ Té)

{=1

where the sum over nj, is over all nf, ..., n; with 0 < n) < ny and the sum over n

is over n > ng +nj + -+ +n;,. Note also that for 3 = 0, if ny = 0 for k > p but
some ny; # 0, 0 < k < p, then by the Fundamental Class Axiom, Divisor Axiom,
and Point Mapping Axiom,

(o
h+1p’
= ((~rot e ok k) (L U T U U TR U U T, T, T

mno m,
TjaT() y Tt anp>0,0

= (—1)”’”"‘*"?‘1h‘<"°+“'+"1“>/Xﬂ UT; UTgo U UToe.

Thus if we expand ((T;/(h + ), T;)) by expanding v*, we split this up into two
types of terms: terms involving 5 = 0 and no T}’s for £ > p + 1, and the other
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terms. This gives

T;
—’T,
no DY np
— E (_1)"0+"'+"p*1h*("0+'”+"p) / Ti U Tj U T(;ZO J---uU T:pu
ooy >1 b'e n()! cee np'
pZ

O Dy e (LU T U U T T T

Bk ny n
P ne—né 70 Nm,
ne yo .. -ym
com I I T _
»tm >07ﬂ< <n2) (/ﬁ Z) ) nO'nm"

£=1
where the sum in the second term is over all 3,n; such that we don’t have both

B=0and npt1 =---=n, =0, and 0 < nj, < ny. This is then the same thing as
no ., "p
Z (_1)n0+'~+n,,71ﬁ7(no+---+np) / T, UT; U U U Tpnp Yo Yp
no+--+np>1 X p
o0

Bnk nj n=0
<(_1)nh7("+1)¢"(Ti U (yoTo)"™ U b, (yeTe)"e) (—f) = (otmitmy)

no!(ny)!--- (n)! ’
& 1
Tj,Terp_fl, .. .,Tsﬁb’")oﬁ H m (yé‘/ﬁTZ)
(=1

= / T, UT; U (e~ WoTot -+ To)/f _ 1)
X

!’
ng—n Mp+1 n
¢ yp+1 T y’ﬂ{n

np+1! . nm'

T, U e~ WoTo++ypTp)/h

2 h+ T T T o
Bink
P Np+1 Tom
(e o) Bt
—1 Npg1l - npy!
This then gives the desired form for s;. 0

There are two issues we would still like to understand. First, as we described
them, the solutions s; to the quantum differential equation are purely formal so-
lutions, and we would like to understand whether they converge. Second, we have
shown that the s; are flat sections on M x C* with respect to the connection V in
the horizontal (M) direction, but we would like to understand how they behave in
the vertical (C*) direction.

These two questions are closely connected, but first we shall introduce a re-
placement for M which we shall work on from now on when discussing quantum
cohomology.

Recall that M = Spec C[x7, ..., 55 [Y0s Yp+1s - - - » Ym]. We would like to think
of this instead as a kind of formal completion of a complex analytic space. But
since we in fact fllgm now on will have to work with the universal cover M of M,
we will describe M directly.
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DEFINITION 2.16. We define M to be the ringed space (CP,054) where the
coordinates on C? are yi, ..., y, and O 57 denotes the structure sheaf on M: on an

open set U C M , O M(U ) will consist of formal power series

(2.11) D Fiiparin UYL Y
with figi,, 1., @ holomorphic function on the open set U.

There is a map M — M given by k; = eV for 1 < i < p and y; = y; for
j & {1,...,p}. We will from now on, when we discuss structures arising from
quantum cohomology, work in this formal setting.

We also define some additional notation.

DEFINITION 2.17. Let C{A, Ai~1} denote the ring of Laurent series which con-
verge on a punctured disk {% € C|0 < |A| < €} for some e. Let C{A} be the subring
of functions holomorphic at # = 0, and let O(P! \ {0}) be the ring of holomorphic
functions on P!\ {0} (with coordinate ). We can write

C{h,h~*} = C{r} @ htO(P"\ {0}).
We will now define
vl Y
to be the sheaf whose value on an open set U is the ring of formal series as in (2.11)
such that each coefficient fi; ,,...i,, is a holomorphic function on

{(y,h) e U xCJ0 < |A| <e(y)}
for some continuous map € : U — Rsg. We can then define

to be the subsheaf where the coefficients fi;,,,...i,, are functions holomorphic at
fi = 0. We can similarly define Op{f} and Or{h, A~} in the same way.

We will often want to consider the case when M is just an ordinary complex
manifold, as this is somewhat easier conceptually. In this case On¢{h, i1} will be
the sheaf which, on an open set U C M, consists of functions f holomorphic on
{(y,h) e UxC|0 < h<e(y)} for some continuous € : U — R (depending on f).
Furthermore, Oaq{%} is the subsheaf of functions also holomorphic at i = 0.

Returning to the question of the convergence of the s;’s and the behaviour of
the s;’s in h direction, let us introduce the map S which takes

a € H (X,C) @c O{h,h~"}

to

S(0) = a =Y ({5 TNT
j=0

We would like to consider S as a map
S:H*(X,C)®c Oﬂ{hv ﬁfl} — H*(X,C) ®c Oﬂ{h’ nth,

but a priori, S(«) is a purely formal expression, so we will avoid describing the
range of S at this point. However, we can use S to compute the effect of Vi, on
S
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PROPOSITION 2.18.
Vionsi = S(Grp(Ty) — i ter(Tx) UT).
Proor. We have
%haﬁ(si) = hops; — h 'E x s; + Grp(s;).
Since 0 = Vgs; + B E % s;, we can rewrite this as
Vion (5i) = hnsi + Vs + Crp(s;).
If we denote by U e the map
a— fUa,
we can write
S =8"0(e” ko T/ o)

for a suitable O {f, fi='}-linear map S’, using the formula of Proposition 2.15.
Define an element

s € H*(X,C) @c O {h,h™"}
to be homogeneous of degree d if
(hor + Vg + Grg)(s) = ds.
Then note that an expression of the form

—(n+1 1 fﬁTl fﬁTP Np+1 Nom
[l KT L yp iy

is homogeneous of degree

m

—(n+1)+ ((2dimc X —degTj)/2 — 1) +/561(TX) + Z ng(1 — (degTy)/2).
k=p+1

On the other hand, note that

WL Ty, T4 T o

is non-zero only if, by (2.2),

i . degT; + deg T} " npdeg T
2+ Z nk—Fdlch—g—F/Cl(Tx):n—}—u-}— Z kigk

2
k=p+1 B k=p+1

This tells us that in fact S’(7};) is homogeneous of degree (degT;)/2 — 1, and thus
S’ does not change degrees. So

(ﬁaﬁ +VE+ GI‘E) 08 =50 (ﬁaﬁ +VE+ GI‘E),
and thus

(hdn + Vi + Grg)s; = S'((hdh + Vi + Grg)(e” ko v T)/h | Ty)),
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On the other hand,
(hh + E + Grg)(e v/ (e~ Char v T)/h )

= (hon(e™/") + B(em/M)(

+e /" (hdy + E + Gr)(

— <y_i§ell0/ﬁ _ y—;eyo/h) (6*(Z£=1 yrTi) /R T))

e‘(Zizl urTi) /1| Tz)
e‘(Zizl urTi) /1| Tz)

+ e~ vo/h (ﬁaﬁ(e—(2£1 urTi) /1| Tz)

p
+ Z —chjhfl Ue (ChoiueTi)/h T
j=1
+ Z <M(—ﬁ)_(n1+-..+np)Tm U UT™ U T4> .
| 1 v .

ny!---ny!
N1,...,np >0 1 P

de Ti
() + SET )
_ e—yo/ﬁ (ﬁaﬁ(e—(Zf-,:l yrTr)/h U Ti)
. h7161 (Tx) U 67(22=1 yrTk)/h uT;

+ (% —1)e” ExmwT/h T,
— Oy (e~ Ck=a wsTR)/ P ;)
= o Cheou Ty (CBT ) ey (10
Thus
(2.12) (h0n + Vg +Grg)oS = So(hds+ Ve +Grg—h'ei(Tx) Ue),
giving the desired result. O

So the sections s; are flat in the directions given by d,,, but not in the direction
given by Jy. This is not surprising, as the differential equation

@haﬁs =0

in fact has singular points at h = 0 and h = co. As a result, one would expect that
any solution to this equation would be multi-valued. Indeed, we can write down a
multi-valued solution by allowing power series in log & as follows.

PROPOSITION 2.19. Let h~ G2t (Tx)VUe be the endomorphism
exp(— Grglogh) exp((c1(Zx) U e)logh) : H*(X,C) ®c O ih, h '} log h]
— H*(X,C) ®c O {h,h~"}[logh].
Then
§8yi S(h~ Greper(Ta)vey — g

and
VionS(h~ Creper(TIVe ) = 0,
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ProoOF. The first vanishing holds because @ayiS(Tj) = 0 for all j. For the
second, by (2.12), we have

ﬁhaﬁ (S(h~ Gre o1 (TX)u.Ti))
= S((hoh + Vg + Grp —hi ey (Tx) U o) (i~ Srrper(Tx)Ve )
= S(— Grgh~ Grepa TV, 4 = Creger(TOVe (¢ (T ) U T)
+Grph™ Grg hcl(TX)u.Ti _plp—Cre +1hc1(TX)Uo(Cl(TX) U Ti))
=0

by a straightforward computation, remembering that Grg and ¢1(7x) U e don’t
commute! O

It is worth exploring in greater detail what this means by considering the be-
haviour of the ordinary differential equation Vsg, s = 0 at i = co. Rewriting this
equation in terms of ¢ = At we get

q0qs = —qE x s + Grg(s).

This equation has a regular singular point at ¢ = 0. In general, an ordinary dif-
ferential equation on a disk A C C centered at the origin with coordinate ¢ of the
form

(2.13) q0qs = Alq) - s,

where the unknown s is a holomorphic map with values in a vector space C™ and
A is a holomorphic map A : A — End(C"), is said to have a regular singular point
at ¢ = 0. In our example, A(q) is the endomorphism —¢FE * e + Grg. Note that the
equation %ﬁahS = 0 does not have a regular singular point at 2z = 0 as it takes the
form h0ps = B(h) - s where B(h) = h™'E * « — Gr has a pole at h = 0.

The theory of ODEs with regular singular points is of course well-developed
classically, and in particular, one can find n linearly independent multi-valued con-
vergent solutions to (2.13) on A\ {0}. In the case at hand, these must coincide
with the formal solutions described in Proposition 2.19. This shows that these
formal solutions are convergent, so in particular the solutions s; to the quantum
differential equation are convergent.

To read more about the theory of ODEs with singular points in the above
context, [103] gives an excellent introduction.

As a consequence of the above discussion, we can view the map S as more than
purely formal, viewing it as an O /\7{5’ h~1}-linear map

S H*(X, C) ®c O'A’/Vt{ﬁ, ﬁil} — H*(X, C) ®c Oﬂ{ﬁ, ﬁil}
with

m
= NTY.
= ﬁ + 1/}

2.1.5. Semi-infinite variations of Hodge structure. We will now intro-
duce yet more structure into this picture. We will define the notion of a semi-infinite
variation of Hodge structure, a notion introduced by Barannikov in [5]. These struc-
tures may seem to be, at this point, an unnecessarily complicated way of encoding
the various data studied above, but as we shall see, it emerges naturally on the
B-model side.
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DEFINITION 2.20. A semi-infinite variation of Hodge structure parameterized
by a space M is a locally free O pq{h}-module & of finite rank together with a flat
connection

ViE-Quehte
and a pairing
() ExE— Om{n}
satisfying
(1) (s1,82)e(h) = (s2,51)s(—h). Here we view (s1, s2)¢ as a function of A; on
the right-hand side, we have replaced h with —#.
(2) (f(=h)s1,s2)e = (s1, f(M)s2)e = [(R)(s1,s2)e for f(h) € Op{h}.
(3) Y(s1,82)e = (Vys1,82)e + (s1, Vysa)s.
(4) The pairing is non-degenerate, i.e., the induced pairing
(E/RE) ®op (E/RE) — Opm
is non-degenerate.

A grading on this semi-infinite variation of Hodge structure is a C-linear endo-
morphism Gr : £ — £ such that there exists a vector field F on M and a constant
D € C such that

(5) Gr(fs) = ((hdr + E)[f)s + f Gr(s) for f € Op{h}, s €&,
(6) [Gr,Vy] = V|g,y] for all vector fields Y on M.
(7) (hOh + E)(s1,52)e = (Gr(s1), s2)e + (51, Gr(s2))e + D(s1, s2)e.

EXAMPLE 2.21. Quantum cohomology furnishes an example of a semi-infinite
variation of Hodge structure. With Ty, ..., T, a basis for H*(X,C) as usual, with
X having only even cohomology, we take

& =H"(X,C) ®@c Og{h}.
We take the flat connection to be %, ie.,
Vx(Y)=Vx(Y)+h X %Y,
where V denotes the standard flat connection on €. The pairing is

(s1,52)e = /X s1(—=h) U so(h).

Conditions (1) and (2) are obvious from this definition. For (3), note that for a
vector field Y on M,

Y (s, 52)e = /X Y (51(—F) U s2())
- /X (Y s1(—)) U sa(h) + s1(—h) U (V5 ())
while
(61/81, s2)e + (s1, 6)/82)5

= / (Vsi(—h) — h7 'Y % s1(—h)) Usa(h) + s1(—h) U (Ysa(h) + A 'Y * so(h))

B X
— /X Ys1(—h) U sa(h) + s1(—h) U (Ysa(h))
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using the fact that

/X(Y*Z)UW=/XZU(Y*W)

by (2.4).
4) is clear since £/hE =2 H*(X,C) ®c O 7, and the induced pairing is just the
M
ordinary cup product.
The grading operator is

Gr = hoy, + E + Grg

where E is the Euler vector field on M of Example 2.10 and as usual, Grg is
O i{h}-linear with

Grg(T)) = (deiTi - 1) T,.

Note that this operator has already appeared in the proof of Proposition 2.18. We
check conditions (5)-(7). First, (5) is obvious from the Leibniz rule for k0 and
Vg. For (6), first observe that if (6) holds for a vector field Y, it also holds for
JY for f € Oy Also, if the left-hand and right-hand sides agree when evaluated
on a section s of £, then they also agree when evaluated on a section fs of £, for
[ € Og{h}. Thus it is enough to check (6) for Y = 9,, by evaluating on the
section T}. The left-hand-side is

[Gr, Vo, |(T}) = Gr(Va, T)) — Vo, (Gr(T}))
deg Tj _

= Gr(h™'T; x Tj) — ( 1) N+ T

deg T
— (—Ti*Tj—i—Gr(Ti*Tj)—( eg ] —1) Ti*Tj)

deg T

=nt (Gr(n *T;) — T; * Tj> .

Now if we view T; T} as a vector field on M, after identifying M x H*(X,C) with
the tangent bundle to M, then we know that 7 * 7 is homogeneous with respect
to the Euler vector field E of degree (degT; + degT})/2 — 1, as follows from the
discussion of Example 2.10. So

deg T; + deg T} B

Gr(T; = Tj) = ( 5

1) T, + Ty,
Thus the left-hand-side of (6) becomes
1 (degT;
h 1( 5 —1> (T; * Tj).

The right-hand-side of (6) is

deg T}
2

%[E,ayi]Tj =h! ( — 1) T; T,

as desired.
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Finally, for (7),
(hOh + E)(s1, 82)¢

= /X(ﬁ@h + E)(s1(=h)) U s2(h) + s1(=h) U (hdh + E)(s2(h))

= (Gr(s1),82)e + (s1,Gr(s2))e — /X Gre(s1(—h)) Usa(h) + s1(—h) U Grg(sa(h))

= (Gr(s1), s2)e + (s1,Gr(s2))e + (2 — dime X)(s1,52)¢.
|

2.1.6. The moving subspace realisation of a semi-infinite variation of
Hodge structure. We can recast this definition in terms of a moving subspace
inside a single space; this is more reminiscent of the usual notion of a variation of
Hodge structure. Suppose we are given a semi-infinite variation of Hodge structure
(€,V) over a complex manifold M, and assume M is simply connected. Consider
the space

(2.14) H={s eT(M,E @0, n Om{l, h7'})| Vs =0}

Since V is flat, one sees in fact that H is a free C{%, i~ }-module of the same rank
as £.
The pairing (-, )¢ on & also defines a symplectic form on H, by

(2.15) Q(s1,52) := Resp—o(s1, 52)edh,
i.e., Q(s1,s2) is the coefficient of A~! in (s1,s2)e. Note that this is a constant in
C, since for any vector field Y on M,

Y (s1,82)e = (Vys1,82)e + (51, Vysa)e =0,

by Definition 2.20, (3), and flatness of s1, sa.

For each point x € M, we now get an embedding of &, into H, by sending
s € &, to the section s’ € H satisfying s'(x) = s; in other words, we extend s to a
flat section of €@, (n} Om{h, A1}, Thus we get a varying family &, of subspaces
of ‘H, parameterized by M.

We can think about these varying subspaces via the Pressley-Segal Grassman-
nian of semi-infinite subspaces of H. Suppose in the above semi-infinite variation
of Hodge structures that & is a free Opq{f}-module of rank N. Then the Pressley-
Segal Grassmannian of H is written as

LGLy(C)/L* GLy(C).

Here L GLx(C) is the loop group of GLx(C), consisting of smooth maps v : St —
GLx(C), where we think of S C C as a circle with center the origin of some radius
€ > 0. We then have a subgroup L™ GLy(C) consisting of those maps which are
boundary values of holomorphic maps

{h]||h| < e} — GLN(C).
The significance of this construction in our situation is as follows. Suppose that
we have a rank N C{#i}-submodule of CV ®@¢ C{A,i~1}. Then we can choose a
C{h}-basis s1(h),...,sy(h) for this submodule, or equivalently, choose an N x N
invertible matrix whose entries are elements of C{#,i~'}, and whose columns span

the C{h}-submodule. Now after choosing an € > 0 such that all the entries of this
matrix converge on {/|0 < || < 2¢}, we can restrict each entry to the circle of
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radius €, getting an element of L GLy(C). An element of LT GLy(C) is a matrix
with entries in C{%}, hence acts by changing the basis of this C{%}-submodule
without changing the submodule. So in particular each C{A}-submodule of H of
rank N is represented by a point in the Pressley-Segal Grassmannian. Thus the
semi-infinite variation of Hodge structure £ induces a map

M — LGLy(C)/L* GLy(C).

This map can be described more explicitly as follows. Suppose that eq,...,en
are sections of € such that for each point x € M, e1(x),...,en(x) descend to a
C-basis for £, /hE,. On the other hand, let s1,..., sy be a basis for H. Then there
is a matrix M = (M;;)1<; j<n such that

N
S; = E Mijej
Jj=1

with M;; € Op{h,h~'}. At a point xg, we of course have

N
si(wo) = Y Myj(wo)e;(wo),
j=1
and if M= = (M%),<; j<n, then
N ..
ei(wo) =Y M (x)s;(x0).
j=1

Thus &,, is embedded in H via the mapping

N
67;(.230) — Z Mij (xo)Sj.
7j=1

Thus, in the basis sq,...,sy of H, the columns of M ~! generate the image of
Ezo- Thus the map M — LGLx(C)/LT GLy(C) can be described explicitly by
= M~ (z).

The advantage of this description in terms of M is that this makes perfect
sense in the situation arising from quantum cohomology, where we have the space
M, which isn’t quite a complex manifold because the variables yo, yp+1, ..., Ym are
formal. In this case, the varying family of subspaces &, in H can be viewed as given
by M~—!, an N x N matrix with entries in (’)/\7{}5, Aty

ExXAMPLE 2.22. Returning to Example 2.21 given by quantum cohomology, we
take the basis eq,...,en to be Ty, ..., T,,. We also have the flat sections sq,..., Sm
of §2.1.4. The matrix M is just given by the function S, and so the moving subspace
realisation of the corresponding semi-infinite variation of Hodge structure is defined
by S~!. We define

J=8"":H"(X,C)®c Og{h,h" '} — H*(X,C) ®c Ox{h, i "}

Since the matrix for S defined using the basis {7;} of H*(X,C) has entries in
O(P*\ {0}), and is invertible at every point of P!\ {0}, the matrix for J also has
entries in O(P!\ {0}).
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PROPOSITION 2.23. For a € H*(X,C),

p n T; i
J(a)—e(zk o urTr) /1| (a—’—ZZa?Ter-{l?""Tmm’ﬁ ¢>015T

B,ng =0
r Mp+1 N,
(T e tom Ypi1 " Ym”
Pevong,!

k=1 Np+1

Proor. We will first prove, with & = H*(X, C)®c O 5;{h} as in Example 2.21,
that for o, f € H*(X,C),
(S(a), S(B))e = (a, Be.
Indeed, applying property (3) of Definition 2.20, we see that
0. (S(e). S())e = (Va,, 5(a), S(B))e + (5(a). Vo, S(5))e
= 07
since S(«), S(0) satisfy the quantum differential equation. Thus (S(«), S(8))e is a
constant function on M. So we can try to compute it by setting yo = yp41 =+ =

ym = 0 and letting y; — —oo, i.e., letting x; — 0 for 1 <4 < p. Taking this limit,
we then get, using the formula of Proposition 2.15,

(S(OZ), S(ﬂ))g = / <€(Z£=0 yeTi)/ U a) U (e*(ZLO yrTrk)/h U ﬂ)
X

= /Xauﬁ.

This shows that S~! is the adjoint to S with respect to the inner product (-,-)e.
Thus we can compute J using

(Tiy o™ hao WO G (1)) = (eCheo IO/ UT,, U(T,))e
— (S(e(zk=0 yeTi)/ T T)), Tj)e,

thus reading off the coefficient of 7" in e~ (k=0 vxTk)/f J(Tj) as the coefficient of
T9 in S(e(Xk=0vkT)/" ) T;)(—h), using the formula of Proposition 2.15. O

One way to view J is that it gives an embedding of bundles
J:&=H"(X,C)®c Og{h} — Hy = H(X,C) @c O {h, 'y
taking flat sections of £ to constant sections of H 7.

2.1.7. From variations of semi-infinite Hodge structure to Frobenius
manifolds. We now demonstrate Barannikov’s technique of going from a variation
of semi-infinite Hodge structure to a Frobenius manifold. Let (M, &, V) be a varia-
tion of semi-infinite Hodge structure with M a simply connected complex manifold,
or a completion of a complex manifold along a simply connected submanifold, and
fix a base-point 0 € M. This determines a space H as in (2.14) with an inclusion
& — H as a C{h}-submodule.

An opposite subspace is an O(P!\ {0})-submodule H_ of H such that the
natural map

H_®&E —H

is an isomorphism.
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First note that the projection & NAH_ — &£y/h&y is an isomorphism. Indeed,
the map is injective since the kernel is A€ NAH_ = A(EgNH_) = 0. For surjectivity,
if s € &, then Ai~ls = s’ + 5" with s’ € H_ and s” € &. Then ks’ € & NAH_ and
hs' =s mod h&y. Similarly, & N AH_ — hWH_/H_ is an isomorphism.

These isomorphisms then give rise to isomorphisms

£0 2 (Eo N HH_) @ C{h} = (ﬁ) 9 C{h} = (ﬂ) 2 C{h}.
héo H

Indeed, the map (& N AH) @c C{A} — & is the obvious one, taking s ® f — s- f.

By §2.1.6, we can think of £ as a subbundle of the trivial bundle H x M on
M. In general, when we have a vector space V', we shall write V for the trivial
vector bundle with fibre V| and an element s € V' yields a constant section of Vi
which we shall also denote by s. So we have the vector bundle H 4 containing £
as a subbundle, and also containing the trivial subbundle H_ s4. The projection
ENIH_ pm — (WH_/H_)ar is then an isomorphism at 0, hence is an isomorphism
in an open neighbourhood of 0. Replacing M with this open neighbourhood, we
obtain a trivialization

(2.16) T (%) ®c Om{li} — &

given, for s € hH_ with s = s’ +s” with s’ a section of £ and s” a section of H_ a4,
by

T((smodH_) @ f) =5 f.

PROPOSITION 2.24. Given a choice of opposite subspace H_, we have:
(1) Via the trivialization (2.16), the connection V on & yields a connection
V oon (WH-/H-) @c Om{h}. We can write this connection as
V=d+h'A,

where A is an End(AH_ /H_)-valued 1-form on M. For a vector field X
on M, we write Ax for the corresponding section of the trivial bundle
End(RH_/H-)m- B

(2) If H_ is isotropic with respect to Q, defined in (2.15), then we obtain a
symmetric pairing on the vector space hH_ /H_ given by

(51, 82)mH_ yH_ = (51,52)¢lri=o0-
(Here on the right we are thinking of s1,s2 € FRH_ as flat sections of
of € @0, 41y Omih, h=t}, on which the pairing on & extends linearly.)
Furthermore, this pairing is non-degenerate and
(2.17) (Axsi,82)pm_ . = (51, Ax82)rH_jH_-

(3) If the semi-infinite variation of Hodge structure has a grading operator Gr
which preserves H_, then with respect to the trivialization (2.16), we can
write

Gr=ﬁ8ﬁ+E+Gr0
where Grg € End(AH_ /H_) is defined, for s € hH_, by
Gro(s mod H_) = Gr(s) mod H_.

Furthermore, for s1,s2 € RH_/H_,

—D(s1,82)nm_yn_ = (Gro(s1),82)nr_ /m_ + (51, Gro(s2))mm_ yx_-



2.1. THE A-MODEL 61

PROOF. (1) Let us calculate Vx (7(s®1)), where s € h’H_ represents a constant
section of (WH_/H_)m. As sections, we can write s = s’ + s”, where s’ € €,
s" € H_ m, so that 7(s @ 1) = s’ = s — ¢’. Note that under the embedding
E C Ha, the trivial connection on H g induces the connection V on £ defining the
semi-infinite variation of Hodge structure since constant sections of H 4 are flat
sections of € ®o ., (ny Om{hi, 71} So

Wx(r(s®1))=hVx(s—5s")=—-hX(s"),
and as X (s”) € H_ m, we have hX (s”) € A’H_ a. On the other hand,
WWx(r(s®1)) €€,
SO0
hX(s") e ENIHo m = (WH-/H-)m.
Thus 7V x defines a section s — —hX(s”) of the trivial bundle End(AH_ /H_)m
and A is the 1-form with values in this bundle given by Ax(s) = —AX(s").

(2) First note that the pairing given on AH_ /H_ makes sense. Indeed, given
$1,82 € WH_/H_, let s; = 7(s; ® 1) be the corresponding sections of £ with
s; = s; + s as usual. Since s is a section of &, (s],s5)s € Opm{h}. On the other
hand, if ¢1,to are sections of AH_ aq, we can write, for any ai,as > 0, t; = A%
with ¢, a section of H_, so using the fact that H_ is isotropic with respect to €,
we have

0 = Q(t],t5) = +Resp—oh " 2 (t1,ts)edh

from which we conclude that (¢1,t2)s only has terms of order < 0 in A. Similarly,
ift1 € AH_ m, t2 € H- m, then (£1,t2)e only has terms of order < —1 in A. Thus
(sh,85)e = (s1—57,52—5% )¢ is in fact a section of Oy, and (s, s5)s = (81, 85) e |izoo
makes sense and is well-defined independently of the choice of representative for
s1,82 in WH_. In addition, this is the same as (s1, $2)¢|n=c0, as the terms in this
latter expression with non-negative powers of i agree with the corresponding terms
in (s}, s5)e. Finally, note that since s1, so are flat sections, it follow from Definition
2.20, (3) that (s1,s2)¢ is in fact constant on M, and hence (s1, $2)g|ri=co gives a
well-defined element of C.
In particular, again by Definition 2.20, (3),

0 =hY(s],85)e = — (WVys,sh)e + (s1,iVys3)e
= — (Aysi,s2)mm_m_ + (51, Avs2)mmn_ /m_,

by (1), giving the desired formula.

Non-degeneracy of the pairing on hH_ /H_ follows from the non-degeneracy of
Definition 2.20, (4).

For (3), first note that by Definition 2.20, (6), Gr takes flat sections of &
to flat sections of £. Thus Gr acts naturally on H. Furthermore, by Definition
2.20, (5), if Gr preserves H_, it also preserves iH_. Thus Gr defines a well-defined
endomorphism Grg of AH_ /H_. The description of Gr in terms of Grg then follows
from Definition 2.20, (5):

Gr(r(s® f)) = Gr(f - s) = ((hds + E)f)s’ + f Gx(s)
7(s ® (h0r + E) f + Gro(s) ® f).

The last statement follows immediately from Definition 2.20, (7). O
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DEFINITION 2.25. A semi-infinite variation of Hodge structure (M,&,V) is
miniversal if there is a section sg of £ such that the Oa-module homomorphism

Tm — E/RE
given by

X — ﬁvXS()
is an isomorphism.

In the miniversal case, Proposition 2.24 along with one additional choice of
data induces a Frobenius manifold structure on M. More precisely, suppose we are
given the following data:

e A semi-infinite variation of Hodge structure &, V, (-, -)¢ with a grading Gr.

e An opposite subspace H_ C H which is isotropic with respect to Q and
preserved by Gr.

e An element Qy € AH_ which represents [Qg] € h’H_/H_, an eigenvector
of Grg. Furthermore, the corresponding section s, = 7(Q ® 1) of £ yields
miniversality.

Then viewing £ as a subbundle of H ¢ via the moving subspace construction, we
identify s{ with a section of H 4 as usual, which can be viewed as a map

(2.18) U:M—H.
This map can be described as follows. Because H is a direct sum H_ & &, for
qg € M, Qo+ H_ intersects &, in a unique point, which is in fact ¥(g). This is
Barannikov’s period map of the semi-infinite variation of Hodge structure. We can
then define a map
(2.19) M — hH_/H_
via

q — [A(¥(q) — Qo)].
Miniversality implies this is a local isomorphism. Indeed, at any point ¢ € M, we
need to check that the differential of ¢, 1, : Taq,q — RH_/H_, is an isomorphism.
Now the differential of ¥ is U, : Ty, — H given by X — Vxs{ € H_, since,
as was argued in the proof of Proposition 2.24, (1), the trivial connection on H
restricts to the connection V on €. Thus

o (X) = [AVxsy| € hH_/H_ =2 E,/hE,.

So 1, is an isomorphism by miniversality. Note that

Y. (X) = Ax ([Q0])-
This now gives an identification of 7Ty with the trivial bundle (AH_/H_ ),
given by
This allows us to transport the product (-,)ay_/2_ to Zar, which we call g. In
addition, the trivial flat connection on (AH_ /H_ ) gives a flat connection VM on
Trm.
We define a product on 7y by the condition that

Axoy Qo] = Ax Ay [Q]

and a tensor

A:S3Tw — Opm
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given by
A(X,Y,Z) = g(X oY, Z).

That this is symmetric follows from flatness of V, so that Ax and Ay commute,
and (2.17). Let e be the vector field on M satisfying A.[Qq] = [Qo].

THEOREM 2.26. M with the data (VM, g, A) and vector fields e and E form
a Frobenius manifold in which e is a flat identity and E is an Euler vector field
satisfying (2.7) with constant dg =1 and (2.6) with constant D being 2(A+1)+ D,
where D is as in Definition 2.20, (7), and X is the eigenvalue of [Qg] with respect
to GI‘().

ProOF. Clearly (VM, g, A) defines a pre-Frobenius manifold structure on M.
Also e is clearly an identity, flat since [Qg] is a constant, hence flat, section of
(FH-/H-)m- R

By Theorem 2.11, it is enough to show that the first structure connection VM,
defined by

V() = V(YY) +h' X oY,
Vhon = hOpY —h 'EoY + Grp(Y),

is flat. Let us see what these operations correspond to on £. First note that
under the identification v, : Ty — (AH_/H_)r, VM is the flat connection on
(WH—/H-)m, so

(row) (VYY) =1

by Proposition 2.24, (1).
Next, we compare Grg and Grg. Let Y be a flat vector field, so that Grg(Y) =
[E,Y]. Then

Gro(¥.(Y)) = Gro(Ay [Q0])
= Gr(A4y[Q]) mod H_
= Gr(hVy Qo) mod H_
=hVy Qo+ hGr(VyQy) mod H_
= hVy Q + EVy (Gr Q) + iV (py)Q mod H_
= Ay [Qo] + Ay [Qo] + Agrp(v)[Q0]
= (A + 1+ Grp)(Y)).

Here the third and sixth equalities hold from Proposition 2.24, (1), the fourth from
Definition 2.20, (5), and the fifth equality follows from Definition 2.20, (6).
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Consequently, for Y a flat vector field on M and f € Ox{h}, we can compute

To 1/1*(§ﬁaﬁfY) =701, ((ﬁaﬁf)y —hYfEoY + f GrE(Y))
= T((hORf)e(Y) = B AR (Y) + f(Gro =X — 1)1 (Y))

= (honf — fVE)(To)(Y)

+7(Gro(¥«(fY))) — (A + 1)7 0 b (fY)
(hop + E)(f)(T 0 ) (Y) + 7(Gro(¢«(fY)))

= V(o) (fY) = A+ 1)(T 0 ) (fY)

= Gr(7 0w (fY)) = Ve(r 0 ) (fY) = (A + 1)(T 0 ) (fY),

the last equality by Proposition 2.24, (3). Thus §ﬁ8h coincides with Gr —Vpg —
(A+1)oné&.

Now V is a flat connection, and hence UM is flat in the directions tangent to
M. So we just need to show

(2.20) Vg, V¥ =
for X a vector field on M. Note that flatness of V implies that for vector fields X
and Y on M,
Vx,Vy]=Vixy]
Transporting (2.20) to £, we need to show that

[GI‘—VE —(A+ 1),VX] =0.
Computing the left-hand side gives, by Definition 2.20, (6),
(Gr, Vx] = [VE,Vx] = Vg x] — Vig,x] = 0.

This show that VM is flat, and hence M is a Frobenius manifold.
Finally, we check the value of the constant D. We have, for X and Y flat vector
fields on M,
E(g(X,Y)) —g([E, X],Y) — g(X,[E,Y])
= E((Ve(X), (Y ym_ ) — (s (Grp(X)), ou(Y))nre_ ym
= (Uu(X), (G (YY) rr_ 1
= — ((Gro —=(A + 1) (X), u(Y))ire_ 10
= (u(X), (Gro —=(A + 1) 0w (Y ) i 1
(D +2(A+ 1)) (0 (X), 0 (Y ) ire_ y3e
=D +2(A+1))g(X,Y).

O

Noting that the map # is a local isomorphism between M and the vector space
WH_ /H_, as mentioned earlier, this gives a linear structure on M. The flat vector
fields with respect to V™ are precisely the constant vector fields on AH_ /H_.
Thus linear coordinates on AH_/H_ induce coordinates on M whose associated
vector fields are flat. We call these induced coordinates flat coordinates, given to
us canonically by the choice of data above.
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EXAMPLE 2.27. We return to Example 2.21 and its continuation Example 2.22
coming from quantum cohomology. The space H is identified with

H*(X,C) ®c C{h,h~ '},

and we take

H_ = H*(X,C) @c i 'O(P' \ {0}) C H.
Recall from Example 2.22 that the embedding of & = H*(X,C) ®@c C{h} in Hz; is
given by the map J, which takes flat sections of £ to constant sections of H 7. At

the point x of M with coordinates yo = - -+ =y, = 0, we have
J(@) =a+ 0™,

and hence the image of the fibre of &£, under J intersects H_ only at 0. Thus
H=H_®E,.

The induced isomorphism
71 (WH-/H-) ®c Og{h} — &

is a map

7: H*(X,C) ®@c Og{h} — &,
which is defined by

T(s®@ f)=f-4§,
where s = s’ + s” with s’ a section of £ C H 3 and s" a section of Hf’ﬁ. We do
this as
s'=1J(s), s§"=s-1J(s),

noting from the explicit formula for J that s — J(s) is a section of H_ 37 and
J(s) € & C Hyy since J gives the embedding of £ in H 5.

To check that H_ is isotropic with respect to 2, we first need to extend the
pairing on £ to elements of H_. As J : & ®cqny C{h, hty — H 3z gives the
identification of £ ®@¢ ¢y C{A, h~1} with the bundle H 51, we interpret (s1, s2)e for
51,82 € Hyy as (J71s1,J71s2)e. But J=! = S by definition, and S~ is the adjoint
to S under this pairing by the argument of Proposition 2.23, so

(I s1,07 " s2)e = (51, 82)e-
It is then clear that if s1,s5 € H_, then
(51,82)e = (constant)h ™2 + higher order terms in A1,

so Q(s1,52) = 0. Hence H_ is isotropic with respect to €.

Next note that H_ is preserved by Gr. Again, Gr is defined on &, so given
s € H_, we should interpret Gr(s) as J o GroJ~!(s) = J o GroS(s), which lies in
‘H_ by Proposition 2.18 and the definition of Gr. Furthermore, again by Proposition
2.18, note for s € hH _,

(2.21) Gr(s) = Grg(s) mod H_.

In particular, the hypotheses of Proposition 2.24, (1)-(3) are satisfied.

We will now use this to produce a Frobenius manifold structure on Mv, by
choosing [Q] = Ty € AiH_ /H_ represented by Ty € FiH_. We need to verify:
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e The corresponding section J(7) of € yields miniversality. Note that J(7p)
is the description of this section of £ as a subbundle of H 57. As an abstract
bundle & = H*(X,C) ®@c Og{h}, with the embedding J : & — H .
Under this identification, the section J(7p) of £ as a subbundle of H 5 is
identified with the section J=1(J(Tp)) = To of € as an abstract bundle.

Then
ﬁVayi (Ty) = ﬁay,i (To) + To + T;
—T.
Clearly Ty, ..., T, form a basis for £/h€, hence we obtain miniversality.
e [Q] is an eigenvector of Grg. Note, using (2.21) for the second equality,
that

Gro[Q] = Gr(Tp) mod H_

= Grg(Tp) mod H_
= —Ty mod H_
= — [Q].

So [Q] is an eigenvector with eigenvalue —1.

So the chosen data gives a Frobenius manifold structure on M. Note also that
P M — FH_/H-
is given by

(Yo, .-, Yym) € M —h

—~

J(T()) — To) mod H_
(2.22)

I

Il
o

1

by the formula for J of Proposition 2.23.

Let us check that this induced Frobenius manifold structure is in fact the
Frobenius manifold of quantum cohomology. Indeed, from the definition of Ax,
Ap, T =T;*Tj. Thus ¢, is the identity, the multiplication o coincides with that

given by %, and the connection VM is the flat connection. The metric is clearly the
correct one, Ty is the identity, and the Euler vector field F is the standard one.

We see from the above discussion that the function J(7) plays a special role.
This function has a name:

DEFINITION 2.28. The Givental J-function of X is
JX = J(T())

REMARK 2.29. Note that Jx satisfies the property
hoy, Jx = J(T3).
This can be verified either by direct calculation, or by noting that, as J gives the
embedding of £ in H i,
IT) = I(To + T;) = J(hV s, To) = hd,, J(To) = hdy, Jx.

Hence the function Jx, along with the pairing and the grading operator, completely
determines the semi-infinite variation of Hodge structure.
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EXAMPLE 2.30. Let us write down the Givental J-function for X = P2, using
the formula of Proposition 2.23. For g # 0, the Fundamental Class Axiom says
that

<T07T2’mvazji>0,[3 = <T27n,¢l/71n>075.

Furthermore, by (2.2), this is non-zero unless m + 36 = 2m + i + v — 1, ie.,
m =33 —i— v+ 1. On the other hand, for 3 =0,

(To, 15", " Ti)o0 = 0

unless m +1 = 2m +i+ v, i.e., m = 1 — i — v. But m must be at least 1 in
order for this to be non-zero, since My 2(X,0) is empty, and hence we only get a
contribution when i = v = 0. In particular, (To, 7%, To)0,0 = fx ToUuToUTy = 1.
Putting this together into the formula of Proposition 2.23 and using 7% = T5_;, we
get

2
Jpe —eWoTo+y1T1)/h | (TO + Z <y2ﬁ15g’i
=0
3d+i—2—v

T Z Z<T§d+i72ﬁ7 Y Toi)o,ah~ VT2 edvs m> T7> .

d>1v>0

2.2. The B-model

We will now consider the mirror to P, and explain the B-model version of the
structures explored in the previous section.

The mirror to a Calabi-Yau manifold is a Calabi-Yau manifold. On the other
hand, P" is a Fano manifold, and the mirror to a Fano manifold X is what is known
as a Landau-Ginzburg model. In mathematical terms, this is a pair (X , W) where
X is a variety and W : X — C is a regular function. The regular function, known
as the Landau-Ginzburg potential, plays a crucial role throughout.

Mirrors of toric Fano manifolds were first described by Givental in [33] and a
physics derivation was given by Hori and Vafa in [58]. A crucial point will be the
construction of a Frobenius manifold from the data (X, W) via the intermediary of
a semi-infinite variation of Hodge structure. Mirror symmetry in this case is then
the prediction that this B-model Frobenius manifold coincides with the Frobenius
manifold arising from quantum cohomology of X. The construction of a Frobenius
manifold from (X, W), in some specific cases, was accomplished by Sabbah [103]
and Barannikov [4]. We shall follow Barannikov’s approach here. This should be
viewed as a generalization of work of Kyoji Saito, who demonstrated in [104] how
to associate a Frobenius manifold structure to a germ of a function W on C".

Since we will deal primarily with the case of P, and more specifically with P?,
let us give the mirror explicitly in this case so the reader can keep an example in
mind. This construction will be explored in more detail in §2.2.3 and Chapter 5,
but for the moment, the following will do.

We describe the mirror X to P" as

(2.23) X = (" ccrt!

given by the equation

xo...xn:]_’
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where zq, ..., x, are coordinates on C"*!. The potential W is then given by

W=x9g+ 4+ xn.

2.2.1. The twisted de Rham complex. We now fix a non-singular vari-
ety X and a regular function W : X — C, a Landau-Ginzburg potential. The
first question to consider is: what is the relevant cohomology group associated to
(X,W)? The answer takes several forms.

Consider the twisted de Rham complex

(Q%,d + dIWA).

This is the complex
Q% -0k - Q% — -

where the differential is w — dw + dW A w. Here QF is the sheaf of p-forms on
X. There are two possible interpretations for Q% here: it could be the sheaf of
algebraic p-forms in the Zariski topology, or it could be the sheaf of holomorphic
p-forms in the analytic topology. We need the following theorem, originally due
to Barannikov and Kontsevich, though unpublished, and then Sabbah [102] and
Ogus-Vologodsky [89].

THEOREM 2.31. If W : X — C is projective, then
L (X, (@, d 4+ dWA)) 2 H, (X, (@, dWA)) = Hy, (X, (2%, d + dWA)).

Zar

Here the subscripts Zar and An mean we are dealing with the algebraic version in the
Zariski topology or the holomorphic version in the analytic topology. Furthermore,
H* denotes hypercohomology.

The examples of Landau-Ginzburg potentials we are interested in, say the mir-
ror to P™, are in fact not projective, but this turns out not to be too important: we
can often find partial compactifications X C X such that W extends to W : X — C
projective. While in general there may be some subtle difference between working
with X versus X, in fact in the cases we consider there will be no difference. We
discuss this in detail in §3.5.

EXAMPLE 2.32. Assume we are in the situation of the above theorem and
that W only has isolated critical points. Then it is not difficult to compute
H'(X, (Q%,dWA)) using the hypercohomology spectral sequence

EP? = HP(X,HI(Q®, dWA)) = H"(X, (Q%,dWA)).
Here HP is sheaf cohomology while H? denotes the cohomology of the complex
(Q%, dWA).
First, let’s compute H?(Q%,dWA). It is a basic fact of multilinear algebra that
if V' is a finite-dimensional vector space and v € V' is non-zero, then the complex

AVEN VAN

is exact. Since dW = 0 exactly on the critical locus of W, which we call Crit(W),
the sheaf H7(QS%, dWA) is supported on Crit(W). Furthermore, if ¢ < dim X =: n,
then we will show inductively that H?(Q%,dWA) = 0. Certainly H°(Q%,dWA) =
0, since it is on the one hand supported on Crit(W') and on the other hand contained
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in the locally free sheaf Q9. If HY (Q%,dWA) = 0 for ¢ < ¢, then we obtain a
resolution

0— Q48ROI ker(Qd — QL) — HI(Q%, dIWA) — 0.

Now let F = coker(Q_q{Q(mQ%l); the sheaf F has projective dimension at most

g — 1, hence depth at least n — (¢ — 1) > 1 (see [57], Proposition III 6.12A). On
the other hand, ker(Q% — Qg;rl) has depth at least 1, since it is torsion-free. But
then, provided H?(Q%,dW A) is non-zero, the depth of H(Q%,dWA) is at least 1,
(see [57], III Exercise 3.4), contradicting it having support on the zero-dimensional
set Crit(W). Thus HY(Q%,dWA) = 0.

Next, examining H™(Q%,dWA), if we have local coordinates z1,...,z, on X
near a critical point, then we have Q?'(_l — Q% given by

Qo Ao Admi Ao Ay > £ g A A .
&fri
Hence the image of this map is locally just the Jacobian ideal of W.
Since HY(Q%, dWA) is now non-zero only for ¢ = n and for ¢ = n the support
of this sheaf is zero-dimensional, the spectral sequence degenerates at the Fo term
and we get

0 p#EN

HP (X, (Q%,dWA)) =
(X, (0% ) {F(X,coker(ﬂ}_l(mﬁ})) p=n.

O

EXAMPLE 2.33. Suppose (X, W) is the mirror to P given in (2.23), with a
slight modification. We in fact consider a possible variation of the Landau-Ginzburg
potential by setting xg---x, = k where k € C*, rather than xq---x, = 1. This
gives a one-parameter family of Landau-Ginzburg models parameterized by x. Of
course, as mentioned before, we need to partially compactify X to apply the above
theory, but in fact this won’t add any additional critical points, so the computation
will be the same. See §3.5 for more details on this partial compactification and
computation. So without the partial compactification, we trivialize Q% via the

n-form
_dri AN Ndxy

Q=—"7—""—",
a:‘l ... xn,
and then N
Clat, ..., 21
H (X, (98 _ n Q.
(X Ve dWN) = B am oW am)
Here we eliminate the variable zg = £/(z1 - - - 2,). The ring C[zT, ..., zE]/ Jac(W),

where Jac(W) = (OW/0xy,...,0W/0x,,) is the Jacobian ideal, is known as the
Milnor ring of W.
It is a finite dimensional C-algebra; let us compute it. It is more convenient to
use the generating set x;0W/0x; of the Jacobian ideal, noting that
ow K

Ti— =T — ——————.
ox; T1 Ty

Thus the critical points of W occur when
K

Ty==ap =,
xln..xn



70 2. THE A- AND B-MODELS

ie, (z1,...,2n) = (W,...,p) with p = p~ "k, i.e., p is an (n + 1)-st root of k.
Furthermore, the Milnor ring has no nilpotents. So it is of dimension n + 1 as a
C-vector space, the same as the dimension of H*(P™, C). O

Returning to the twisted de Rham complex, let us note that we can modify
this twisting to get a whole family of twisted de Rham complexes parameterized
by fi € C*. We take the complex (Q%,d + A~'dWA). Of course, the dimension of
HP (X, (Q%,d + h~'dWA)) is independent of A, as the complex (Q%,A ' dWA) is
isomorphic to (Q%,dWA).

2.2.2. Homology. Given a Landau-Ginzburg model (X, W), we obtain a nat-
ural homology theory dual to the cohomology of the twisted de Rham complex. To
simplify the discussion, we will assume as in Example 2.32 that Crit(W) is zero-
dimensional, so that only H" (X, (Q%,d+#A~1dW A)) is non-zero, where n = dim X.
Furthermore, if X is affine, any element of H" (X, (Q%, d+h~*dWA)) is represented
by an n-form. Indeed, we can see this via a second hypercohomology spectral se-
quence,

BV = HP(HO(X,Q%),d+ k™ dWA) = H'(X, (Q% . d + h~dWA)),

where we take the ¢-th sheaf cohomology of each entry in the complex Q% , and then
take the p-th cohomology of the resulting complex. Since X is affine, H4(X, Q%) =
0 for ¢ > 0, and thus the spectral sequence degenerates, showing that

H"(X, (2%, d +h 'dWA)) = HY(T(X,0%),d + h~{dWA).

In this situation, for a fixed 7 € C*, we consider a homology group that we
write as

H,(X,ReW/h < 0;C).

By this, we mean a homology theory of cycles which are allowed to be unbounded,
but only unbounded in the directions in which Re W/h — —o0.

We will not be more precise here; it is possible to do so, but this for us is a
technical point. The important point is that

H,(X,ReW/h < 0;C)
is naturally dual to
H"(X, (Q%,d+ h~tdWA)).

Indeed, given a cycle = € H,(X,ReW/h < 0;C), and w € H°(X, Q%) algebraic
representing an element of H" (X, (2%, d+#A"'dWA)), we can compute the so-called
oscillatory integral

/ eV,

With the right definition of H,, (X, Re W/h < 0; C), this integral converges precisely
because Re W/h — —oo in the unbounded direction of Z. Furthermore, note that
if pis an (n — 1)-form on X,

d(e"/hn) = WP (dy + KW A ).
By Stokes’ theorem,

/eW/ﬁw = / eW/hw—l—d(eW/ﬁn),
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so w and w+ (d+ A~ 1dW A)n give the same integrals. They also represent the same
element of H" (X, (Q%,d+ h~1dWA)), so we obtain what turns out to be a natural
perfect pairing

(2.24) H,(X,ReW/h < 0;C) x H"(X, (Q%,d+ h~'dWA)) — C.
There is also a natural intersection pairing
(2.25) H,(X,ReW/h <« 0;C) x H,(X,ReW/(—h) < 0;C) — C.

Roughly, two cycles in the first and second homology groups on the left can only
intersect in some bounded region of X, and the intersection number is well-defined
as the cycles cannot be deformed so that intersection points run off to infinity.

EXAMPLE 2.34. We consider the mirror to P2, with (X, W) = ((C*)?,W). Here
(C*)?2 = V(zox1m0 — 1) C C3, and W =z + 21 + x2. As we saw in Example 2.33,
H?(X, (Q%,d + hdWA)) is three-dimensional. We will describe a basis =, Z1, =2
for Ho(X,ReW/h < 0;C).

To describe this basis, let’s identify (C*)? with a trivial T?-bundle over R? via
the map

Log: (C*)? — R?
Log(z1,z2) = (log |z1],log |z2|).

We take =g = Logfl(O, 0). This is a compact cycle, so certainly represents a class
in Hy(X,Re W/h < 0;C) for any f. However, for this to actually be a cycle, we
have to choose an orientation. Using the map Log, we can identify (C*)? with
R? x T2, taking coordinates 7;,y> on R? and coordinates 61,02 on T2, so that
xj = exp(y; +16;). Then we can orient =y using df A dfs.

Next we define Z;. Let po, p1, p2 € R? be the one-dimensional cones of the fan
in Example 1.14. Let

So = {(x1,22) € Log™ ' (po) | arg(xy 'ay ") = arg(h) + n},
Sy = {(z1,2) € Log™ ! (p1) | argzy = arg(h) + },
Sy ={(z1,22) € Logfl(pg) | argxg = arg(h) + 7}.

Each S; is a cylinder with boundary on Logfl(O, 0), which we depict as a square
with opposite sides identified in Figure 2. We take S3 to be a surface contained in
Log_l(O, 0) which bounds 95y Ud5; UdSa, and take 1 to be the piecewise smooth
cycle

21 =SpUS1 US> U Ss.

We orient, say, S1 C E;1 using —dy; A df2. One can check that this extends to an
orientation on all of =.

For example, Figure 2 depicts such a surface S3 when h = 1. To verify that =
lives in Hy(X,ReW/h < 0;C), note that on Sp, |z1| and |z2| tend to zero, while
|zo| = 1/|x122] — 00 as we head in the non-compact direction of Sy. As

arg(zy'ay ) = argh + 7,

in fact z; 'z, ' /h is real and goes to —oo. Thus this term dominates in W/A, so
ReW/h — —oo. The same argument works along S; and Se. Thus Z; lies in
Hy(X,ReW/h < 0;C).



72 2. THE A- AND B-MODELS

FIGURE 2. The surface S5 contained in a two-torus. The opposite
sides of the square are identified.

Note that we had an arbitrary choice for Ss, and this can always be modified by
adding a multiple of Log™ (0, 0). In fact, if we make one choice, say for & = 1, and
vary A continuously via A = 2™, 0 < ¢t < 1, we can choose S3 in a continuously
varying way. As we complete the loop, we will find that Z; has been replaced by
=1 — 3=, if we orient =y and =; as indicated below. This demonstrates that there
is no canonical choice for Ss.

We will describe Eg only for 2z = —1 to avoid complexity. Just take

Eo = {(x1,22) € X|x1,x2 real, x1,z2 > 0}.

Then again ReW/h — —oo in the non-compact directions. We orient Ey using
dyr A dys,

We leave it to the reader to build a =Z; which depends on # as in the example
of Z1. However, note that the Z5 we have described actually works for any A with
Reh < 0.

We can also calculate intersection numbers under the pairing (2.25). We just
note the simplest one: the cycle Eq is independent of A, and is a fibre of Log. Of
course any two fibres are homologous. So Zy - Z9 = 0 and =g - Z1(h) = 0 for any h,
as E¢ can be moved to be disjoint from = (k). (Here we indicate the dependence
of Z1 on ). On the other hand, Zy and Z2 meet transversally at one point, and
with the given choice of orientation, =y - =2 = —1, where we think of

Zo € Hy(X,ReW < 0;C) and =5 € Ho(X,Re(—W) < 0;C).
(]

The description of cycles given in the above example is not the conventional one;
rather, we give it because these cycles are more closely related (but not identical) to
the cycles mirror to Tp, Ty and Ty of H*(P?, C). The more conventional description
of the generators of H,(X,ReW/h <« 0;C) is in terms of Lefschetz thimbles.

Suppose that the critical locus of W is reduced: the critical locus is given a
scheme structure via the spectrum of the Milnor ring. Then each critical point is
non-degenerate, in the sense that if X is n-dimensional, then in a neighbourhood
of each critical point there are local holomorphic coordinates z1, ..., z, such that
W =22 4+ ... 4 z2. This is the case, for example, for the mirror (X, W) of P™.

Put a metric on X, and consider the function Re W/h as a Morse function on
X. Locally near each critical point, there are real coordinates 1, ..., y2, such that
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ReW/h=yi+---+y2 —y2, 1 —-- —y3,. Soeach critical point is a critical point
of index n. The stable manifold A;r of a critical point p is the union of gradient
flow lines of Re W/f which go to p as time ¢ — 400, and the unstable manifold A,
of a critical point p is the union of gradient flow lines of Re W/h which go to p as
time ¢t — —oo. Of course, A;r and A" depend on £, which we consider fixed in this
discussion.
Both A;’ and A are n-dimensional submanifolds, and provided W is proper,
clearly
A} € Hy(X,ReW/h < 0;C)
and
A, € Hy(X,Re(=W/h) < 0;C).
If W is not proper, we can choose a properification X C X, W : X — C proper,
and choose a metric so that AF C X when p € Crit(W) is contained in X. So we
still get
A € Hy(X,Re(£W/h) < 0;C).
These cycles are known as Lefschetz thimbles.
For a general choice of metric, Ai OA:E, = unless p = p/, and AFNAS = {p}.
Thus with the proper orientation, we can assume that under the intersection pairing
(2.25),

(2.26) AF AL =y

We will need the following standard approximation for oscillatory integrals over
these cycles describing the asymptotic behaviour of these integrals as i — 0. This
approximation is known as the stationary phase approximation:

PROPOSITION 2.35. Let X, W be as above, with W having only isolated non-

degenerate critical points. Suppose f(x,h) is a holomorphic function on
X x {|h] <€} € X xC,
algebraic when restricted to X x {h} for any h with |h| < e. Then for p a critical
point of W,
—2mh)"/?

Fla, Ryt /My = 2T

af Hess(W)(p)

where w is a nowhere vanishing algebraic n-form on X, n =dim X, f is a reqular

function, and the Hessian Hess(W) at p is det (82W/8x7;8xj), evaluated at p, with
T1,...,Ty local coordinates in which w = dxi A --- Ndx,.

VP (f(p,0) + O(R))

PRrROOF. (Sketch) First note that we can write

fla, h)e/ Py = F(z, B)eW=WED/RW @)/h,
Ay AF

— W)/h f(z, h)eW-WEN/h,,
A7

so we can assume W (p) = 0 at the expense of a factor of ¢V (?)/" The main point
now is that the asymptotic behaviour as & — 0 comes from the integral

(2.27) / f(z, h)e"/hy,
AFNB.
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where B, is a ball of radius € centered at p. This is because
(2.28) / fz,h)eVhw -0
AZ\Be

as h — 0, since ReW/h is bounded away from zero and negative on Az‘f \ B..
Thus eV/" — 0 rapidly as & — 0, hence (2.28). The integral (2.27) can then be
approximated by replacing f(x, ) by its value at x = p, i = 0, and replacing W by
the second order (leading) term in its Taylor expansion,
1 9*W
W = %: §Ma:zx] + higher order terms.
Letting A = ((8*W/0z;0x;)(p))i,;, so that Hess(W)(p) = det A, we can make

a change of coordinates y = v/Ax for a choice of square root of A so that the second
order part of W is now (y? + - -+ + y2)/2 and locally near p,

w=dyi A Ndyp/+/Hess(W)(p).

Now take A;’ to be defined for i = 1; we can then let # — 0 in an angular
sector in the A-plane containing 1. If we write y; = u; + 7v;, then

1
ReW:E(u%—i—-'-—l—ufl—vf—'-'—?)?),

n

so the stable manifold for Re W is given by w3 = -+ = w, = 0. Thus, in this
angular sector, we can approximate (2.27) by the standard Gaussian integral

f(p,0)
V/Hess(W)(p) Jrr
S L) S/
Hess(W)(p)
(—2mwh)™/?
= f(p,0) ———————.
00 )

e—(v%+~~+vi)/2hd(wl) A Ad(ivg)

This gives the desired asymptotic behaviour. O

2.2.3. The B-model semi-infinite variation of Hodge structure. We
first need to discuss the B-model moduli space on which the B-model semi-infinite
variation of Hodge structure lives. In the case of the mirror of P, we start with
(X, Wo), with Wy = 29 + -+ + 2, X = V(2 -2, — 1) C C""!. The B-model
moduli space is the universal unfolding of Wy. In the context of complex manifolds,
the universal unfolding is a germ of a complex manifold 0 € M, along with a
holomorphic function

W:MxX —C,
such that:
i W|{O}><X = Wo.

e For any germ 0 € Y of a complex space, and holomorphic function

W .Y xX-—C
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such that W'[,y, x = W, there exists a commutative diagram

Yx X —— MxX

L

Y ———— M

where ¢ : (0 € Y) — (0 € M) is a map of germs whose induced map
on Zariski tangent spaces is vunique, the vertical arrows are projections,
Nliorxx + {0} x X — {0} x X is the identity, and W' = W on.

In fact, a standard fact (see e.g., [109]) says that the universal unfolding of
Wy, assuming Wy has isolated critical points, is a germ of 0 in the Milnor ring,

ClzE, ...,z /(W /0y, ..., 0W/0x,),

thought of as an affine space. If fy,..., f, are elements of C[azlﬂ, .o, Y repre-
senting a basis for this vector space, giving coordinates tg,...,t, on a germ M of

the origin, then the equation for the universal unfolding W of Wy on M x X is

W=Wo+ > tifi.
=0

For example, we might take as a basis f; = W¢, 0 <i < n. We leave it to the
reader to check that this is indeed a basis of the Milnor ring.

Ideally, we would like M to be the space on which the B-model semi-infinite
variation of Hodge structure lives. However, there is a problem which emerges when
n > 2: when t; # 0 for ¢ > 2, Wy + > tiWS has more critical points than W does.

For example, consider the case n = 2, and the perturbation

W =Wy + taWe = Wo(1 + taWh)
of Wy for t9 small. Then W factors as
xToctc,

with f(z) = x(1 +tex). Of course f is a 2 : 1 cover, branched where f/(z) = 0, i.e.,
at © = —1/2t5. So the fibres of X are disconnected in general, and Wy = —1/2ty
is a multiple fibre of W. This is drastically different behaviour than we wish, and
is known as wild behaviour. Clearly as to — 0, the extra critical points move out
to oo, which is why we didn’t see this behaviour at to = 0. But we need to avoid
these sorts of potentials.

There are a number of different approaches to dealing with this problem. The
approach we shall take here is to consider to,...,t, only as formal variables. For
example, we could take M = Spec C[to, t1][t2, - .., ¢,]. More in keeping with the
discussion of the A-model, we will work directly with a moduli space M similar to
the one defined in §2.1.4.

DEFINITION 2.36. Define M to be the ringed space (C, Oy) where C is viewed
as a complex manifold with coordinate ¢1, and sections of O ;7 over an open set
U C C consist of formal power series

E fi0i2“~int00t22 e tiz
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with fi,i,...s, a holomorphic function on U. Let X be the subspace of M x Crtl
defined by the equation
et =z ay,

with zg, ..., 2, coordinates on the C"*! factor. Setting
Wo =z0+ -+ Zn,

we can then define

(2.29) W=ty +Wo+ Y t:Wg.
i=2
We denote by
T: X —>M
the projection.

One can check that this is indeed universal in a neighbourhood of each point of
M ; the details of the particular choice of description of W won’t be important for us.
We will be in particular interested in the point 0 € Mv wherety =t =---=t, =0.

We can then consider the subscheme Crit(W) C X of critical points of W. This
is defined by the ideal generated by OW/dxy,...,0W/0z,. Computing, one finds

oW W —

Since to, ..., t, are formal parameters, 1 + 2?22 itiW(Tl is invertible, so the ideal
generated by the OW/0x;’s is the same as the ideal generated by the OWy/dz;’s.
Thus Crit(W) is given by the locus 2 = - - - = x,, = p for u ranging over the (n+1)-
st roots of e', by Example 2.33. So Crit(W) is étale over Mv, and 7. Ocyig(w) is

a locally free sheaf of Oj;-modules of rank n + 1. On M, one can find sections

Pls-Pngl M — Crit(W).
On M x C*, with coordinate h on C*, we define a local system R of C-
vector spaces as follows. We note that a local system is only concerned about the

underlying topological space of M x C*, and has nothing to do with the structure
sheaf O 7. With this in mind, the fibre of R over (¢1,5) € C x C* will be

Hy (77 (t1), Re(W |14,y /1) < 0;C).

Here W|z-1(4,) = ®o+- -+ @, with ¢ - - - 2, = €', as we are ignoring the variables
to,t2,...,t,. This function has n+ 1 critical points. Thus we do not need to worry
about the dimension of this space jumping. .

Let R = R ®c Ojy,cx; this is a locally free sheaf of rank n + 1 on M x C*,
and carries a Gauss-Manin connection V&M
R. We then have the dual locally free sheaf

RY = Homo o (R O jgyex)

whose flat sections are the sections of

with the dual local system RY C RY, again given by flat sections of a connection
\ASELR

Note that a section of RY on an open set U x V, with U C Mv, V' C C* open
sets, can be given explicitly via differential forms

e,
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where f is a holomorphic function on 7=1(U) x V with fla=1(u)x {v} being algebraic
for each u € U,v € V, and

_dxl/\--~/\dxn

X1 Ty

Q

The form f{ defines a map R — Ojz, o« over U x V' by taking a section = of R
over U x V to

/ "M E Oy o

We write [fQ] for the section of RY determined in this way.

Let us be more precise about what this means in the formal setting we are
working in. Using the expression for W given in (2.29), we write
W/h _ e(mg+~~~+mn)/ﬁg

e
where g is a formal power series in the variables tg, ts,. .., t,, with each coefficient
appearing being an algebraic function in zq,...,z, and A. Thus the integral of

each term in this expansion converges, being

/ e(@ottzn)/lip )

for h satisfying hl;-1(u)x{vs} algebraic for each u € U, v € V. Indeed, the expo-
nential decay of e(*0t+#n)/" dominates the polynomial growth of h. Thus we see
that fQ defines an element of RY.

There is a standard technique to describe the Gauss-Manin connection at the
level of forms, which we sketch here. Given an n-form fQ on 7=1(U) x V, fQ
represents a section of RY. We now consider the total space X x C* as a space
with the Landau-Ginzburg potential #~'W. If in fact fQ were closed with respect
to d + d(h='W)A on 7= 1(U) x V, then fQ would in fact represent a flat section
of RY. The Gauss-Manin connection measures the failure of (d + d(A=W)A)(f)
to be zero on the total space by evaluating this (n + 1)-form on tangent vectors X
on X x C* lifted from M x C*. In particular, if X is in fact the lift of a tangent
vector from M to X x C* which projects to zero in the C* direction, then

UX)(d+ d(R WA (FQ) = (X (f) + ' X (W) )R,
while
L(hOR)(d + d(W Y W)N)(FQ) = (hof — W *W Q.

From this, we get

(2.30) VMRl = (X () + 1 X (W) f) Q)
and
(2.31) Vil 1fQ = [(hosf — "W f) Q).

One checks easily that these classes only depend on the class of f{2 and not on f2
itself or the lift X.

DEFINITION 2.37. We define the B-model semi-infinite variation of Hodge struc-
ture on M as follows. The bundle & is the O r{h}-module such that I'(U, £) consists
of sections of RY over open sets of the form

U x {h||i] < e}
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given by forms fQ with f holomorphic for |A| < e, including at A = 0, and f
algebraic when restricted to 7= (u) x {fi}. The connection

) 1 -1
ViE—-QmehE
is given by the Gauss-Manin connection on RY, namely for a section s of &,
Vys=V{Ms,

where X on the right-hand side is the lift of X to M x C* which projects to zero
in the C* direction.

Alternatively, one can think of this as follows: we can extend the locally free
sheaf RY from M x C* to M x C, by dictating that a section [fQ] of RY extends if
f extends as a holomorphic function across i = 0. Two forms f1Q2 and f2Q define
the same section if for each i in a neighbourhood of 0 € C, (f1 — f2)Q is in the image
of iid + dW A; note for h # 0 this is the same as being in the image of d + A~ 1dWA.
It then follows from [102] that this extension of RY is in fact a vector bundle.
The fibre of RV over (u,0) as a vector bundle is then H" (7~ (u), (QZ,I(H), dWA)).
Sections of this vector bundle near A = 0 give sections of £. In particular, £/hE is
a rank n + 1 vector bundle with fibres being H" (7~ (u), (1) AWN)).

Let

(=): MxC* —>MxC*
denote the map
(U'a h) = (U, _h)
Then the pairing (2.25) induces a pairing
()t (=) RY X RY = Ogox-
This gives a pairing (-, )¢ on & defined by
(_1)n(n+1)/2

(s1,82)e () = —5 s

((=)"s1,82).

For the grading operator, we begin by taking a vector field E on M given by

E=(n+1)0, + Y (1 =it

i=0
We then define the grading operator by
(2.32) Gr(s) = V§¥+E(s) — 5.

O

PROPOSITION 2.38. The data £, V and (-, )¢ yield a semi-infinite variation of
Hodge structure. The operator Gr is a grading operator.

PrOOF. First note that V indeed takes £ to Q}Vt ® h~t€, by (2.30). Further-

more, we can describe the pairing (-, -)¢ using the basis {Api} of Lefschetz thimbles.
By (2.26), we can write

B (_1)n,(n+1)/2
(2.33) (51,52)e = G Ep: (/A sl(—ﬁ)> </A+ mm) .
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Thus by the stationary phase approximation (Proposition 2.35), we have

(/. Ig —iz“” +O<>

So (+,-)e takes values in O{h}, as needed.

As the Gauss-Manin connection is by definition flat, V is flat. Axioms (1)-(3)
of Definition 2.20 are obviously satisfied by the deﬁnltlons To see (4), we proceed
as follows. Recall that we have Crit(W) C X and sections p : M — Crit(WW) of the
projection 7 : Crit(W) — M , giving a family of critical points. There are n + 1
such sections. For each p, choose a holomorphic function f, on X, regular on fibres
of m, such that fj, op’ = dpp, so that as functions on Crit(W), {f,} form a basis of
sections for the vector bundle 7. Ocyi¢(w). Then

([fpr],[fan])g = ZJCPHTJW—FO@)

(r))
=+ 75” L +O(h)
7 HessW(p') '

Now by construction, the forms f,{) represent a basis for
B (! (1), (214, ATV 1)
for each point u € M , as the functions f, clearly form a basis for the Milnor ring

of W{;-1(y). Thus the classes [f,§2] also give a local basis for the rank n 4 1 vector
bundle £/hE, as the fibres of this vector bundle are precisely

H" (7~ (u), (5 -1(u), AW A)).

It is then clear that the non-degeneracy condition of Definition 2.20, (4), holds.
We next turn to the grading operator. First note that

using et = zg - --x,. Thus we can lift E to the vector field

Xn: 0y, + 2":(1 — 0)t; 0,
i=0 =0

on X, and calculate

= <Z xlé)wl + Z(l — Z)tl8t1> Wo + ZQWS
=0 =0

i=0
i#1

=Wo+ Y i+ (1—i)t: W
1=0
i£1

=W.

In fact, it is easy to see that E is the only vector field on M which has a lift to X
which preserves W.
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Applying Gr to a section [fQ] of &, using (2.30), (2.31), and E(W) = W, we
see that
Gr([fQ) = [(hosf + E(f) — f).
So we see that indeed Gr(€) C £. Now axiom (5) of Definition 2.20 is obvious, (6)
follows from the flatness of V&M and (7) is checked as follows. By (2.33), we have

_1\n(n+1)/2
(hh + E)(s1, 52)¢ — (hdy + E) (%Z (/A 51(—ﬁ)> (/M SQ(ﬁ)>>

= - n(81, 82)5

_1\n(n+1)/2

+ ( /. <V%Z’+Es1)<—h>> < | s2<h)>
_1\n(n+1)/2

" ((12)Tﬁ)” (/A— 81(_h)> </A+ v%gwsz(ﬁ))

= —n(s1,52)¢
+% (/A;(Gr(81)+s1)(—ﬁ)> </A S2(ﬁ)>

_1\n(n+1)/2
+ % </A_ 51(—ﬁ)> <A+(Gr(52) + 32)(ﬁ)>

= (Gr(s1), s2)e + (51, Gr(s2))e + (2 — n)(s1, 82)¢.
Thus Gr is a grading operator with D = 2 — dim¢ X. O

2.2.4. The B-model Frobenius manifold. We now have the B-model semi-
infinite variation of Hodge structure &, V, (-, )¢ with a grading operator Gr on M
from the previous section. According to §2.1.7, with an appropriateA/additional
choice of certain data, we will obtain a Frobenius manifold structure on M. In order
for this to coincide with the A-model Frobenius manifold arising from X = P", this
data cannot be chosen arbitrarily. However, in order to specify this data, we need
to examine the nature of the local system R in more detail. In particular, we would
like to understand the monodromy of this local system. As R is a local system
on M x C*, and M is simply connected, the only interesting monodromy _comes
from a loop in the C* factor, so we can in fact restrict to the point 0 € M and
consider the local system on C* whose fibres are H, (X ,ReWy/h < 0; (C), with
XzV(xo---xn—l) and Wy =z + -+ + 2.

PROPOSITION 2.39. Let X = V(zg- -2y, —1) C SpecClzg, ..., zy], and Wy =
T+ -+ xy. Then for any local section = of the local system R on C* with fibre
over h € C* given by H,(X,ReWy/h < 0;C), the integral

Y= / eWo/hQy

satisfies the ordinary differential equation

! " (n+1)
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PROOF. Let w; = wo---2;-1Q. Let Q; = 1(x;0,,)Q2. Then applying d +
A=YdWoA to xg - 2,195, keeping in mind that xq---z, = 1, we obtain the n-
form

(200, = 200zy) (w0 - - wim1) + A7 () — @) (w0 - - Ti-1)) O,
so in particular,
((xjé)wj — {Eiam,i)(x() c -xi,l) + ﬁil(itj — :Cl)(it() s {El‘,l))ﬂ
is in the image of d + A~ 'dWyA. So in H"(X, (Q%,d + h~'dWoA)), we have
[(20,) (w0 -+~ 2i-1)Q) = =77 (2 — zi)wi].
Summing over all j, 0 < j < n, we obtain the equality
[iwi] = —[ﬁ_l(W() — (TL + l)xl)wl]

As Vi lwi] = —[hi~'Wow] by (2.31), we obtain
1 . _
n+1 (—V%\;’ + Z)[wi] =h 1[(4}7;4_1].
From this it follows inductively that
1 GMyi —i

m(—vhaﬁ) [wo] = A" [wi].
Since wy,+1 = wp as xg - - - T, = 1, we obtain

1 GMy\n+1 —(n+1

Ty Ve )" o] = A7 o)

Thus the integral of wy over = satisfies the equation (2.35). O

Note that (2.35) is an (n+ 1)-st order ODE, so there will be n+ 1 independent
solutions. We can write down a fundamental system of solutions quite easily.

PROPOSITION 2.40. Working over the ring Cla]/(a™h), write

n

A=Y — exp(—(n + 1)alogh) = Z (Cn+ 1)) log hai.

7!

i=0
Then the coefficients of 1, ..., Q™ in the expression
e8] d 1
2.36 hya) =R (DN S d T
(2:36) E(h.0) > s

form a fundamental system of solutions to (2.35).

PRrROOF. The coefficients of a’, i = 0,...,n, are linearly independent, as can
be seen by noting that the coefficient of o is of the shape

flog" h + lower order terms in log A,
with f # 0. To see that the coefficients are in fact solutions, note that for a function
¢ on C* with values in Cla]/(a™1),
1 1
I hf(nJrl)a _ ﬁf(nJrl)a o —hf(nJrl)ah )
1 onl v)=a L O
Thus (2.35) is satisfied by 1 = A~ ("D if o satisfies the equation

1 n+1
- ——*h =i~ (D,
(a ] 5ﬁ) ® ¥
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Taking

N 1
Zh (n+1)d 1‘[17(a+z)n+1,

one sees that

- 1
- § —(n+1)d I I -
(Oé haﬁ gp ot @ + d a + Z)nJrl )
SO
1
_ n+1 (n+1)d
(a n+1ﬁ8ﬁ) Y= Zﬁ H (@ + )"t

d=1
(noting that for d = 0, (o + d)"*! = 0) while

d
—(n+1) (n+1)(d+1)
Y= Zﬁ ];[ Oé"‘?z n-l—l

Comparing coefficients of A~ ("t1?  these agree. 1
A consequence of this proposition is the following:

LEMMA 241. If Eo,..., 2, is a local basis of sections of R, the integrals
fE, eWo/hQ i =0,...,n, form a fundamental system of solutions of (2.35).

PRrROOF. Recall the extension of RY across i = 0 as described in Definition
2.37. As 1,Wy,...,W§ span the Jacobian ring of Wy, the sections of the vector
bundle R0} x¢ (where 0 € M is the origin) given by the classes [Wi€)], 0 <i < n,
yield a basis for the fibre of RY (o} x¢c at i = 0, and hence yield a basis of sections
of RY|{03xc in some neighbourhood V' = {h € C||h| < €}. In particular, since
(2.24) is a perfect pairing, the (n+ 1) x (n + 1) matrix

</ WgeWO/h>
Ei 0<i,j<n

has rank n + 1 at every point of V. Now

(2.37) 9 eWo/hy = / WieWo/rq,
oh Ei =
Thus the Wronskian of the system of solutions
/ WO/FLQ Wo/ﬁQ
=0 En
of (2.35) is non-vanishing on V', and hence these integrals give a fundamental system
of solutions. 0
In particular, one can choose a local basis =, . .., =,, of R such that fEi eWo/hQ)

in fact coincides with the coefficient of o’ in &, i.e.,

1
W h —(n+1)x —(n+1)d
i= 0 =i d=0

From now on, we will denote by Zy, ..., =, this partlcular basis of R.
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REMARK 2.42. We have seen several choices of bases of cycles. In general,
we have the cycles A;r , where p runs over critical points of W(. This basis has
little to do with the basis =g,...,=,. On the other hand, in dimension two, we
explicitly described a basis of Hy(X,Re Wy/h < 0;C) in Example 2.34. Denoting
by Zf,Z},Z5 the basis described there, in fact the relationship between the two
bases can be understood via direct evaluation of the integrals. It is a somewhat
enjoyable exercise to evaluate the oscillatory integrals explicitly for Z;. One finds
the following relationship:

g 1 =
0T @m0
= _ 1 37 o
By + (2mi)2™

3y 1 w2 27

= _ =/ Ol = o 22 =
2T o T (2mi)2 (4 3 7)
Here

. 1
y= lim <— log(n) + kzl E)
is Euler’s constant. The integral over Z) is a triviality, coming from a residue cal-
culation. The integral over =] is more complicated, involving exponential integrals,
and the third integral is a real challenge. However, one may apply results of Iritani
[61] to describe this third integral in terms of certain characteristic classes of the
structure sheaf of P2 O

Now Zj,...,=, are defined as local sections of the local system R on C*.
As we pass around a counterclockwise loop in the h-plane, following the sections
Zo, ..., 2, when we get back to the beginning of the loop, we will find that the Z;’s
will have been transformed into some linear combination of the Z;’s. This linear
transformation is the monodromy transformation for the local system R. To see
exactly what this transformation is, we can study the behaviour of the integrals

fz':/ o/

Since o/} of course gives a single-valued section of RY, the multi-valuedness of
the integral must arise precisely from the monodromy in the =;.

This multi-valuedness is as follows. Note that & = > a'&; = h~ ("% for
some ¢ single-valued. As we follow a counterclockwise loop in the C* plane around
the origin, A~ ("t = exp(—(n + 1)alog ) is replaced by

exp(—(n + 1) a(log fi 4 2mi)) = i~ "D exp(—(n + 1)2mic).

ef(n+1)27ria

From this, one sees that passing around this loop, € is replaced by & and

& is transformed as
k

(—(n+ 1)2mi)k—I '
Dy

This means that the cycles = are transformed in precisely the same way:

&k

_ b —(n+ 1)2mi)k—7 _
Ly Gl

. —7-
= (k=)
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To describe the dual monodromy on RY, it is convenient to write the dual
basis to Zg,...,Z, as 1 = a% al,...,a" € C[a]/(a™*!). This allows us to write,
for example, the section [fQ2] of RY in terms of this basis as

Fi) :f:ai / fev/rQ.
i=0 s

The effect of monodromy on this dual basis is then given by the transpose
inverse transformation, which is easily seen to be

o exp((n + 1)27ia)a*.
In particular, A~ ("D L =0,... n, is a single-valued, globally defined section of
RY, as the multi-valuedness of o is cancelled by the multi-valuedness of A~ ("D,
We now pass to the entire moduli space M. The local sections S P,
now extend to multi-valued sections of the local system R on all of M x C*, and
similarly the dual basis 1, a, ..., a", giving globally defined sections A~ ("tDeak of
RY on M x C*. So we can view fi”("T)%F as a section of £ ®o . my Ol i1}
Furthermore, since o is flat, V(h~(**D2a*) = 0, and hence

(A= Dagi | =0,... 0}

form a basis for H as a free C{, i~ }-module.
We can now be precise about the data we shall take to determine the Frobenius
manifold structure on M:

e We take H_ to be the O(P! \ {0})-submodule of H generated by
{(ha)* =t ("D |0 <k < n}.

e We take () to be the flat section of £ ®o _ (n} O57{l, fi~'} whose value
at 0. € M is [

PROPOSITION 2.43. (1) H=E& dH-_.
(2) 'H_ is isotropic with respect to the symplectic form Q defined in (2.15).
(3) Gr preserves H_, the flat section Qg € RH_ represents an eigenvector of
Gro with eigenvalue —1, and the corresponding section si = 7(o @ 1) of
& yields miniversality in a neighbourhood of 0 € M.
As a consequence, by Theorem 2.26, we obtain a Frobenius manifold structure
in a neighbourhood of 0 € M with a flat identity and Euler vector field E.

PROOF. & is given by sections of RY |0} xc (using the extension of R across
h = 0 given in Definition 2.37) in a neighbourhood of i = 0. As observed in the
proof of Lemma 2.41, there is a basis of such sections given by [WiQ)], 0 <i < n,
and hence & is generated as a C{h}-module by the these classes. Now, by (2.37),
we can write

j;oﬂ/H Weeo/hq = (—h2%> Zoﬂ/: eWo/hQy

j=0 =i

(2 @

Ej
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From the explicit formula (2.36) for &, the behaviour of (A20y)%¢ is
(ah)'h~ "D 4 terms in H_.

So clearly H = & @ H_, and (1) holds.
Next, note that as o' is a flat section of R, ((—)*a’, a?) is constant. Further-
more, as A~ ("TDeq¢ is a single-valued section of RY,

() (= D2at), = ead)
is single-valued. On the other hand, expanding A~ "tV in terms of powers of log i,
one obtains a formula for ((—)*(ﬁ_("“)aai), ﬁ_(""'l)“ozj) whose h-dependence is

as a polynomial in log A. Thus, in order for it to be single valued, it must in fact
be independent of A. Thus

0 = hop((—)* (A~ " Heat), = heg )
= (= (=) ((n+ Dh-FDegitl) pminthagd)
+ ((_)*(ﬁ—("-l-l)aai), —(n+ 1)5—(n+1)aaj+1).
So in fact
(2.39) ((_)*(ﬁ—(ﬂ,—i—l)aai-l—l), h—(n-{—l)aaj) _ _((_)*(ﬁ—(ﬂ,—i—l)aai), h—(n-{—l)aaj-l—l).
From this we conclude that
(2.40) (=t Dagi p=(ntDogd), — {(()Constant) e zii Z Z’
So to prove H_ is isotropic, we just note that for k, ¢ > 1,
Q((ha)'h= MDA (o) p (e
= Resy—o ((ha) h= "=k (ha) p=(mHDe=t) dp
{o i+j>n
Resp—oConstant - A7 =F=t=ndp 4+ <n
=0.
For (3), note that for m > 1,
Gr((ho)*h=rte =™y = VEML o (RF o hm (D) — (R (e
= (k—m— (n+ 1)a — 1)(ia)*p~(Hap=—m
e H_,

so Gr preserves H_. We see also that Qg € hH_, as £, which represents the flat
section Qp, takes the form ¢ = A~ ("D (1 + O(h~ (")), In addition,

(2.41) Gro ((ﬁa)kﬁ—("-i-l)a) = (k- 1)(ﬁa)kﬁ—(n+l)a,

so [Q] is an eigenvector of Grq of eigenvalue —1.

Finally, we need to show minversality. In particular, let s = 7([Q2] ® 1). By
definition, s, is obtained by writing the constant section Qg of H 1 (whose value
at 0 € M is given by [Q?]) as a sum sj, + s, where s is a section of & and sy
is a section of H_ 5=. In other words, sy will be represented by some f(Q, with

f a holomorphic function on X x {|i| < €} and regular on fibres of X'. Since
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Qo = A=) mod H_, and we need [fQ] = Qp mod H_, the requirement on
f€ is that

110 = B8 Y o 6,1 (o)

i=0
where
pilt, 1) =00+ > i (6.
j=1
Here, we have written t = (fo,...,t,). Furthermore, as [Q2] € &, in fact s{, = [Q2] at

0eM , 80 we can assume that f|i—g = 1. These two conditions uniquely determine
the class represented by f(.

Now once s, = [f§] is given, we check miniversality at 0, by computing using
(2.30) and (2.34) that

[(h(Df /0t:) + FWE)9 i1

WV a0t Q] = {[(h(&f/ah) + nLH(WO + 3, it Wi))Q] i=1

So in £/KE at 0 € M, this is just (WEQ) if i # 1 and %_H[WOQ] it =1. We
know that [Wi€], 0 < i < n, form a basis for £/h€ at 0 € M as Wi, 0 < i < n,
form a basis for the Milnor ring of Wy. So we have miniversality at 0 € M , hence
miniversality in a neighbourhood of 0 € M. O

2.2.5. Mirror symmetry for P". We can now, at last, state mirror symme-
try for X = P™. To summarize, we now have two sets of data, the A-model data
and the B-model data. The A-model data consists of a semi-infinite variation of
Hodge structure £4, V4, (-, -)ga on M#, with an opposite subspace H4 C H4 at
0 € M* and an element Q4 € WHA. This data comes from quantum cohomology of
P™. The B-model data consists of exactly the same sort of data, this time labelled
with B’s, arising from the construction of the previous two sections on M%.

In particular, we have

RHAJHA = H*(X,C) = C[T4] /(T ),

the latter equality as a ring with the classical cup product; of course T; = T}, with
Ty the generator of H(X,C). Also,

WHB /HE = Cla]/(a™),
with o being identified with = ("t (ha)’. There is then an obvious choice of
isomorphism

WHA JHA =2hHB /HE

2.42 . )
( ) qu, |—>ﬁ_("+1)a(ﬁa)7’.

From this data we obtain Barannikov’s period maps (2.18) ¥4 and ¥, hence maps
of germs (2.19)

WA (MA,0) = BHA /HA
and

WP (MPB,0) — mHE /HE



2.2. THE B-MODEL 87

which are local isomorphisms by miniversality near 0 € M. Using the identification
(2.42) of hHA/HA and WHE /HE, we obtain the mirror map

m: (M2,0) — (M5B, 0).

THEOREM 2.44 (Mirror symmetry for P™). m identifies the A- and B-model
semi-infinite variations of Hodge structure. More specifically, the identification
(2.42) yields isomorphisms

EATAL (RHA JHA) @c O (B} = (WHE JHP) @c O {7} T5E8
which identifies the connections, the inner product, and the gradings. Furthermore,

the opposite subspaces HA and HE and the elements Qg‘ and QF are identified
under these isomorphisms.

We will not give the proof here. This is proved by Barannikov in [4], though not
precisely in these words. He shows an isomorphism of the corresponding Frobenius
manifolds, but the data of the semi-infinite variation of Hodge structure is recov-
erable from the Frobenius manifold structure. The basic idea in the proof is that
the Frobenius manifold for the quantum cohomology of P is semi-simple and asa
consequence is completely determined by its behaviour at one point, say 0 € MA,
One finds the same structure on M? at 0, and hence these two Frobenius manifolds
coincide in a neighbourhood of 0.

This statement is rather abstract, and for the purposes of Chapter 5, it is
convenient to rewrite this statement in a much more down-to-earth form.

PROPOSITION 2.45. Theorem 2.44 s equivalent to the following statement:
There is a neighbourhood U of 0 € MP and a section s of 8 over U defined by
a form fQ on = 1(U) x {|h| < €} with f a holomorphic function which is algebraic
on fibres of m and f|r-1(0yxc = 1, satisfying the following conditions:
(1) If we write

s(t,h) = Zai/ VI rQ,
i=0 Ei

then
s(t, i) = i~ (Do Z wi(t, A ) (ah)’
i=0

for functions ¢; satisfying
it BT = S0, + > i (1)
j=1

for 0 <i<n. If we set
yi(t) = ia(t), 0<i<n,

Yos - - -, Yn form a system of coordinates on MB in a neighbourhood of 0,
which are called flat coordinates.
(2) If we write the Givental J-function as

n

J(yo, ey Yn, ﬁil) = Z Ji(yo, ce s Un, ﬁil)ﬂ,
=0
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then in the C-vector space Clyo, ..., yn, i ],

(3) Under the map MA = MB gwen by y; — y;, the Euler vector fields F 4
and Ep are identified.

(4)
[ 0T, = (e a0 ) e

PROOF. First suppose that Theorem 2.44 holds. We already saw in the proof
of Proposition 2.43, (3), that s; = 7( ® 1) is in fact given precisely by the
description of the section s in (1). In particular, the map ¢ p : (MB, 0) — hHB /HE
is given by ¥p(t) = A(s(t,h~') — A~ (*D*) mod HE. Thus in terms of the basis
{h= (D (ha)'y of hHEB /HE, we see that

Yp(t) = Z @i,l(t)ﬁf("ﬂ)a(ﬁa)i.

=0

This shows (1). On the other hand, from (2.22),
alyos - yn) = Yyl

Thus the mirror map m : MA = MB is just given by y; — y;. By Example 2.27,
7a([To]) = Jpr, and as 75([Q]) = s, we obtain (2.43). In addition, (3) is clear since
the Euler vector fields coincide under the mirror map. Furthermore, by Proposition
2.24 and Example 2.27, the left- and right-hand sides of the equality in (4) are the
pairings on AHA /HA and hHZ /HE induced by (-,-)ga and (-,-)gs respectively, so
they must agree under the identification (2.42).

For the converse, suppose we are given f giving a section of £P satisfying all
the given properties. The map y; — y; defines the mirror map

m: (M*,0) — (MP,0).
As observed in Remark 2.29, Jpn completely determines J, hence the embedding
J: &4 = HE,

and similarly, by miniversality of the section s of £Z defined by f2, s determines
the embedding

&8 — H%.
The equality (2.43) then guarantees that after identifying
HEY = (MHA/HE) @c O {h,h')
HEL = (MHE/HE) @c O {h,h™ "}
using (2.42), the subbundles EAC H% and EB C H% are identified. By condition

(4), (-,)ea and (-,-)¢n are identified. Next, [Q¢] = Tp and [QF] = A=+ and
HA, HE are clearly identified under (2.42). Finally, by (3) and Proposition 2.24,
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(3), in order to show that Gr? and Gr? coincide, it is enough to show that Gré4
and Grg coincide. But

CGr(Ty) = Gr™(T;) mod HA
Grg(T;) mod HA

degT;
()

=@-1T;

while by (2.41),
Grf (A= (ah)') = (i — A~ T (ah),
so Grg' and Grf coincide. O

2.3. References and further reading

The discussion of Gromov-Witten invariants and quantum cohomology owes a
great deal to the exposition by Fulton and Pandharipande [28]. Another useful
source is the book of Cox and Katz [18]. For a great deal of information about
Frobenius manifolds, see Manin’s book, [76]. The expositions of Coates-Iritani-
Tseng [17] and Iritani [61] were immensely useful for the discussion of the quantum
differential equation and semi-infinite variations of Hodge structure.

For the B-model, I have mainly relied on Barannikov’s paper [4], with help
from Iritani [61] and Douai-Sabbah [20], [21]. For an important alternative point
of view for the B-model, see Sabbah’s book [103]. For a more general discussion of
some of the structures involved in semi-infinite variations of Hodge structures, see
the article of Katzarkov, Kontsevich and Pantev [67].






CHAPTER 3

Log geometry

Log geometry was introduced by Illusie and Fontaine [59] and K. Kato [65].
The origins of log geometry, and in particular the term log, come from logarithmic
differentials.

Suppose, for example, one wishes to study an open variety, say a non-singular
quasi-projective variety X. If X is contained in X, a projective variety with D =
X \ X normal crossings!, then Q9 (log D) is defined to be the subsheaf of i,.Q%
(where i : X «— X is the inclusion) locally generated by

dx dx

—1, ey —p,d$p+1, SRS ,d.]?n,

X1 Tp
if locally D is given by z1---z, = 0. Of course de = dlog(x;), hence the term
logarithmic.

The initial importance of these sheaves was illustrated by Deligne’s construction
of a mixed Hodge structure on X. In particular, the exterior derivative takes
logarithmic forms to logarithmic forms, and the complex Q’Y(log D) with exterior
derivative as differential in fact computes the cohomology of X: we have

HY(X, Q% (log D)) = H'(X,C).

As in Chapter 2, HY denotes hypercohomology. This is an important step in putting
a mixed Hodge structure on H4(X, C).

Another important application of the sheaf of log differentials came with Steen-
brink’s construction of the limiting mixed Hodge structure for a normal crossings
degeneration. One considers a flat family f : X — S, where S is a non-singular
one-dimensional scheme and for s € S, X, is non-singular except for a closed
point 0 € S. Furthermore, f is always given in suitable local coordinate charts
as (1,...,opn) — x1 -2, for some p < n. One then has the sheaf of relative log
g-forms,

QY 5(l0g Xo) = % (log Xo)/(/* 2} (log 0) A 25 (log X)),
In particular, Q7 /5(log Xp) is locally generated by
dlogzy,...,dlogzy, drpi1,. .., dey
modulo the relation dlog x1+- - -+dlogz, = 0. Restricting Qg(/s(log Xo) to Xy gives
a sheaf we will write, for the moment, as Qqu to distinguish it from the ordinary
0

sheaf of differentials Qqu' Now one can check easily that Q9 / s(log Xp) is locally
free, and hence so is Q‘;(T, whereas ngo is not locally free. The exterior derivative
0

LA normal crossings divisor D is a divisor such that there are coordinates z1,...,zn on X
in a neighbourhood of any point of D such that D is given by x1 ---xp = 0 for some p < n.

91
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still makes sense, either on Qg(/s(log Xp) or on Qg(g. If f is proper, one can show

(see [107]) that Rpf*QqX/S(log Xp) is locally free. Away from Xjp, QqX/S(log Xo)

is just the ordinary sheaf of g-forms, so away from 0, RPf,Q% /S(log Xp) is the

vector bundle whose fibre at s is just the Dolbeault cohomology group HP (X, QqX ).

The fibre at 0 coincides with HP(XO,QQXT). These groups are part of the data
0

determining the limiting mixed Hodge structure associated to this degeneration.

The point here is that the sheaf of logarithmic differentials is much better
behaved than the ordinary sheaf of differentials, and somehow gives X some of the
properties of a smooth variety.

The concept of a log structure is an abstraction of this idea. Essentially, it is a
way of making certain singular schemes behave as if they were smooth; as Kazuya
Kato described it, a log structure is a magic powder (poudre magie) which makes
a singular variety smooth.

We will give the precise definition of a log structure in §3.2, and explore its
meaning. First, we give a brief review of toric geometry. For a more detailed but
pleasant introduction to the subject, see Fulton’s book [27].

3.1. A brief review of toric geometry

3.1.1. Monoids. We will work frequently with monoids and monoid rings.
For us, a monoid P is a set with an associative and commutative operation with
an identity element. The operation, P x P — P, is usually, but not always, written
additively, in which case the identity is written as 0 € P.

Given a field k, we define the monoid ring

k[P] := P k2?,

peP
where 2P is a symbol, and multiplication is k-bilinear and is determined by
2P P = P
A standard example is the additive monoid of natural numbers
N:={0,1,2,...}.

Then k[N| = k[z] and k[N"] & k[z1, ..., z,].

A homomorphism of monoids is a map f : P — @ between monoids such that
f(0)=0and f(p+p') = f(p) + f(p').

We say a monoid P is finitely generated if there is a surjective homomorphism
N" — P for some r.

The (Grothendieck) group of a monoid P is the group

pPer={p—p'|p,p' € P}/ ~,
where p—p’ is a formal symbol and the equivalence relation is given by p—p’ ~ ¢—¢’
if p+¢' = g+p’. The group operations are given by (p—p’)+(q—q') = (p+¢)—(p'+¢)
and —(p—p') =p' —p.

A monoid P is integral if the canonical map P — P®P is injective.

One can divide monoids by congruence relations: given a monoid P, an equiv-
alence relation £ C P x P is a congruence relation if whenever (¢1,¢2) € E, p € P,
we have (¢1 +p, g2 +p) € E. The set of equivalence classes of a congruence relation
is then easily seen to inherit a monoid structure from P. If Q C P is a submonoid,
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then @ induces a congruence relation on P by a ~ b if a + ¢ = b+ r for some
g, € Q. Thus in this case the quotient P/ makes sense as a monoid.

Given homomorphisms f; : Q — P;, i = 1,2 of monoids, one can construct the
fibred coproduct P, ©g P> as the quotient of P, © P> by the congruence relation
(p1,p2) ~ (P}, ph) if there exists ¢,r € Q with

p1+ f1(r) = py + fi(q) and p2 + fa(q) = ph + fa(r).

For many other facts about monoids, see [88].

3.1.2. Toric varieties from fans. We fix in this section data
M:=7Z", N :=Homgz(M,Z)
Mg :=M ®z R, Nr:=N®zR.

Let 0 C Mg be a strictly convex rational polyhedral cone, as in Definition 1.7,
with dual cone o¥ C N given by

o’ ={n € Ng|(n,m) >0 Vme o}

as in Example 1.31, (1). Then ¢¥ NN is a monoid. It is a standard fact, known as
Gordan’s Lemma, which follows from Carathéodory’s theorem, that this monoid is
finitely generated. Thus k[e¥ N N] is a finitely generated algebra and

X, := Speck[o¥ N N]
is the affine toric variety defined by the cone o.

ExAMPLES 3.1. (1) Let o be the first quadrant. Then ¢V is also the first
quadrant, and ¢ N N is the monoid N%. The monoid ring k[oV N N] is then a
polynomial ring k{z, y], so X, = AZ.

(2) Let o be the cone in R? generated by (1,0) and (1,¢) for e a positive
integer. Then o is generated by (0,1) and (e, —1). Note that the monoid oV N Z?
isn’t generated by (0,1) and (e, —1), however, since (1,0) cannot be expressed as
an integral linear combination of these two vectors. In fact, as a monoid, it is
generated by (0,1), (e,—1) and (1,0). These generators satisfy the obvious relation
(0,1) + (e,—1) = €(1,0). As a consequence, the monoid ring is isomorphic to
k[z,y,t]/(zy — t°), where x = 201y = 2(¢=D "and t = 219, So V, is a surface
with an A._; singularity.

Now let ¥ be a fan in Mg, as defined in Definition 1.7. Then, for each cone
o € 3, we obtain an affine toric variety. Furthermore, if 7,0 € ¥ with 7 a face of
o, then oV C 7V, giving an inclusion of monoid rings. This in fact describes X, as
an open subset of X,. For 01,09 € ¥ with 7 = 01 N 03, we can then glue together
X,, and X,, along the common open subset X, C X,, and X, C X,,. After
performing these gluings, we obtain the toric variety Xy, a separated algebraic
variety over k.

Properties of the fan X are reflected in properties of the variety Xs. For
example,

(1) Xy is proper over Speck if and only if ¥ is a complete fan. (See Definition

1.7).
(2) Xy is non-singular if and only if each cone o € ¥ is standard, i.e., there
exists a basis ej,...,e, of M such that o is generated by ey,...,e, for

some p < n.
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EXAMPLE 3.2. Consider the fan X for P? described in Example 1.14. There
are seven cones in the fan, 0, po, p1, p2 and 09,1, 01,2,02,0 as depicted in Figure 14
of Chapter 1. The dual cones are

0¥ = Ng

py = {(a,b)la+b <0}

pY ={(a,b)|a >0}

ps = {(a,b)|b >0}

‘7(\)/,1— (a,b)|la+b<0,a >0}
oy = {(a,b)la > 0,b > 0}
03 ={(a,b)la+b<0,b>0}.

Note that ¢;/;,; NN = N? for each i (indices taken modulo 3), from which we
conclude that Xy is covered by three copies of AZ. To see Xy is P2, we define
maps X, ., — P? which are compatible with the gluing maps. In particular, if P2
has homogeneous coordinates xg, x1,x2 and U; is the standard affine subset with
x; # 0, then we identify Xo; 41 With Uiyo via the identifications

k[a(\{l N N] =klzg/x2, x1/x2], with 2(0,=1) — 2o/ T2, 270 = gy [,
ll<§[alv72 N N] =k[z1/x0, 22/x0], with 210 =z /20, 20O = 25 /a0,
k[og/’o N N] =klza/x1,20/21], with (=L = Xo /21, 210 = g /2.

One checks easily that these identifications are compatible with the inclusions X ,, C
X X, .11~ For example, we can identify k[py N N| with k[z1 /zo, z2/20, To/x2]
with z(1.0) = x1/xo, 2(0.1) — x2 /20 and 2(0-1) — xo/x2. Then the obvious inclu-
sions

Oi—1,i?

k[x()/xg,xl/l‘g] g k[xl/arg,xg/xo,xo/xg] 2 k[l‘l/xo,l‘g/xo]

coincide, under the above identifications, with
klog, N N] Ck[py N N] 2 k[oy, N N].
This shows that Xy is isomorphic to P2. O

The construction of toric varieties from fans is functorial in the following sense.
Suppose that M; and M, are lattices, and we have a group homomorphism ¢ :
My — M. If ¥y is a fan in M; ® R and Y5 is a fan in My @ R, we say ¢ is a
map of fans if for every o1 € Xp, there exists a oo € Yo such that p(o1) C o9.
This implies that the transpose map ‘¢ : Ny — N satisfies ‘p(oy) C o). Hence
¢ induces a map kloy N No] — k[oy N Ni], hence a map X,, — X,,. These maps
are compatible for various choices of o1, so they patch to give a morphism

v: Xy, — Xy,

This morphism is proper if the induced map pgr : M1 ®z R — My ®z R satisfies
the condition that ¢y ' (|Za]) = [Z4].

This morphism is birational provided it induces an isomorphism on the affine
subsets corresponding to the cones 0 € 31 and 0 € Ys; this only happens if ¢ :
My — My is an isomorphism. Thus ¢ is a proper birational morphism if and only
if ¢ is an isomorphism and ¥ is a refinement of the fan .
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ExAMPLE 3.3. Consider the cone 0 C My = R" generated by a basis ey, ..., e,.
This gives an affine toric variety X, = Ay. Now subdivide the cone o by considering
the fan ¥ given by

Y ={7|7 aproper face of o} U{T +Rx>o(e1 + -+ ¢,)| T a proper face of c}.

We have introduced one new ray in the fan, generated by e; + - -- + €,,. We then
have a birational morphism Xy, — X,. As an exercise, show that this morphism is
the blow-up of X, at the origin.

The lattices M and N have the following interpretation in the context of toric
varieties. First, since a fan always contains the cone 0, and X, = Speck[N] is
an algebraic torus, Xy always contains an open subset isomorphic to an algebraic
torus. This subset is often referred to as the big torus in Xy, or the big torus orbit.

In general, if L is a lattice, we use the notation

G(L) := Speck[Homz(L, Z))

to denote the algebraic torus determined by L. The set of k-valued points of G(L)
is L ®zk*.

Now the torus G(M) acts on Xs. This action G(M) xx Xy, — Xy is given on
an affine set X, by the ring map

kloV N N] — k[N] @k k[o¥ N N]

given by
2" 2@ 2"
This action is clearly compatible on different open sets X, hence we obtain a torus
action on Xs.
The cones of the fan ¥ are in fact in one-to-one correspondence with orbits of
G(M) acting on Xy. Indeed, the torus orbit corresponding to 7 € ¥ is

X\ U X
wCT

the union being over all proper faces of 7. For a point = in this orbit, the subtorus
G(RT N M) C G(M) is the stabilizer of . We denote the closure of this orbit as
D.. The correspondence 7 — D, is inclusion reversing. We call the subvarieties
D, for T € 3, the toric strata of Xy.

D, itself is a toric variety, whose fan is given by the quotient fan X (7) (see
Definition 1.10). Note that if p is a ray, then D, is a (Weil) divisor on X;.

Next consider N. This may be interpreted as the character lattice of the alge-
braic torus G(M), i.e., N = Hom(G(M),G,,). Here G,,, = G(Z) is the multiplica-
tive group. An element n € N gives a map Z — N, hence a map k[Z] — k[N],
yielding the character G(M) — G,,. This character is usually written as z™, which
can be thought of as the regular function which on the set of k-valued points
M @7 k* of G,,(M) is given by m @ z +» z{mm),

Given a fan ¥, z” is a regular function on G(M) C Xy, hence defines a rational
function on Xy. Since toric varieties are always normal, it makes sense to talk of the
order of vanishing of 2™ on a Weil divisor D,, for p € 1 the set of one-dimensional
cones in 3. This order of zero is in fact (n,m,), where m, is a primitive integral
generator of the ray p. Thus

Z (n,mp)D,

pEE[l]
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is a principal divisor.

One can show that the Weil divisor class group of Xy is given as follows. Let
Ts, denote the free abelian group generated by X1 as in §1.3, with generators t,
for each p € X1, Recall the map r : Ts; — M defined by r(t,) = m,, where m,, is
a primitive generator of p. The transpose map 'r: N — T is given by

n— Z (n,mp)t,,.
pexll]

Then Cl(Xy) = coker ‘r. Here, an element ¢ : Ts; — Z of Ty corresponds to the
Weil divisor s () Dp, and tr(n) is the divisor of zeroes and poles of z™.
If r is in fact surjective, which is the case, for example, if Xy is non-singular and
proper over Speck, we get an exact sequence

(3.1) 0— Ky —Ty — M —0.
Then the dual exact sequence is
(3.2) 0— N — Ty — Cl(Xx) — 0,

A divisor induced by ¢ € Ty is Cartier if ¢ is induced by a PL function ¢ : [X] — R
with @(m,) = ¥(t)).

Given a Cartier divisor D defined by a PL function ¢, the divisor D is very
ample if and only if ¢ is strictly convex.

Of course, a Cartier divisor defines a line bundle. Given a Cartier divisor
specified by a PL function ¢, it is easy to describe this line bundle £, in terms
of a trivialisation. For each maximal cone o € ¥, ¢|, is given by some n, € N.
Then L, is naturally identified with the trivial line bundle Ox_ - z7"<. Using this
trivialization, the transition map from X, to X,/ is given by multiplication by
AL

If 7 € 3, then the restriction of the line bundle £, to the toric stratum D is
easily described: it is given by the PL function ¢(7) on the fan ¥(7) (see Definition
1.10). This is well-defined up to a choice of a linear function, which is sufficient for
specifying the line bundle L, |p. .

3.1.3. Toric varieties from polyhedra. In the case of toric varieties pro-
jective over affine toric varieties, there is in fact a dual point of view which is very
important.

Let A C Ng be a lattice polyhedron with at least one vertex. We can define a
variety as follows. First, let C'(A) C Ng @ R be defined by

C(A) ={(rn,r)|n € A,r > 0}.

This is the cone over A. The overline denotes closure. This cone is rational poly-
hedral, with

C(A) N (N & {0}) = Asym(A),
the asymptotic cone of A, defined to be the Hausdorff limit of rA as r — 0. If A
is compact, then of course Asym(A) = {0}.

Now k[C(A) N (N @ Z)] is a finitely generated k-algebra which has a natural
grading given by the projection N & Z — Z, i.e, deg z(™® = d. The degree 0 piece
of this ring is k[Asym(A) N NJ, so we get a variety

Pa := Proj k[C(A) N (N @ Z)]

which is projective over Speck[Asym(A) N N].
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IPA is in fact a toric variety: it is isomorphic to Xy, , where YA is the normal
fan to A as defined in Definition 1.9.

EXAMPLE 3.4. Let A = Conv{(0,0),(1,0),(0,1)}. Then k[C(A) N (N & Z)] =
k[zo, x1, 22, via 2(0:0.1) zo, 2(1L0.1) r1, and 2010 s 40 The grading is the
standard one. So PA = P2, Note that the normal fan to A is the fan for P? given
in Example 3.2. More generally, the standard n-simplex gives rise to P".

Using polyhedra in this way to define toric varieties gives a more geometric
picture. There is a one-to-one inclusion reversing correspondence between faces of
A and cones in the normal fan of A, hence a one-to-one correspondence between
faces of A and toric strata of Pa which is now inclusion preserving. As a result,
one can think of the faces of A as indicating in a geometric way the combinatorics
of how various strata intersect. Also, if o is a face of A, then Ds; = P,, where
& = Na(o), the normal cone to A along o. Thus it is very easy to read off the
geometry of the toric variety and its toric strata from this picture.

REMARK 3.5. We note several basic facts here. First, since Pa is defined as
a Proj, it comes along with a natural line bundle Op, (1). This line bundle is
determined by the PL function @a : |[~a| — R as defined in Definition 1.9. There
is a basis for T'(Pa, Op, (1)) indexed by the integral points of A, i.e., by the set
A N N. This is clear since these integral points index a basis of the degree one
part of k[C(A) N (N @ Z)]. Second, a face 0 C A determines a cone Na(o) in the
normal fan to A, and by (1.3) the dual of this cone is precisely the tangent wedge
T,A. Hence a face 0 C A, as well as determining a closed toric stratum of P, also
determines an open affine subset of Pa given by Speck[(T,A) N N].

This is a convenient description for trivializing the line bundle Op,(1). For
each vertex v of A, we can trivialize Op, (1) on Speck[(T,A) N N] in such a way
that the section corresponding to some n € A N N becomes the monomial 2™~.
The transition map between trivializations on open sets corresponding to vertices
v and v’ is then given by multiplication by 20

The following is a key example for this book.

EXAMPLE 3.6. The Mumford degeneration. Consider the following situation,
which already appeared in §1.1. Let A C N be a compact lattice polyhedron, & a
polyhedral decomposition of A into lattice polyhedra, and ¢ : A — R a PL convex
function with integral slopes. We then have similarly as in §1.1 the polyhedron

A={(n,r) € Ne ®R[n € A,r > ¢(n)}.

The asymptotic cone to A is 0 x Rsg € Ng x R, s0 k[C(A)N (N @ Z @ Z)] is a
k[N]-algebra. The toric variety Pz is then equipped with a projective morphism
m:Px — Al

To get a clearer idea of what 7 does for us, let us first describe the normal fan
EA to A. Note that A has two sorts of faces. If p: Ng &R — Ng denotes the
projection, then there are vertical faces of A which project non-homeomorphically
via p to faces of A, and horizontal faces of A, which project homeomorphically to
elements of &. If ¢ is a vertical face, then the normal cone ¢ := Nx (o) lies in
Mg x {0}, and in fact is a cone in the normal fan to A. On the other hand, the
maximal horizontal faces o, for which |, has slope m, € M, have normal cone
a ray generated by (—m,,1).
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FIGURE 1

Now the morphism 7 : Px — A} is of course a regular function and is defined
by the monomial z# where p = (0,1) € Asym(A) € Ng @ R. Since the primitive
generators of the rays of ¥z are either of the form (m,0) or (m,1) for various
m € M, zP does not vanish on divisors corresponding to rays of the first type,
but vanishes precisely to order one on divisors corresponding to rays of the second
type. Hence 7~1(0) is isomorphic to a union of toric divisors of P A corresponding to
codimension one horizontal faces. These divisors are in one-to-one correspondence
with elements of P ,.x, and we can write

771(0) = U P,.
0E€ Pmax
Of course these toric varieties intersect precisely as dictated by &. For example,
suppose A and & are as depicted in Figure 1. Then 7=1(0) is a union of three P?’s
and one P! x P!,

Next, observe that 5 \ 771(0) is isomorphic to Pa X G,,. Indeed, we just need
to localize the ring k[C(A) N (N @ Z @ Z)] at the element z(%19. This is the same
thing as replacing A with A x R, and Payr = Pa X Spec k[Z] = Pa xx G,,. This
shows that Pz \ 77 1(0) =& Pa xx G-

Putting this all together, we see that 7 is a degeneration of toric varieties, with

7 1(t) 2 Pa for t # 0, and 7~ 1(0) is a union of toric varieties whose intersections
are described by .

3.2. Log schemes

We begin immediately with the definition.

DEFINITION 3.7. A pre-log structure on a scheme X is a sheaf of monoids M x
on X along with a homomorphism of sheaves of monoids

ax : Mx — Ox
where the monoid structure on Ox is given by multiplication.
A pre-log structure is a log structure if
ax oz (0F) - 0%

is an isomorphism. Here O% denotes the sheaf of invertible elements of Ox.
A log scheme is a scheme X equipped with a log structure ax : Mx — Ox.
We will usually write a log scheme as XT, with M x, ax implicit in the notation.
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A morphism of log schemes f : XT — Y1 is a morphism of schemes f: X — Y
along with a homomorphism of sheaves of monoids f# : f~'My — Mx such that
the diagram

. 1
[T My —— Mx

f710Y f*—> OX

is commutative. Here, f* is the usual pull-back of regular functions defined by the
morphism f.

These definitions, while straightforward, are ones I have always found hard to
really absorb and internalize, and learning to think about log structures can take
some time. I will try to aid this process by giving a large number of examples.

Before going on to these examples, however, there are several comments to
make. First, we should mention briefly the connection between this definition and
the discussion of log differentials. Essentially, the idea is that the sheaf of monoids
Mx specifies “things we are allowed to take dlog of”. We will make this precise
when we talk about log differentials in §3.3.

Second, we have not specified in which topology the sheaf M x lives. In general,
when working with schemes, one should work with sheaves in the étale topology
rather than the Zariski topology, as there are certainly important examples of log
structures in which significant information would be lost if one only considers Zariski
open subsets; see Example 3.14. If one instead works with complex analytic spaces,
then one can always work comfortably with the analytic topology, and the reader
uncomfortable with the notion of étale topology is best off thinking about things
in the analytic topology. Nevertheless, for most of the log structures which will
appear in this book, the Zariski topology will be sufficient.

Since we will, however, officially be working in the étale topology, it is worth
making a few remarks for those unfamiliar with it. Many more details can be found
in Milne’s book [83]. In the étale topology, one replaces the notion of an open set
U C X with an étale morphism U — X. An étale neighbourhood of a point = € X
is an étale map U — X whose image contains x. A sheaf F in the étale topology
then associates an abelian group, (or monoid, etc.), F(U) to each étale morphism
U — X. These come with restriction maps as usual: given U — V — X, we
have a map F(V) — F(U). We then require F to satisfy the usual sheaf axioms,
appropriately stated (see, e.g., [83], Chapter II, §1).

When we talk about stalks of sheaves, we need to choose a geometric point of
the scheme X. Let # € X have residue field k(z), and fix a separable closure k(Z)
of k(x). Let T = Speck(Z), and let T — X be the induced map. This is called a
geometric point of X. Then we define the stalk Fz of F at Z as the direct limit of
groups (monoids, etc.,) F(U) running over diagrams

r—

AN

O
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For example, the sheaf Oy, in the étale topology, is defined by Ox(U) =
I'(U, Oy), where Oy is the usual structure sheaf on U. The stalks Ox z are con-
siderably bigger than the usual local rings Ox .

These details will not play a particularly important role for us in this text, but
it seems necessary to introduce this notation so that the statements given here are
technically correct.

ExAMPLES 3.8. (0) If X is a scheme, and Mx = O%, ax the inclusion, we
obtain a log structure on X known as the trivial log structure. A log morphism
between schemes carrying the trivial log structure is the same thing as a morphism
of schemes.

(1) The fundamental example. Let X be a scheme, D C X a closed subset of
pure codimension one. Let j : X \ D — X be the inclusion, and consider

M(X,D) = (]*O;(\D) n Ox.

This is the sheaf of regular functions on X which are invertible on X \ D. We take
ax : Mx py = Ox to be the inclusion. This is obviously a log structure, and is
known as the divisorial log structure induced by D.

(2) Let k be a field, X = Speck. Let Mx = k* ® @, where @ is a monoid
whose only invertible element is 0 € Q. Let ax : k* & Q — k be given by

z q=0
ax(z,q) = {0 040

This is a log structure. There are two special cases: if @ = {0}, then we get the
trivial log structure on X. If Q = N, we get what is known as the standard log
point. We usually write the standard log point as Speck?.

There is a relationship between divisorial log structures and the standard log
point, which arises from the following general construction.

DEFINITION 3.9. Let a : Px — Ox be a pre-log structure on X. Then the log
structure associated to this pre-log structure is given by the sheaf of monoids

Px @ O%
{p,alp)™1) |p € a=1(Ox)}

and ax : Mx — Ox is given by

ax(p, f) = alp) - f.

My =

This is clearly a log structure.

DEFINITION 3.10. If f : X — Y is a morphism of schemes and Y has a log
structure ay : My — Oy, then the pull-back log structure on X is the log structure
associated to the pre-log structure given by the composition

a: fTH My) 25 1 (0y) 150k
We will write the sheaf of monoids of this pull-back log structure as f*My .
EXAMPLE 3.11. Let X = Speck, Y = Speck(z] = AL, and let f: X — Y map

X to the origin in Y. Consider the divisorial log structure on A} given by {0} C Y,
and pull it back to X via f. Now, f~1 My is just the stalk of the sheaf My at 0;
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this consists of germs of functions of the form ¢ - 2™, n > 0, where ¢ is an invertible
function defined in an (étale) neighbourhood of 0. The map

« fﬁlMY — fﬁloy — 0Ox =k

is then evaluation at = 0 of ¢ - 2™, and hence

ol 2" = {¢<o> n=0,

0 n > 0.

This defines a pre-log structure on X. Taking the associated log structure, we
consider

My @ k>
{(p,0(0) 1) [0 € OF 5}

This is in fact isomorphic to k* @ N via the map

My @k* 3 (p-2",5) — (p(0) - s,n).

Furthermore,
" ©(0)-s n=0
@ -~ s) =
x(p-a",9) {0 n>0
and hence the pull-back log structure on X yields the standard log point. O

It is often useful to think of log structures by considering the exact sequence
-1
1—>(9;<( aih/\/lx — M x—0.

The sheaf of monoids M x, written additively, is called the ghost sheaf of XT, and
should be viewed as containing combinatorial information about the log structure.

ExaMPLE 3.12. Suppose X is locally Noetherian and normal, D C X a closed
subset of pure codimension one. Then for x € X, let r be the number of irreducible
components of D containing x. There is a map

q: Mx.pyz — N

given by associating to a regular function f € M x p)z the vanishing orders of
f along the r components of D containing z. This map clearly factors through
M(Xp)j. On the other hand, if f1, fo € M(x p)z € Ox,z have the same vanishing
orders along D, then fif, ' vanishes to order zero on every prime divisor in a
neighbourhood of Z. Since X is normal, it then follows (see e.g., the argument
given in [57], page 132) that fi = fo-h for h € Oy ;. Thus Mx,pyz is a
submonoid of N". O

Note that if f : X — Y is a morphism of schemes and Y carries a log structure
yielding a pull-back log structure on X, then Mx = f~'My. Indeed, we have a
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diagram

1 —— [0 DO —— [T IMy © 0% —— "My ——0

|

1 1

where K is both the kernel of the map 1Oy & O% — 0%, given by (¢1,p2) —
I*(¢1) - @2, and the kernel of the map f~'My & 0% — Mx. (Kernels do not
in general exist for morphisms of monoids, but do if the morphism is given as the
quotient by a subgroup.) This latter kernel, by definition, is given by

{(p1,92) € "My ®O% | fray(e1) = 3"}

One checks easily that the snake lemma works in this context.

EXAMPLE 3.13. Let X = A2 = Speck|z, y], and let D C X be given by zy = 0,
ie.,, D = V(xy). Then we obtain the divisorial log structure M x py on X, and
Mx,p) is the sheaf (i1.N) & (i2,N), where iy : V(2) < X and iy : V(y) — X are
the inclusions of the two coordinate axes. The map M x py — (11.N)® (i2.N) takes
a regular function f on an open set U invertible on U\ D to the order of vanishings
of fon UNV(xz) and UNV (y). As in Example 3.12, this map is surjective and has
kernel O%.

If we pull-back M x p) via the inclusion D < X, we obtain a log structure on
D, with Mp = i1.N®is, N (now thinking of i1, i5 as the inclusions of the coordinate
axes into D). In particular, there are sections of M p which cannot be thought of
as functions on D. One should think of the log structure on D as remembering
some information about how D sits inside X.

EXAMPLE 3.14. Suppose we have a divisor D C X of the following form. D is
an irreducible, non-normal surface whose normalization D is isomorphic to E x P,
where E is an elliptic curve. Let 7 € E be a two-torsion point and P € P! a
point. We assume that the map D — D identifies the point e x { P} with the point
(e+7) x {P}. Let E’ be the quotient of E by translation by 7. Then there is a map
D — E', a fibre of which is a union of two P!’s meeting at a point. The singular
locus of D is isomorphic to E’. Now we have the divisorial log structure M x p)
on X, which we can restrict to a log structure Mg on E’ using the identification
of E' with the singular locus of D. Note that Mg is now a locally constant sheaf
with fibre N2, but only in the étale topology or the analytic topology, not in the
Zariski topology. Locally at a point in E’ in either of these two topologies, D
has two irreducible components, but globally, these components get interchanged.
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So the locally constant sheaf Mg, has non-trivial monodromy, interchanging the
generators of N2, We can’t see this monodromy in the Zariski topology.

This explains why, in general, the Zariski topology is not sufficient. However,
this type of example will never occur in the cases needed in this book.

ExAMPLE 3.15. Our next, rather extended, example explores the data carried
by log morphisms. We will find that a log morphism can carry a lot of extra data.
Let XT be the affine plane of Example 3.13. We can think of this example as follows.
Fix M = Z?, Mg, N, Ng as usual, and let ¢ C Mg be the first quadrant. Then
X = X,, since 0¥ NN = N2

Now consider a log morphism f : Speck! — X from the standard log point,
with image the origin. The additional information associated to the log morphism
is a commutative diagram

f#
Mx,p) ——k* ®N

axl J/aSpec Kt

OX,() f%k

Here f* is just evaluation of a germ of a function at 0, and M x p) g consists of
germs of functions invertible on X \ D, i.e., locally of the form ¢- 2" forn € oV NN
and ¢ € O)X((—). Note that f# induces a map N? = H(Xp)?() — Hspeckf =N,
a monoid hofnomorphism, so this is discrete data determined by the morphism.
This map is given by n — (n,m) for some m € o N M. Furthermore, m € Int(o).
Indeed, suppose m = (a,0) for some a € N. Then f#(z(OV) = (2,0) € k* & N
for some z € kX, and = = agpecrt (7 (2(OV)) = frax(2(%Y) =0, a contradiction.
Similarly, m = (0, a) leads to a contradiction.

Note also that if ¢ is invertible, then f*ax(p) = ¢(0), so f#(¢) = (¢(0),0).
From this we conclude that f# is completely determined by m and a map of monoids
g:0V' NN — k*, so that

(3.3) F*(pz") = (p(0)g(n), (n,m)).

So we see the map is completely specified by m € Int(c) " M and g € M @7 k*.

Let us elaborate on this to attempt to explain to a certain extent what this ad-
ditional data means. Consider a subdivision of the cone ¢ obtained by introducing
another ray R>om/, where m’ € Int(o) N M is primitive. This gives a fan ¥ with
three rays, p1 = R>0(1,0), p2 = R>0(0,1), p = R>om/, and two two-dimensional
cones. The identity map on M induces a map of fans from ¥ to o, since each cone
of ¥ is contained in o, and hence we obtain a morphism

W:X:ZXE—>XU=X.
As an exercise in toric geometry, one can check that this map is proper, and induces
an isomorphism X \ D, = X \ {(0,0)}. This map is called a toric, or weighted,
blow-up, and if m’ = (1, 1), this is just the ordinary blow-up of AZ at the origin.
(See Example 3.3.)
Let D C X be the union of the toric divisors on X; note that D = 7~ (D).
Thus we obtain a log structure M(X,D) on X, and a log morphism 7 : Xt — xt,

since functions on X which only vanish on D pull-back to functions on X which
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only vanish on D. Now given f : Speckl — XT as described above, let us ask:
when does this map lift to give a commutative diagram

xt

e

Speckf — Xt

such that the image of Speck lies in D, \ Sing(D)? (This is the open torus orbit
of D,.)

To answer this question, first consider what it means to give the map f . This
works in the same way as giving the map f. Choose a basis ny,ne of N such that
(n1,m') =1 and (n2,m’) = 0, so that the cone p" is generated by n; and £no
and 2"! vanishes to order one along D,. We specify the image of f to be a point
z € D,\Sing(D), and now M % py,z locally consists of functions of the form ¢-z%™

for a € N and ¢ invertible in a neighbourhood of Z. Then the map f# is given by
fHp-2"") = (p(x)g(a), ab) € kX O N,

for some g: N —k* and be N, b#0.
For 7 o f to agree with f, we need f# o n# = f#. Now for

©- ZﬁlnlJr,@znz c M(X,D),(_)’

we have

f# ° W#(SD . Zﬁ1n1+52n2) :f#(((p ° 71—) . Zﬁ1n1+52n2)
=(p(m(x)) - 27272 (@) - §(1), B1b).-

Here, 27272 (z) means the value of the rational function 272”2 at . Note that 22 in
fact is a coordinate on D,. From the previous formula for f#, we see first that we
need B1b = B1{n1, m) + Ba(ng, m) for all 51, B2 such that Bin; + Bane € oV. So in
particular, we must have (ng, m) = 0, i.e., m is proportional to m/, and b = (ny, m).
So we must have m = bm’. Second, we need g(f1n1 + fons) = (2"2(x))”2 - §(B1).
So in particular, g determines 2"2(x), hence the point z itself.

So morally, the choice of log point is specifying a toric blow-up along with a
point on the exceptional divisor of that toric blow-up. There is still some residual
information, namely the choice of b and §(1). However, in Example 3.17, we will
consider a situation where this extra degree of freedom disappears.

EXAMPLE 3.16. Consider next a morphism Xt — Speck’ from a log scheme
X1 to the standard log point. First of all X is a scheme over k, and we have a
map f# : kX x N — Mx. The map kX — Mx is completely determined, given by
c a;(l (¢). So f# is completely determined by a map N — M x. This in turn is
determined by giving a section p € I'(X, M x) which is the image of 1 € N. Note
that we require ax(p) = f*(aspeckt (0,1)) = 0.

So a log scheme over the standard log point is just a log scheme over k along
with a section p of Mx with ax(p) =0.

ExXAMPLE 3.17. Returning to the situation of Example 3.15, consider the map
7 : X — Al given by the monomial z(3:1). The fibre over 0 € Al is just D. We
have the divisorial log structure M1 o), and a log morphism 7 : XT — (ADT,
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again because functions on Aj invertible outside of 0 pull-back to functions on X
invertible outside of D. Restricting these log structures to D and 0 respectively
gives a log morphism
7o : DT — Speck.
In terms of Example 3.16, this log morphism is determined by the section of Mp
given by restricting the section z(11) of Mx,p) to D.
For d > 0 an integer, let 74 : Speck’ — Speck! be the log morphism such that

0 (e.9) = (c.dp).
This can be thought of as a degree d base-change, as it is induced by the morphism
of log schemes
€a: ()T — (AT
given, on the level of schemes, by the ring homomorphism z — z¢.
Now consider log points f : Speck’ — DT giving a commutative diagram

Dt

]
o
Speckf —— Spec 'y

Assuming that the image of f is the origin in D, one can check easily that the
data determining f#, before imposing the condition that this diagram commutes,
is exactly the data appearing in (3.3). The condition that the above diagram
commutes means that f# o 71'# = nf. But for (¢, 8) € k* @ N,

F#onf(c,B) =f#(c2P?)
=(cg(8, B), (m, (B, B)))-

Thus for this to be nf(c, (), we require g(1,1) = 1 and (m, (1,1)) = d. This tells
us that g € ((1,1)1 N M) ®z k>, a one-dimensional torus, and m is subject to the
constraint (m, (1,1)) = d. In particular, for d = 1, there are no such maps, since,
as in Example 3.15, we need m € Int(o).

Roughly put, this can be viewed as detecting certain residual data about multi-
sections of 7 : X — A!. Suppose we are given a commutative diagram

.
1 1
Al —— A}

with f(0) = 0. If d = 1, this is in fact impossible, since a section of the map
m can never intersect a singular point of a fibre. On the other hand, for d > 1,
this is possible, and there is always a unique toric blow-up X — X such that the
map f lifts to a map f : Al — X such that f(0) is in the big torus orbit of the
exceptional divisor. Restricting all these maps to DT and Speck’ then gives a map
f : Speck! — D' as above, and the log morphism f is remembering which toric
blow-up is necessary and what f (0) is. O

The category of log schemes is in general far too broad: there are many very
perverse examples. A crucial notion is that of a fine log structure.
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DEFINITION 3.18. Let P be a monoid, X a scheme. Denote by P the constant
sheaf on X with stalk P, and suppose we have a pre-log structure P — Ox. Then we
say P — Ox is a chart for the associated log structure. Two charts oy : P — Oy,
as : P — Ox are said to be equivalent if there exists a map ¢ : P — O% such that

az(p) = aa(p) - p(p) Vpe P.

Equivalent charts are easily seen to induce isomorphic log structures.

A log structure on X is fine if there is an étale open cover {U;} such that on U,
there is a finitely generated integral monoid P; and a pre-log structure P; — Oy,
whose associated log structure is isomorphic to the log structure pulled back from
X.

A monoid P is saturated if it is integral and whenever p € P#P with mp € P
for some positive integer m, one has p € P.

A log structure on X is fine saturated if it is fine and M x ; is saturated for all
TeX.

ExXAMPLE 3.19. Let P be a toric monoid, i.e., a monoid of the form P = ¢"NN
for some 0 C Mpg a strictly convex rational polyhedral cone, and let X = X, =
Speck[P]. The map

P —T(X,0x) =k[P]
given by
p 2P
induces a morphism of sheaves of monoids
P — Ox,

hence an associated log structure on X.

If 0X denotes the toric boundary of X, i.e., the complement of the big torus
orbit in X, then in fact this log structure on X is the divisorial log structure coming
from 0X C X. Indeed, the map P — Ox factors as

P — Mx,ox)~50x

via P 3 p— 2P € M(x px), since 2P is a regular function on X invertible on the
big torus orbit X \ 0X. This gives a map

P3Oy — Mxoax)

whose kernel on an open set U C X consists precisely of pairs (p, z7P) such that
z7P is invertible on U. Furthermore, locally at x € X, a function defined in a
neighbourhood U of & which is invertible on U \ X is always of the form ¢ - 2P for
¢ on U invertible and p € P. So P ® O% — M x ax) is surjective, showing that
the log structure associated to this chart is the divisorial log structure. O

This example demonstrates that a chart on an (étale) open subset U of X can
be thought of as a map U — SpecZ[P] such that the log structure on U is the
pull-back of the divisorial log structure on Spec Z[P] induced by the toric boundary
of Spec Z[P).

EXAMPLE 3.20. Here is an example of a log structure which occurs naturally,
but is not fine. Let X = Speck[z,y, w,t]/(zy — wt), and let D C X be the divisor
given by ¢ = 0, inducing a divisorial log structure M(x py. I claim that this log
structure is not fine at 0 = (0,0,0,0) € X. Indeed, suppose there is an étale
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neighbourhood U — X of 0 and a chart P — Oy for M(x, p). Denoting the pull-
back of M(x p) to U by My, this means we have an isomorphism (P ® O;;)/K —
My, where dividing out by K defines the log structure associated to the pre-log
structure P — Op. In particular, there is a surjective map P — My. This is
surjective on stalks and for any geometric point £ € U we have a commutative
diagram

P=T(U,P)——T(U My)

pP=Pr; 4>MU@

so T(U, My) — ﬂm must be surjective. However, if ¢ € Ox is a function
whose zero locus is contained in D, then ¢ = ¢ - t" with ¢ € (9;((—). Indeed, in
a neighbourhood of 0, the only Cartier divisor with support in D is a multiple of
D. Thus there is some non-negative integer n such that t=" - ¢ does not vanish
along D and hence, by normality, =" - ¢ is an invertible regular function. Thus
MX’() = N — N2 via the diagonal embedding as in Example 3.12. On the other
hand, for p a point in X with coordinates + = y = 0 and w # 0, both of the
irreducible components of D are Cartier, and M(Xpm = N2. Thus there is some
étale neighbourhood of 0 on which T'(U, ﬂ( x,p)) = N, and this cannot surject to
M(XD)J,— = N2. Thus the log structure can’t be fine. [l

The following notion is often useful:

DEFINITION 3.21. A morphism f : XT — YT is strict if f# : f~'My — Mx
induces an isomorphism between the pull-back of the log structure on Y to X and
the log structure on X.

EXAMPLES 3.22. (1) Let f: X — Al be a smooth morphism, and consider the
divisorial log structures on X and A} given by f~1(0) C X and 0 € Aﬂi. Then f is
a strict morphism of log schemes.

(2) Let X be obtained by blowing up Ai x PL at the point (0, (1 : 0)), and let
f:+ X — Al be the composition of the blow-down followed by projection to A}.
Give X the divisorial log structure given by the total transform of

(A x {(1: 00} U ({0} x By) U (Ay x {(0:1)}),
and give Al the divisorial log structure coming from 0 € Al. Then f, as a morphism
of log schemes, is strict everywhere ezcept at the proper transforms of Al x {(1: 0)},
Al x {(0:1)}, and the double point of f~1(0). O

We next define the notion of log smoothness. Like ordinary morphisms of
schemes, where smoothness can be defined using an infinitesimal lifting criterion,
we can give the same condition in the log case. However, for practical purposes, it
is better to give an equivalent definition.

DEFINITION 3.23. A morphism f : XT — YT of fine log schemes is log smooth
if étale locally on X and Y it fits into a commutative diagram

X — SpecZ[P]

|

Y — Spec Z[Q)]
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with the following properties:

(1) The horizontal maps induce charts P — Ox and @ — Oy for X fand YT.
(2) The induced morphism

X =Y Xgpeczq] SPec Z[P]

is a smooth morphism of schemes.

(3) The right-hand vertical arrow is induced by a monoid homomorphism
Q — P with ker(Q%? — PSP) and the torsion part of coker(Q8P — P&P)
finite groups of orders invertible on X. Here P#P denotes the Grothendieck
group of P, see §3.1.1.

In this book, we will be exclusively concerned about schemes over fields of
characteristic zero, so the last item is not so significant for us. In addition, most of
the time P and @ will be toric monoids, hence P8P and Q%P will be torsion-free.

ExAMPLES 3.24. (1) Take Y = Speck with the trivial log structure, @ = 0,
X = Speck[P], P a toric monoid, so that X =Y Xg,ecz(q) Spec Z[P]. Give X the
log structure described in Example 3.19, given by the chart P — k[P]. Then XT
is log smooth over Speck. Of course, the toric variety X need not be smooth over
Speck in the usual sense, so this is a first example where the log structure “makes”
X smooth.

(2) Let X = Speck[P], Y = Speck|N], and suppose we are given p € P, p # 0,
defining a map N — P via 1 — p. This induces a morphism X — Y, which is
obtained via base-change from Spec Z[P] — SpecZ[N], hence is log smooth with
the log structures on X and Y as in Example 3.19. We can make a further base-
change

Xo—— X

|

Speck —— Y

where Speck maps to 0 € Y = A{. Pulling back the log structure on X and YV
gives us a morphism of log schemes X(]; — Speck’, where Speck is the standard
log point. Again,

Xo = Speck xgpecz Spec Z[ P,
so this map is log smooth.

This is the crucial example for us: it explains how the log structure on the
singular scheme X(]; actually makes X(]; smooth over Speck!, even though X, may
be reducible or even non-reduced!

(3) Globalizing (2), consider the degeneration of toric varieties 7 : Px — Aj of
Example 3.6. Then we obtain divisorial log structures induced by 0Pz C Pz and
0 € A} on Px and A} respectively, giving a log morphism

m: P — (ADT.
The map 7# : 7T_1M(An1“0) — Mp, opy) is just pull-back of functions. Then one
checks easily that f is log smooth on standard affine subsets of Pz, the map 7

coinciding with (2) above on these affine open subsets. Furthermore, restricting
the log structures to 771(0) and 0 gives a log smooth morphism

771(0)" — Speck!.
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REMARK 3.25. Unlike in the case of ordinary schemes, log smooth morphisms
need not be flat. For example, consider the map

X = SpecZ[N?] — Y = Spec Z|N?]

defined by the homomorphism of monoids N?> — N2 given by (a,b) — (a + b,b).
This describes X as an open patch of the blow-up of Y at the origin, hence is not
flat. In general, a morphism Spec Z[P] — Spec Z[Q)] induced by a homomorphism of
integral monoids h : Q — P will be flat if f is integral. A homomorphism of integral
monoids is integral if whenever g1, g2 € Q, p1,p2 € P, and h(q1) + p1 = h(q2) + p2,
there exists ¢3,q4 € @ and p € P such that

p1="h(g)+p, p2=hlw)+p, a+a9=q+aqu.

We say a morphism of fine log schemes f : X t — YT is integral if the induced
morphisms f# : My j@z) — Mx z are integral for all ¥ € X.

ExXAMPLE 3.26. In Chapter 4, we will need to make use of log smooth curves. A
local description of such curves was given by F. Kato in [64]. The precise description
is as follows. Let f : Ct — WT be log smooth and integral of relative dimension
one, W = Spec(A), where (A, m) a complete local ring over an algebraically closed
field k. Suppose also Ct and W1 are fine saturated log schemes. Let 0 € W be the
closed point, Q = MW’(-). There is necessarily a chart o : ) — A defining the log
structure on W. Let Cy be the fibre of f over 0 € W and Z a geometric point of
Co. Then, étale locally at Z, C'! is isomorphic to one of the following log schemes:

(1) V = Spec Alu], where the log structure is induced by the chart
Q— Oy, q~ fro(q).

(2) V = Spec Alu, v]/(uv — t) for some ¢t € m, with the log structure induced
by the chart

N?@nQ — Ov,  ((a,b),q) = u™"f*o(q).
Here the fibred sum is defined using the diagonal map N — N2 and N — Q

a homomorphism determined by f given by 1 +— «a € @, with o(a) = t.
(3) V = Spec Alu] with the log structure induced by the chart

NGBQ_)OVa (a,q)Hu“f*o(q).

The three cases should be viewed as follows. In a neighbourhood of type (1),
the morphism is actually smooth, not just log smooth, and there is no interesting
information, locally, given by the log structure. The log structure is just the pull-
back of the log structure on the base. For neighbourhoods of type (2), Cp is nodal.
For neighbourhoods of type (3), u = 0 is the image of a section W — C, which
we can think of as a marked point. The log structure is the sum of the pull-back
log structure on the base and the divisorial log structure associated to the divisor
u = 0.

We shall call points of types (1), (2) and (3) on C smooth points, double points,
and log marked points respectively. O

EXAMPLE 3.27. Let us consider the double point case in the above example
when W = Speck, equipped with the standard log structure coming from the chart

N — k given by
1 n=0,
n +—
0 n>0.
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According to Example 3.26, (2), the description of the log structure on V =
Speck[u, v]/(uv) depends on the choice of the element @ € @ = N. We take
this to be an integer e > 0 (the case e = 0 is ruled out by the requirement that
o(a) =t, and ¢ is zero in our case).

Let

Se :=N?@nN,

where N — N2 is the diagonal map and N — N is multiplication by e. This monoid
will prove to be especially important in the next chapter. It can be described
in terms of generators a; = ((1,0),0), az = ((0,1),0), and p = ((0,0),1), with
a1 + ag = ep. It is also the monoid given by ¢¥ N N, where ¢ C My is the cone
generated by (1,0) and (1,e). See Example 3.1, (2). Yet another description is as
the submonoid of N? generated by a1 = (e,0), as = (0,¢) and p = (1,1).

Then the chart given by Example 3.26, (2), in this case is

uv® =0,

Se — klu, v]/(uv), «%””)H{o ¢#0.

Note that the log structure induced by this chart can be thought of as follows. Let
Ve := Speck[S.].

This is a toric surface with an A._; singularity, with the toric boundary given by
the equation z” = 0. Then the chart above induces an embedding

V=V,

identifying V' with 0V,. The log structure on V is then the restriction of the
divisorial log structure given by V C V. to V.

ExampPLE 3.28. Fix positive integers ey, e and w, and suppose es = we;. Let
¢ be a w-th root of unity. Consider the two curves C7,Cy given as follows:

Cl = Spec k[iﬁ,y]/(fﬁy),
Cy = Specklu, v]/(uv),

with the log structure on C; and C5 given by charts as follows:

Ser — Kl yl/ (@), ((a,b),¢) {0 o

uv® =0,

S@ﬁwwaL(@W@H{o ¢ #0.

Note that M, is a quotient of S, & (’)a, so given § € S,,, (8,1) represents an
element sg of Mc¢,. Thus we can write any section of Mg, as ¢ - sg for some
invertible ¢ and § € S¢,. Using this notation, let C’J — Speck’ be given by the
section s,, of M, corresponding to p; = ((0,0), 1) € Se,. Despite the fact that
the chart for C7 depends on the choice of (, in fact the log scheme CI does not
depend on this choice, as any two choices of ( yield equivalent charts. However,
the log morphism C’I — Speck! does depend on this chart.

So we now have specified log curves C;r , ¢ = 1,2, and log smooth morphisms
C;r — Speck’. Consider the map f : C; — Oy of schemes given by u — %,
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v — y¥. We wish to lift f to a morphism of log schemes f' : CI — C;r, giving a
commutative diagram

fT
(3.4) ol — 1

Lo

Spec kt ——— Spec kf

To do this, we need to identify maps f# making the diagram

. *
F Mo, —— Mg,

acz J lacl

fﬁlOCz f—> OCI

*

commute.
Since we want (3.4) to be commutative, we need f#(s,,) = s,,. Also, note
that

f*a02 (S((170)70)) = f*u = xw7
f*aCQ (S((071)70)) = f*/U — yU).

So we must have

f#(S((1,o),0)) = Pz S((w,0),0)s
F7(5(0,1),0)) = @y * $((0.0),0)»

where ¢,, ¢, are invertible functions on Cy with ¢, =1 when x # 0 and ¢, =1
when y # 0. But since

562 = f#(52) = f#(s((1,0),0) - 5((0,1),0))
= PaPyS((w,w),0)
= PzPyS((0,0),we1)
= ‘Pm‘PySZ?a
we must have ¢ - ¢, = 1, 50 @ = ¢, = 1.
Thus the log morphism f : CI — C;r is determined by the data CI — Speckf
and Cg — Speck.
How do we interpret the existence of the w different choices for this data?

These choices reflect different ways in which we can deform Cy covering a standard
deformation of Cy. We can deform Cs via

Xo = Specklu, v, t]/(uv — t°2) — A; = Speck]t].

If we substitute u — z*, v — y*, we can factor

w
xwyw — e — H(xy _ Citel)

i=1
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where ( is a primitive w-th root of unity. Thus we have commutative diagrams

Xi = Speck|z,y,t]/(vy — (it) —— X»

J |

Ay Ay

for each 1 <4 < w. Here the vertical maps to Aj = Speck[t] are given by t + ¢.
This gives different deformations of C over the given deformation of Cy. We leave
it as an exercise to the reader that, restricting this diagram to obtain a diagram as
in (3.4), we obtain the w possibilities for (3.4) obtained from the w choices of .

This will prove to be important in Chapter 4, where these different choices of
log structure yield genuinely different stable curves.

3.3. Log derivations and differentials

We finally return to the original motivation for introducing log structures. We
will define log derivations, leading to the logarithmic tangent bundle in the log
smooth case, and to the sheaf of log differentials.

Let 7: XT = (X, Mx) — ST = (S, Mg) be a morphism of log schemes.

DEFINITION 3.29. A log derivation on X' over ST with values in a sheaf of
Ox-modules & is a pair (D, Dlog), where D : Ox — & is an ordinary derivation of
X over S and Dlog : M5 — & is a homomorphism of sheaves of abelian groups
with Dlog o = 0; these fulfill the compatibility condition

(3.5) D(ax(m)) = ax(m) - Dlog(m)

for all m € My, where ax : Mx — Ox is the log structure.
We denote by O x+,gi the sheaf of log derivations of X t over ST with values in
Ox. O

In many cases a log derivation (D, Dlog) is already determined by D.

PROPOSITION 3.30. Assume that there is an open, dense subset U C X such
that w|y : UT — ST is strict, and that € has no sections with support in X \ U.
Then the forgetful map

(D, Dlog) — D
from the sheaf of log derivations on X1/ST with values in € to the sheaf of usual
derivations on X/S with values in £ is injective.

PrOOF. Let V' C X be an open subset. Then each m € Mx (U NV) may be
written as h - 77 (n) for h € O% and n € Mg. Hence Dlog(m) is determined by
D via (3.5). Thus if D = 0 then Dlog|y = 0, which under the assumption on &
implies Dlog = 0. t

We may thus often think of log derivations as usual derivations with certain
vanishing behaviour determined by the log structure:

EXAMPLE 3.31. Let X be a normal integral scheme over a field k, and Y C X
a pure codimension one subscheme, yielding the divisorial log structure M x y) on
X. Then Oy /i consists of the usual derivations of X which preserve the ideal of
Y. To see this, first note that if U C X \' Y, Mx|y = O%, so the hypothesis of
Proposition 3.30 is satisfied and © x+t . is a subsheaf of © /. Now if (D, Dlog)
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is a log derivation and f € Zy,x, then at the generic point 7 of an irreducible
component of Y, we can write f = f’-t? for t a generator of Zy,x at 1, p > 0, and
f" a regular function. Then ¢ defines an element of M y) in a neighbourhood of
n,so Df =tPDf +pf'tP~'Dt = t*(Df’ + pf’'Dlogt) is in Zy, x in a neighbourhood
of n. Thus D f vanishes along every component of Y, so is in Zy/x.

Conversely, if D is an ordinary derivation preserving Zy, x, then for f € M(x y)

we define Dlog f as %; that this is a regular function is immediately checked again
as above at the generic points of Y. O

EXAMPLES 3.32. (1) Let P be a toric monoid, X = Speck[P], with the log
structure on X given by the chart P — k[P], or alternatively, the divisorial log
structure X C X. We have a map X — Speck, where Speck has the trivial
log structure. Let us compute ©yi /. By Example 3.31, this is the subsheaf of
the sheaf of ordinary derivations ©x/, preserving the ideal of 0.X. We will first
see that the ideal of 90X is generated by monomials zP with p € Int(P). Here, by
Int(P) we mean the following. Since P is a toric monoid, it is of the form o N P8P
for some cone o C P8P @7 R. Then Int(P) = Int(c) N PP. To see why this is the
correct ideal, consider the dual cone oV. The toric divisors of X are in one-to-one
correspondence with the one-dimensional faces of ¢, and for p € P, z? vanishes on
a toric divisor if and only if p is non-zero on the corresponding edge of o¥. Thus
2P vanishes on all toric divisors if and only if p is nowhere zero on o¥ \ {0}, i.e.,
p € Int(P).

Now consider ordinary derivations on the big torus orbit of X, X° = Speck[M],
where M = P8 N = Homy(M,Z). The module of derivations of k[M] can be
identified with

@ Zm(N Xz k)a
meM
where z™(n ® 1) is the derivation, written as 2™ 9,,, which acts by

20, (z™) = (n,m’}szrm,.

Now such a derivation extends to a derivation of k[P] if it preserves k[P], and
it yields a log derivation if it preserves the ideal of X, which is generated by
{zP|p € Int(P)}. So let us test a derivation 23,

It is clear that if m € P, then 2™d,, both preserves k[P] and preserves the ideal
of 90X, as P and Int(P) are closed under addition by elements of P.

Next, suppose m ¢ P. As above, assume P comes from a cone . Then there
is some edge of ¢V with primitive generator n such that (n,m) < 0. Suppose
first that n’ € N is not proportional to n, and consider 2™d,,,. Then we can find
m’ € PNnt such that (n',m’) # 0, and then 28, 2™ = (n',m’)z"™+™ £ 0, and
(n,m’ +m) <0, so 2™, does not preserve k[P].

If n’ is proportional to n, we can take n’ = n. There exists an m’ € Int(P)
such that (n,m’) = 1. But then 278,2™ = 2™ and (n,m 4+ m’) < 0. Thus
29, does not preserve the ideal of 0X.

So we see that the module of log derivations on X is

P " (N @z k) =k[P] @z N.
peP

Thus, as a sheaf,
Oxi/x =0x ®z N.
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(2) Next suppose we have a monomial z* € k[P] inducing a map
X — Speck|[N] = Aj
with the log structure on Al induced by the chart N — k[N] (or equivalently, by
the divisor 0 € Al). We obtain a log smooth morphism X1 — (Al)". Then
Oxi/ant = Ox Qz p.
Indeed, Oy /(AL 18 precisely the submodule of ©x+ /. of derivations annihilating

pull-backs of functions on A{, i.e., annihilating 2”. O

There also exists a universal log derivation, which brings in the sheaf of log
differentials:

LEMMA 3.33. Given a morphism 7 : X1 — ST of log schemes, let
Qxiys1 = (Vs @ (Ox @2 MF)) /K,
with K the Ox-module generated by
(dax(m),—ax(m)®@m) and (0,1®7"(n)),
form e Mx, ne€ Mg. Then the pair (d,dlog) of natural maps

d: Ox —5 Qg — Q41 /gr,  dlog: M 155 Ox @ MP — Oy g1,

is a universal log derivation. In other words, for any Ox-module £ and a log deriva-
tion (D, Dlog) on X1 over St with values in €, there exists a map ® : Qﬁ(T/ST — &
of Ox-modules such that D = ® od and Dlog = ® o dlog.

PrROOF. We first verify that (d,dlog) is a log derivation. Of course d is an
ordinary derivation. Also,

(d(ax (m)), —ax(m) ® m), (07 1® (ﬂ'#n)) e,

and hence d(ax(m)) = ax(m)dlog(m) and dlogor® = 0, so (d,dlog) is a log
derivation.
We next verify the universal property. Let (D, Dlog) be a log derivation with
values in the sheaf of Ox-modules &:
D:0Ox — &, Dlog: MY — €.

By the universal property of Qﬁ( /s there is a unique morphism ¢ : Qﬁ( /s &
fulfilling
D=god.
Define
D0 5@ (Ox 82 ME) — €, ®(y,h@m) = p(y) + h - Dlog(m).
This descends to the quotient by K because
¢ (dax (m)) — ax (m) - Dlog(m) = 0, Dlog(x*(n)) = 0,
for every m € Mx, n € Mg. Thus we obtain ® : Qﬁﬁ/sf — &. Clearly ®od =D
and ® o dlog = Dlog. Uniqueness follows since Q}(/S ® (Ox @z M) is generated
as Ox-modules by Qk/s and by 1 ® M%. On these subsets ® is determined by ¢
and by Dlog respectively. O

The Ox-module Qﬁ(T/ST is the sheaf of log differentials.
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REMARK 3.34. First, we remark that by the universal property, we have the

relation
@XT/ST = Homox (Qﬁ(f/sf ) OX)~

Second, if & : P — Oy is a chart for the log structure on X, then in the formula
for Qﬁﬁ/ST one may replace M5 by P8P and ax by a. In fact, any h € O% gives
a relation

(dh,—h ® ax'(h)) € K.

Therefore, for any m € P#P the log differential (0,1® (ay'(h)-m)) may be written
as h=1(dh,0 ® 1) + (0,1 ® m), which is the sum of an ordinary differential and a
log differential involving only m. t

DEFINITION 3.35. Given a morphism f : XT — YT of log schemes over ST,
there is a natural functorial morphism

Qs = Dkt s
induced by f*: f*Q%,/S — Q}(/S and f* @ f#: f7HOy @ M) — Ox @ MT.
Dually, this gives a morphism
fa eXT/ST - f*9yf/sf~
EXAMPLES 3.36. (1) As in Example 3.32, take X = Speck[P] with P a toric
monoid and with X carrying the usual log structure given by the standard chart
P — k[P]. Consider
Qi e = (Qx i © (Ox @z PPP)) /K.
Note that Q% /i is generated by differentials of the form d(zP), and
(d(zp)7 —2F ®p) € ]Ca
so under the equivalence relation induced by K, every element of Q% Ik is equivalent
to an element of Ox ® P&P. Furthermore, there is no non-zero element of K in
08 (Ox ®z P?P), so Ox ®z PeP injects into Qﬁﬁ/k' Thus
Qi = Ox @z P8 = Ox @z M,
where as before M = P8P N = Homy(M,Z). Of course, this gives another, much
easier, computation of

@§(T/k = Homox (Qﬁa/u@ Ox)=0x @z N.

Note that, under this identification, 0, is the element of the dual of Qﬁﬁ /k which
takes the value (m,n) on dlogm. Since d(z™) = 2™ dlogm, we see O, (d(z™)) =
(m,n)z™. This fits with the description of 9,, given in Example 3.32, (1).
(2) Similarly, given p € P, we get a regular function 2” : X — A}, which gives
a log morphism Xt — (Al)T. We obtain Qﬁ(*/(&i)* by dividing out by the image of
Ox ®z N8P in Ox ®z M, i.e.,
Qxrjanyr = Ox ®z M/Zp.

(3) We can further restrict the morphism of (2) to the fibre over zero, to get a
log morphism Xg — Speck’. We then note that Q;g/k = Ox, ®z M via exactly
the same argument as in (1). Then

Dy et = Ox0 ®2 M/Zp,
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exactly as in (2).

(4) If f: XT — YT is log smooth, then Q_lXT/YT is locally free: we leave the
details to the reader, based on the above examples.

(5) If X is a non-singular variety over a field k, D C X a normal-crossings

~

divisor, then we obtain the divisorial log structure M x py on X, and Q%(T/]k ~

QL (log D). This is the subsheaf of j*Q%X\D)/k (with j : X \ D — X the inclu-

. do
sion) locally generated by %17 ooy =2 dxpy, ..., dz,, where 1, ..., x, are local

coordinates such that D is given by xpl co-xp = 0.

(6) Let CT — Speck! be a log smooth curve, as in Example 3.26. Then Oct jit
is a line bundle. Let Cp C C' be an irreducible component. We will describe © ¢+ .t
by describing © ¢+ it |c,- (This does not completely determine ©¢+ it if C' is not of
genus zero, as there is a k™ choice for gluing these line bundles at the double points
of C). Let x1,...,x, € Cy be the points of Cy which are either double points in C
or log marked points. Then we claim that

n

Oct |y = Ocyu(— Y i),

i=1

Indeed, by Proposition 3.30, ©¢+ /i is a subsheaf of ©¢ . It is clear that one
obtains equality at smooth points of Ct — Speck!.

On the other hand, let’s understand O+ i+ at special points. At a double
point = € C, we have Mc,m = S, for some e, in the notation of Example 3.28.
Then C and its log structure can be described as follows. Let N = Z2, and ¢ C Ng
be generated by (0,1) and (e,1). Then the corresponding toric variety X, has a
regular function z” with p = (0,1) € M, giving a morphism X, — Al. Locally
near z, C' is the fibre over 0 € Al, with the log structure induced by the divisorial
log structure on X, given by 0X, C X,. So we are precisely in the situation of
Example 3.36, (3), above, with, locally,

@CT/W = Hom(QéT/khOC) = O¢ ®y, pJ‘.

Of course, pt = Z(1,0) C N.

If n € N, we write as 0, the corresponding log derivation in O¢1 /i1, with
On(2™) = (m,n)z™. Thus in particular, if we write, in our local description, C' =
Speck(z, w]/(2w) C Speck(z,w,t]/(zw — t¢), with z = 2(1L0) w = 2(=1e) t = 2P,
then 0(1,0)2 = z, 0(1,0y)w = —w. Thus if we restrict this derivation to an irreducible
component Cy of C, which, say, we can take to be V(w), we get the derivation 20,
on Cp = Specklz]. Thus the restriction of ©¢+ i+ to Cp is locally given by the sheaf
of vector fields with a zero at the origin.

We perform a similar analysis at the log marked points. Here C' is locally given
by specifying the cone o C Ny generated by (1,0) and (0, 1), and taking p = (0,1) €
M so that again ©¢1 i+ is locally generated by 01 ,). Taking z = 2(1,0)
see that 0(1,9) = 20, as ordinary derivations, and C' = Cy = Speck(z,]/(t), so we
see locally ©¢+ it |c, again consists of the sheaf of vector fields with a zero at the
log marked point. This proves the claim. U

, =2, we
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3.4. Log deformation theory

In this section we will briefly survey log deformation theory, referring the reader
to [65] and [63] for full details and a more general setup. Here, we try to keep the
discussion relatively simple, just doing what we need for Chapter 4.

First, let us review the basic idea behind deformation theory for smooth va-
rieties. Suppose we are given a smooth, separated variety X over Speck, and we
would like to construct a k-th order deformation of X. By this we mean the fol-
lowing. Let Ry = k[t]/(t*T1), and let Oy = Spec Ry, so Oy = Speck. The natural
surjections Ry — Ry for £ < k give closed embeddings Oy — Oj. Given a morphism
X, — O, the restriction of Xy to Oy is the base-change Xi xo, O¢ — Oy. So a
k-th order deformation of X — Speck is a flat morphism Xj — Oy such that the
restriction of Xy to Oy is isomorphic to X — Speck.

If we wish, then, to construct a deformation of X, we proceed step-by-step.
Suppose we have constructed a (k — 1)-st order deformation X;_1 — Ok_1, and
we wish to lift this to a deformation X — Oy which restricts to Xp_1 over Og_1.
This can be done as follows.

Begin by choosing an affine open cover {U;} of X. Let U;; = U; N U;. Now
the first fact we need is that the (k — 1)-st order deformation of any non-singular
affine variety U is trivial, i.e., isomorphic to U Xy Ok_1. But given a (k — 1)-st
order deformation Xj_; of X, the restriction of Oy, , to U; induces a (k — 1)-st
order deformation Uik*1 of U;. This must be trivial, i.e.; there is an isomorphism
9?‘1 : Uik_1 — U; Xk Ok—1. This gives rise to gluing maps

0@71 : Uij Xk Op_1 — Uij Xk Or_1
which are defined by the composition

(Gk—l)—l k 191?—1
7 — J
Uij Xk Okg—1 — Uy —Uij Xk Op—1.

Note that
k=1 _ gk—1 k—1
91‘4 0 oij =03
on Uijz =U; N Uj NUy.
To construct Xy, we just try to lift these identifications, by choosing identifi-
cations

92 : Uij Xk Ok — Uij X Ok

which restrict to the given 9713—1. There are many such liftings, and the choice of
liftings form a torsor over I'(Us;, © x /i), where © /i is the tangent bundle of X,
or module of derivations with values in Ox. To see this explicitly, consider a local
situation where X = Spec A, and we are given a homomorphism ¥~ : A[t]/(t*) —
Alt]/(t*) of Ri_1-algebras which is the identity modulo t. Let f*, f* be two lifts
of f*~1 to homomorphisms of Rjy-algebras A[t]/(t*T1) — A[t]/(t**!). Then for
a € A, we have
F*(a) = f*(a) = t*y(a),

for some 9 (a) € A. Tt is not difficult to see that 1) must be a derivation of A (see in
fact the proof of Proposition 3.39). Furthermore, given f* and a derivation v, the
above equation defines f*, and the fact that this is a homomorphism of Ry-algebras
follows from the fact that ¢ is a derivation for A over k. Note also that if f#~!
is the identity, then there is a canonical lifting f* of f*~!, namely the identity, so
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the set of all possible liftings of the identity homomorphism A[t]/(t*) — A[t]/(t*)
to A[t]/(t"T1) — A[t]/(t*+1) is identified canonically with T'(X, © x ).

Having chosen one set of lifts ij,

k E _ pk
Hjéoaij =03

we now want to impose the condition

on Ujje, in order for these morphisms to induce compatible gluings. Of course,
0;?@ o Hfj o(05)"'=id mod t*.

Thus the automorphism 6%, o 0 o (05)" of Uije x Oy, is a lifting of the identity,
and hence is determined by an element ;;, € I'(Uyje, © x /i ). Of course (Ui, ije)
is a Cech 2-cocycle defining an element ob(Xy_1/0k-1) € H*(X, O x/k)-

This element is precisely the obstruction to lifting X1 to X;. Indeed, this
cohomology class is zero if and only if there exists a Cech cochain (Uij,1biz) for © x i
such that ¥;; +1j¢ — i = ¥ij. Then if we modify our initial choice of lifting ij by
subtracting t1;; from (97’“])*, we can replace ¥, with v;j0 — (¥i; +v¥je —50) = 0.
Thus with this new choice, 9;“@
if we can find liftings 97’3 which glue, then the 2-cocycle ob(X;_1/O_1) clearly
vanishes in H?(X, O x/k)-

Furthermore, we have a choice of liftings. For any Cech one-cocycle (U;j, ;)
for ©x/k, we can replace a given choice of lifting Hfj by adding t*1;; to (ij)*
without affecting the compatibility of gluings.

Any such choice of lifting can be modified by the Cech differential of a one-
cochain (U;, ;) and this will give an isomorphic lifting Xj. This isomorphism is
induced via the identifications UF — UF which are the identity modulo t* and are
hence determined by the derivation t*1);.

We conclude that the set of liftings of Xy 1 — Ok_1 to Xx — Op, up to
isomorphism, forms a torsor over H'(X, 0 /i)

In conclusion, this argument sketches a proof of

oﬁfj = er and the open sets U; x Oy, glue. Conversely,

PROPOSITION 3.37. Given a non-singular separated variety X/k and a lifting
of X/k to a flat deformation Xi_1/Ok—1, there exists an element

Ob(Xk_l/Ok_l) S 112()(7 @X/]k)

such that Xj—1/Ok—1 lifts to X1 /Oy if and only if ob(Xy_1/Ok—1) = 0. Further-
more, if there exists a lifting Xy /Ox of Xx—1/Ok—1, the set of all such liftings is a
torsor over H'(X, Ox/x)-

This is really just a special case of deformation theory, and a more in-depth
study would explain a lot more. However, this example forms a good model for
what we will need.

Keeping the above framework in mind, let’s consider the log version. Suppose
we are given a log smooth morphism X' — Speck’. We would like to understand
log smooth deformations of the form X ,I — O;L.

Now the very first issue that distinguishes this situation from the ordinary
situation described above is that there is not a unique choice of log structure on Oy:
we will restrict to fine log structures defined by charts N — Rj whose composition
N — Rj — k sends 0 to 1 and all other elements of N to 0. Thus the restriction of
the induced log structure on Oy to Speck is the standard log structure on Speck.
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The second issue is that in log smooth deformation theory, deformations are
usually not locally trivial. For example, the map Speck[z,y] — Speck]t] given by
t — xy is a log smooth deformation of the singular (but log smooth) variety zy = 0;
of course this is not locally trivial.

The main point, however, is that if we want a log smooth deformation X ,i — O;i
of X — Speck' over O,TC for some choice of log structure O}; on Oy, then the local

structure of the deformation X ,I — O}; is determined completely by the log structure
on O. This follows from the following proposition, which we state without proof.
See [65], Proposition 3.14 or [63], Proposition 8.3.

PROPOSITION 3.38. Let XT — Speck! be log smooth, with X affine. Given
a fine log structure O}; on O whose restriction to Oy = Speck is the standard
log point, there is, up to isomorphism, a unique log smooth lifting X,I — O}; of
Xt — Speckf.

For example, if X = Speck Xgpeczpy Z[P] for some monoid homomorphism
N — P, we take X}, = O Xgpeczn) Spec Z[P], where the map Oy — SpecZ[N] is
determined by the chart N — Ry defining the log structure on Op. If, say, this
chart is trivial, sending 1 to 0, then X} is a trivial deformation of X, but if the
chart is given, say, by 1+ t, then X}, is a k-th order smoothing of X.

We can now proceed as before. Suppose we are given X — Speck log smooth,
and log structures O,Ll, O}; on Og_1, Oy, respectively, with the log structure O};
restricting to O,Ll and the standard log structure on Speck. Suppose also we have
a log smooth lifting X,i_l — O};_l of Xt — Speck’, and we want to lift this to
X/ —ol.

As before, we choose an open affine covering {UJ} of XT. By the above propo-
sition, each U;r — Speck lifts uniquely to (Uik*l)T — O;i_l, and hence X,i_l is
obtained by gluing the log schemes (Uf*l)Jr via log automorphisms

057t (USHT — (U
over O};_l. We then choose lifts
05 - (US)T — (US)T.
Here, (UF)! is again the unique lift of (UF™')t to a log smooth scheme over O,TC.
We then apply the following proposition:

PROPOSITION 3.39. Let XT — Speck’ be log smooth with X affine, and suppose
we are given log smooth X,i_l — O;i_l which restricts to X1 — Speck! and with a
giwen log smooth lifting X,I — O};. Then:

(1) Given a log automorphism 6j_q : X,i_l — X,i_l over O};_l which restricts
to the identity on XT, the set of lifts of 01 to a log automorphism 0y, :
X]i — X,I over O;i is a torsor over I'(X, O x+ it).

(2) The set of log automorphisms 0y, : X]i — X,I over O;i which restrict to the
identity on X,i_l is canonically isomorphic to T'(X, © x+t jit).

Proor. We will first observe without proof that 6;_; always lifts to an auto-

morphism 6. This follows from the infinitesimal lifting criterion for log smoothness:
see [65], Proposition 3.4 and Corollary 3.11, or [63], Theorem 4.1.
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A log automorphism of X ,i over O;i is induced by an automorphism of sheaves
of Ry-algebras,

05 : Ox, — Ox,
and an automorphism
9,75 My, — Mx,
compatible with #; and the log structure on O};. Suppose we are given two such
automorphisms, 6 and ), which restrict to the same automorphism 6j,_1 of X 11—1'

Then define a log derivation (D,Dlog) on X} with values in t*Ox, = t*Ox as
follows. For f a section of Ox,, define

Df = 6;(f) - 63(f) € t*Ox, = t*Ox.

Then D is an ordinary derivation:

D(f-g) = 0;(f)-05(9) — 0i(f) - 0i(9)
= 0;(f)- (0r(9) — Ok(9))

+(05(f

= fDg+

—0:(f)) - 0x(9)
Df)g.-
Here the third equality follows since Df and Dg lie in t*Ox, and 6} and 0} are
the identity modulo t.

Next define Dlog as follows. For m € M, , we have é,’f(m) = Of(m) mod t*,
and since 92# and @f induce the identity on Mx, = Mx, we have

)
(

07 (m) = h - 0 (m),

where h,, € 1+ t*Ox,. Define Dlog(m) = h,, — 1. Then (D, Dlog) forms a log
derivation over O,TC: we have

D(ax,(m)) = Oi(ax,(m))—b;(ax,(m))
= ax, (0 (m)) — ax, (6] (m))
= ax, ((1+ Dlog(m))0; (m)) — ax, (0} (m))
= Dlog(m) - ax, (6] (m))
= Dlog(m) - ax, (m).

The last line again follows since Dlog(m) € t*Ox,. Furthermore, if 7 : X ,1 —
O;i is the given morphism, then Dlog(7#(m)) = 0 since éf(w#(m)) = 7 (m) =
92# (7% (m)), as 0k and 0, are automorphisms over O;i.

Note that D(f) and Dlog(m) only depend on f and m modulo ¢. Thus
(D, Dlog) can be viewed as a log derivation in I'(X,© x+ /) (or more precisely,
in t*I'(X, © x1 it)). Furthermore, going backwards, giving ), and (D, Dlog) deter-
mines 6.

This gives (1). For (2), we take 6 to be the identity, so any 6}, is canonically
determined by a derivation in I'(X, © x+ xt ). O

We can then follow the same argument we gave in the usual deformation theory
setting to obtain:
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PROPOSITION 3.40. Suppose we are given a log smooth morphism X1 — Spec k'
with X separated over k and a lifting of this morphism to a log smooth morphism
X,i_l — Ol_l, for some choice of log structure on Ok_1. Given a lift of this

log structure to Oy, there exists an element ob(X,Ll/O,Ll) € H*(X,Ox1 )
such that X,i_l — 0;2_1 lifts to a log smooth morphism X,i — O;i if and only
if ob(X;i_l/O;i_l) = 0. Furthermore, the set of such liftings, up to isomorphism,
is a torsor over H' (X, © x+ yt).

The nicest situation in which to apply this proposition is when H? (X, © x+ Jkt) =
0, in which case there are no obstructions. This is the case, for example, if X is a
curve.

For the purposes of Chapter 4, we will need to consider a more complicated
deformation theory problem. Suppose we have a toric variety X with the standard
log structure, induced by X C X, along with a morphism 7 : XT — (Aﬂlg)Jr induced
by a monomial function on X. We will keep this fixed in the following discussion.
Consider also a log smooth curve Cg — Speckl = O(T), and suppose we have a
commutative diagram

(3.6) cf L

I |

O —=5 (A

o
Here g : Oy — AE}( maps to the origin. We would like to understand liftings of the
diagram (3.6) to diagrams

(3.7) C;i L xt

|k

Of —— (AD)!

ayg

where the bottom horizontal arrow determines the log structure on Og: indeed,
giving a morphism ay, : O — A{ is the same thing as giving a map N — Ry, which
yields the chart for the log structure on Oy.

We shall use the notation [fj : C, /O — X] for the data of a diagram (3.7).

THEOREM 3.41. Suppose Cy is rational. Consider the map

fos : @Cg/kt - fg@XT/(Al)T
dual to the functorial map of sheaves of differentials

fo ff)kﬂﬁﬁ/(,gl)r - Qlcg/kp
Suppose that fo. is injective, with cokernel Ny,, the logarithmic normal sheaf of
f(), Let

[fi—1:Cro1/O—1 — X]
be a lift of
[fo: Co/O0 — X].



122 3. LOG GEOMETRY

Then the set of isomorphism classes of lifts
[fr : Ck/Or — X]
restricting to
[fo—1: Coe1/Op—1 — X]
is a torsor over H°(Co, N¥,).
PRrROOF. First note that since Cy is a curve, H?(Cy, GCg/ua) = 0, so there are

no obstructions to lifting C,i_l — O};_l to C,i — O;i. The set of such liftings forms
a torsor over H!(Cy, @Cf/kf). Choose one such lifting. As above, cover Cy with
0

affine open sets U;, with unique thickenings (UF~1)f (UF)T determined by O};_l
and O,TC respectively. We have gluing maps
05 (U = U
k . (r7k k
91‘3‘ : (Uij)T - (Uij)T
with Of’j_l = ij mod t*. We also have maps ff_l : (Uik_l)Jr — XT determined by

fr—1; these must satisfy compatibility on Ui’;._lz

(3.8)

k—1 k—1 k—1
fi :fj Oaij .

As usual in deformation theory, we first choose lifts f¥ : (U¥)T — XT of fF=1.
The fact that such a lift exists is actually the infinitesimal lifting criterion for log
smoothness: see [65], Proposition 3.4, or [63], Theorem 4.1. Again, we state this
without proof.

The set of choices of lifts fF is in fact a torsor over HO(U;, f6Oxt/aryt) (see
[65], Proposition 3.9). Indeed, giving a section of f5O x+ /a1yt is the same as g{ving
a log derivation on X with values in fp.Oc,. Now given two lifts f¥ and fF of
ff_l, we obtain such a derivation (D, Dlog) by

Dg = (f{)"(9) = (f)"(9)

for a function g on X, and Dlog(m) = h,, — 1, for m a section of M x, where
hm € OF, is defined by

(f5)*(m) = h(fF)* (m).
This is a log derivation just as in the proof of Proposition 3.39, and vanishes on the
pull-backs of functions on A!, hence gives a log derivation of X /(A1) with values
in tkOU{c = Op,. This is then an element of I'(U;, f5© x+/(a1)t). Conversely, giving
fF and such a log derivation (D,Dlog) clearly determines fF. If (D, Dlog) =: 1,
we write
FE=fF+tF.

Once we choose liftings fF of fffl, we can then compare, for each ¢ and j,
fF with fjk o Hfj on Ui’}. These are two different liftings of the same map fikfl =
fj’,“_1 o 97’3—1, and hence differ by an element 1;; € I'(Usj, f3O© x1/(a1)t). These yield
a Cech 1-cocycle for f3Oxi, a1y on Co. However, ©xi /a1y is a trivial vector
bundle since X is a toric variety, by Example 3.32, (2). Since Cj is assumed to be
rational, H(Cy, f6Oxt/a1yt) = 0. Thus there is no obstruction to lifting, and we
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obtain a lifting [f; : Ckx/Or — X]. It only remains to classify all choices of such
liftings, up to isomorphism.

Consider then two sets of liftings of the data Of’j_l, ff_l, given by 95, i’; and
ijj, 7’3 Then Hfj and Hfj differ by some t¥1;; for ;; € HO(Uj;, @Cg/kf), and
fF differs from fF by tFn; for some n; € HO(U;, f6©x+/ca1yt). The compatibility
condition

tk _ 7k _ ok
fi=1r 5 © gij
becomes
S+t = fF o008 + (fou (i) + mi)t".
Hence 1; = fo.(1ij) + n;, so the data (n;); determine a section of N, .

Conversely, given a section of Ny, determined by (7;);, 7; € T'(U;, Ny, ), we can
lift these to n; € T'(Us, fiOxt/anyt), with m; —n; = fox(1i;) for some 1;;. Since
fox is assumed to be injective, this determines the ;;’s, and hence determines
Hfj, fE from Hf'j, fF. A different set of lifts (1)) will change the Cech one-cocycle
{(Uij,%i;)} by a coboundary, and hence determine an isomorphic lift. Hence the
set of all possible lifts is a torsor over H%(Co, N7, ). O

We have more decorations needed for the next chapter, as follows. We wish

to mark Cp, considering points z9,...,20 € Cy, which we think of as sections

29 1 Og — Cj of Cy — Op. We consider liftings [fx : Cx/Or — X] along with
sections xf : O — Cy, of Cp — Oy lifting x?. We write the data of such a lift as
[fk : Ck/Ok — X,Xk].

THEOREM 3.42. Given [fo : Co/Op — X,x°] such that the points 29, ..., 29 €

C’g are all log smooth points, with Cy rational and fo. injective as in Theorem 3.41,
let Ny, xo be defined to be the cokernel of the composition

- fo pu
Oct <_ Z“’?> = Oc = 3Ox -
=1

Given a lifting
[fr1: Cr1/Op—1 — X, xF71,
the set of liftings
[fx : Ck/Or — X, x|
of
[fr1: Cre1/Op—1 — X, x*71]

is a torsor over HO(CO,J\/meO)-

PrOOF. We just need to modify the argument of Theorem 3.41, taking into
account the additional data. First, we understand liftings C /Oy, x*, without tak-
ing into account the map fy. Fix some C,Z — O,TC lifting C,Ll — 011;71' Now the
set of lifts xf :0p — Cy of xf_l : Op_1 — Ci_1 is in fact a torsor over the Zariski
tangent space to Cp at 2¥. Indeed, first of all, a lift exists, as Cj, — Oy is smooth at
2¥. (This is a standard fact about smooth morphisms: it is just the formal lifting
criterion for smoothness; see for example [53], §17). Next, given two lifts %, 7% of

k—1 . .
27" and g € mg, 4o, the maximal ideal of O¢, ,0, we have

(@) (9) = (@5)"(9) € (t*) C R
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This induces a linear functional mg, 0 — t*k, which clearly descends to give a
linear functional m¢, .o /mQC0 L0 = t*k. This is an element of the Zariski tangent

space to Cy at 2. Conversely, given such a linear function, we can modify (xf)*
to obtain (7¥)*.

Note that as 2? is always a log smooth point, in fact the fibres of the vector
bundles @Cg /Kt and O¢, /i agree at 29, and both fibres coincide with the Zariski
tangent space to Cp at x¥.

Suppose we are given a log automorphism 9 : C,Z — C’,]; over O}; which is the
identity modulo ¢*, hence induced by 1 € T'(Cy, @Cg Jkt ). Furthermore, suppose we
are given lifts xf :0p — Cy of xffl, and set

¥ = oxk.
Then the difference between ff and xf is the image of 1 in the Zariski tangent
space of Cy at 29,
This can be summarized by the exact sequence

(3.9) 0— ecg/ud(_xo) — @CS/M — @ ecg/kf @ k(z9) — 0.
=1

Here GCS/W (—x?) denotes the sheaf GCS/W twisted by the line bundle

OCO (_ Z 1‘2),
(=1

and k(z9) denotes the residue field of Cy at 2. Taking sections over an open affine
set U of Cp, with induced thickenings (U*~1)t, (U¥)T, the space of liftings of the
maps {z} " |29 € U} to maps } for 29 € U is a torsor over

P(U,@@Cg/kT ® k(D).

=1
The set of liftings of an automorphism of (U*~1)T to (U*)T is a torsor over

P(U, Gcg/kf)a

and the set of such liftings which leave given liftings xf of xlgfl fixed for all ¢ with
z) € U is a torsor over I'(U, @Cg/kf(—xo)).

Now as usual, cover C,I_l with affine open subsets (UF~1)t and fix lifts (UF)*.
For each 4, let ji,...,7s, be the indices such that x?z € Uffl for 1 < ¢ < s,
Z_l : Og_1 — UF™' we can extend these to lifts xfé :
Oy, — UF. On the other hand, consider the map coming from (3.9)

Assuming we have lifts z

S
U : T(Ui, O ) — 4 O it @ k(a5,).
=1
This map is surjective since U is affine. Thus, up to automorphisms of (Uik)Jr which
are the identity modulo t*, there is a unique choice of liftings xf[
So we can now assume we have fixed open sets (UF)T and liftings x?{ : Op — UF.
We just need to glue these together. We follow the usual procedure. However,

we need to match up those liftings x’g which land in Ui’}. One follows the usual
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deformation theory argument as given in Proposition 3.40 and sees that the set of
all liftings Cy/Og,x* of Cyx_1/Op_1,x"~1 form a torsor over

H'(Co, @Cg/]kf (—x")).
Repeating the argument of Theorem 3.41 then gives the desired result. O

The final decoration is as follows. We now assume that we are also given, on
top of the above data, sections o1, ...,0s : Al — X of m. Assume we start with
[fo : Co/Op — X,x"] chosen so that fo(z9) = 0;(0) for 1 < i < s. In other
words, we are imposing conditions on where the marked points of Cy map. Note
we can write this condition also as fo o 29 = 0; 0 ap. We then wish to find liftings
[f& : Ci/Or — X,x*] which satisfy

fkoxf = 0; 0 Q.
(Recall that oy : O — Af is the given map.)

THEOREM 3.43. Suppose we are given the same hypotheses as Theorem 3.42,
with the additional hypothesis that fooz9 = o0 for 1 <i < s. Denote by Tx/at,o,
the fibre of the vector bundle © xt a1yt at 0;(0), or equivalently, the fibre of the
vector bundle f5O x+t /a1yt at 2V, These can be written either as O xt /a1yt @k(0i(0))
or as f§(Oxt ) ® k(x)). Then there is a natural map

S
= HO(C(),NfO’xo) — HTX/Al,Ui(O)'
i=1
The map H°(Co, Ny x0) — T'x/a1,0,(0) is given by lifting a section of Ny, xo locally
in a neighbourhood of 29 to a section of JoOxt /a1yt and then evaluating the section
at 29 to get an element of Tx/at,0,0)- Then given a lift

[foe1: Cro1/Op—1 — X, x"71]

of
[fo: Co/Oy — X, %7

with fx_q10 xffl = 0; 0 a1 for all i, there exists a lift
[fr : Ck/Ok — X,x"]

of
[fro1: Cho1/Op_1 — X, x"71]

with fi o x¥ = oy 0 ay for all i if Z is surjective. Furthermore, if a lift exists, the
set of such lifts is a torsor over ker =.

PRrROOF. We first note that = is well-defined. Indeed, two local lifts of a section
s of N, xo to JoOxi ) differ by a vector field on Cy vanishing at 2Y. Applying
Jox to this vector field gives a section of f7©O x+ /a1y vanishing at 29, and hence =
is well-defined.

To obtain the result, one now just considers thickenings (UZ.’“)T as usual, along
with fixed maps xlz : O — UF for various £. All possible lifts fi, x* are then
obtained by modifying the gluings of the sets (UF)T, as well as modifying the map
fr : (UFT — X. Note that modifications of the gluings don’t affect the maps
froak. Soif f : (UF)T — X1 is replaced by fj, which differs from fi by a section
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¥ of fiOxi/a1)t, we see that for a function g on X defined in a neighbourhood of
¢(0) = fo(7),

(@§)" o fi(9) ()" (fi(9) + t*9(9))

()" © fi(g) + t*0(g)(af).

So this changes (x’g)* o fi by the element of Tx/p1 20 given by evaluating ¢ at 9.
Since we wish to ensure that

(@})" o (fu)" = aj o0y,

and the right-hand side is completely determined, the result follows. O

3.5. The twisted de Rham complex revisited

This section doesn’t properly belong here. It explains a technical point we
evaded in §2.2.1. Namely, Theorem 2.31 only applies in the case that W : X — C
is projective.

Since this is not the case for the chief example of interest, namely the mirror
Landau-Ginzburg model for P", we proceed as follows. If W : X — C is not pro-
jective, but only quasi-projective, then we find a non-singular variety X containing
X such that D := X \ X is normal crossings and W extends to give W : X — C
projective. Then we consider the twisted log de Rham complex

(Q5%(log D),d + dWA)
with Q%(log D)= A" Qly(log D), and the differential d + dWA, as before, given by
w +— dw~+dW Aw. Then we have, in analogy with Theorem 2.31, proved by Sabbah
in [102],
THEOREM 3.44. In the above situation,
7ar (X, (Q%(log D), d + dWA)) = Hy,, (X, (Q%(log D), dW 1))
=~ Hj, (X, (Q%(log D), d + dWA)).

In fact, when W : X — C is not proper, the correct cohomology groups to use
are the ones appearing in the above theorem.

We will now carry out this procedure for the mirror of P". In the end, we
will see we get the same answer we did in §2.2.1, so this calculation may be safely
skipped, but it does give a good example of toric techniques in action.

Let M = 7", N = Homy(M,Z) etc., as usual, and let A C Ng be the lattice
polytope given by

A = Conv({eg, e1,...,€r}),
where ey, ..., e, is the standard basis of NV and

ep = — Z €.
i=1
Note that A is in fact a reflexive polytope (see Example 1.28) with dual
A" := Conv{ej, el + (r+ 1)ej,...,ep + (r+ ey},

where e7, ..., e’ is the dual basis for M and

T
T
ey =— E er.
i=1
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Now A defines a projective toric variety Pa. We define
X =)

to be the open torus orbit of Po. We identify this X with the X used in Example
2.33. In that example, we took W = 2 + .- . 4 2 + k20 in the current notation.
Now any n € AN N, via Remark 3.5, can be thought of as a section of Op, (1).
This line bundle can be trivialized on the open torus orbit of Pa in such a way that
a section determined by n € A N N corresponds to the regular function z” on X.
Since 0 € A, this determines a section which corresponds to the regular function
2% =1 on X. Thus the expression for W on X can also be written as
Z@l +_"+Z€7.+/€Z€0

W = 0 ,

and by writing it as this ratio, it in fact extends to Pa as a ratio of two sections of
Op, (1), and hence defines a rational function

W : Pa-->PL.

There are now two problems that have be dealt with. First, P is quite singular,
and these singularities need to be resolved. Second, W is only rational, so some
further blow-up will be necessary to resolve the singularities of W.

To address these problems, we first resolve the singularities of Pa torically. The
normal fan of A is in fact the set of cones generated by proper faces of A*. To
resolve Pa, we can refine the normal fan by choosing a polyhedral decomposition
& of OA* into standard simplices. Then the fan ¥ consisting of cones generated
by elements of &2 is a refinement of the normal fan of A, and defines a non-singular
toric variety Xx along with a proper birational map 7 : X5; — Pa. Then Wom can
be expressed as the ratio of two sections s1/sg of 7*Op, (1). We write this function
again as

W Xg-->Pi.

We note that W fails to be defined when s; = so = 0.

To understand how to resolve the singularities of W, we look at an affine open
subset of Xy, determined by a cone ¢ € ¥ which is generated by ¢ = o N 0A*.
Without loss of generality, we can assume that & is a maximal cell in &?. Note
that for each maximal proper face @ of A*, there is a unique vertex v of A such

that (v,m) = —1 for all m € ©. Take @ to be the unique face of A* containing &
and let w be the cone generated by w. Then in particular there is a unique i such
that (e;,m) = —1 for all m € &. Note that X, is the open affine subset of Pa

corresponding to the vertex e; of A, and m maps X, into X,,. Thus we can study
W by using the trivialization of Op, (1) on the open set X, given in Remark 3.5,
ie.,
Le1—ei 4t 2Cr—Ci _ 4orC0—Ci

z—ei '
Now the cone o is generated by some my,...,m, € M with my,...,m, € ¢ forming
a basis for M, and X, = A]. Since (—e;, m;) = 1 for each j, the denominator of W
vanishes precisely once on each toric divisor of A, i.e., each coordinate hyperplane.
On the other hand, we can write the numerator of W as a polynomial

T
co + E ;2"
i=1

W:
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where nq,...,n, form a basis for Ng (but not N) and each ¢; is either 1 or x, hence
NON-zero.

Claim. The zero locus of ¢g + Z:Zl c; 2™ is non-singular and intersects each
toric stratum of X, transversally.

PROOF. It is enough to show that if we restrict co + 22:1 ¢;z™ to a torus orbit
of X, , we get a non-zero equation which defines a non-singular hypersurface in this
torus orbit. Note that the restriction is non-zero as the constant term c¢q is non-
zero. Suppose, without loss of generality, we restrict to the toric stratum D, of X,
corresponding to the cone T generated by my,...,m,. Let N, := {my,...,my}+ C
N. Then the big torus orbit in this stratum is isomorphic to Speck[N,], and a
monomial 2" on X, restricts to a non-zero monomial on D, if and only if n; € IV,,.
Assume, again without loss of generality, that n; € N, only for 1 <7 < ¢. Then
the restriction of the numerator of W to this torus orbit is

q
co + E 2"
i=1

Now let N;, be the sublattice of N, generated by n;,...,n,. Then the canonical
inclusion N, < N,, defines a smooth map of algebraic tori Speck[N,] — Speck[N].
Writing k[N;] = klzf!, ..., zF1, with ; = 2™, we see that the numerator of W is
the pull-back under this map of tori of the function ¢cq + 23:1 c;x;. The zero-set of
the latter function is a hyperplane, hence is non-singular, and the pull-back then

also defines a non-singular hypersurface. O

This now shows that s; = 0 defines a non-singular hypersurface in Xy. On the
other hand, sy, as mentioned above, vanishes precisely on the toric boundary of
Xs. By the above claim, s; = 0 intersects the toric boundary transversally, so we
now have a local description of how s; = 0 and sg = 0 intersect. This allows us to
describe the blow-up of s1 = sop = 0 inside X. In particular, (étale or analytically)
locally, we can describe so = 0 as the locus y;1---y, = 0 and s; = 0 as the
locus yp4+1 = 0, for some local coordinates y1,...,¥y,. So we can describe the local
structure of the blow-up using these equations, blowing up y1---yp, = yp+1 = 0.
In A7 x P}, with u, v homogeneous coordinates on P}, this blow-up is given by the
equation

uyr- - Yp = VYp+1-
In the coordinate chart where v = 1, we have y,41 = uyi - - - yp, and eliminating the
variable y,41, W becomes the regular function u on a non-singular variety. On the
other hand, if u = 1, we get y1 - - - yp = VYp+1, Which defines a singular hypersurface,
but ¥ - - -y, = 0 at any singular point. In particular, W = 1/v has a pole at such
points, but W is well-defined everywhere.

Thus, if Xy is the blow-up of Xy along the locus s1 = so =0, W : X5 — ]P’ﬂlg
is now a morphism. Let X = W~1(Al), with Al =P\ {oc}. What we have seen
above is that X is non-singular and W : X — C is proper. Furthermore, we had
identified X with the big torus orbit of Xy, and Xy was obtained via a blow-up of
a locus contained in the toric boundary of Xy,. Hence we still have X C X C Xy
naturally. This is the desired compactification.

To finish this story, we need to compute D := X \ X and understand the
complex (025 (log D), dWA). First, note that so = 0 defines the toric boundary of
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Xy, so that D is the total transform of sg = 0 restricted to X. So in the two charts
given above for the local description of the blow-up, D is given by y1---y, = 0,
i.e., is normal crossings, and W is given by u or v=!. Now dW = du or d(v~!), and
since we are away from the pole of W so that v # 0, we see in fact dWW is locally
non-vanishing in Qly(log D). Thus, as in §2.2.1, the complex (Q5-(log D), dWA) is
exact in a neighbourhood of D. Since this complex, when restricted to X, gives the
usual complex (2%, dWA), we see that the cohomology of the complex satisfies

H (Q%(log D), dWA) = H (Q, dWA),
so from the hypercohomology spectral sequence,
H(X, (Q5%(log D), dWA)) = H (X, (Q%, dWA)).

Hence the calculation of §2.2.1 in fact remains valid.

3.6. References and further reading

Fulton’s book [27] provides an excellent introduction to toric varieties; Oda’s
book [87] also covers more advanced topics. The foundational material on log
schemes can all be found in the original paper of K. Kato [65]; a much more in
depth exposition of log geometry is given in [88]. In addition, material on log
smooth deformation theory and log smooth curves can be found in [63] and [64].
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CHAPTER 4

Mikhalkin’s curve counting formula

4.1. The statement and outline of the proof

We will first give the statement of Mikhalkin’s Theorem, whose proof will be
given in the remainder of the chapter.

We fix, as usual, M = Z™, N = Homy (M, Z), etc., and also fix a complete fan ¥
in My. Using the notation of §1.3, this gives the lattice Tx; and a map r : Ty, — M,
pick A = Zpezm dyt, in the kernel of r. If n = 2, then in §1.3 we defined the
number Ng’g’p counting (with multiplicity) tropical curves in the moduli space
MO"A|,1(Z;A) passing through |A| — 1 general points.

We first need to define the analogous holomorphic or algebro-geometric count.
We will count stable curves as in Chapter 2, but we place certain restrictions on
the curves we consider. In addition, we need to specify the homology class of the
curve. For the first point, we use

DEFINITION 4.1. A curve C C Xy is torically transverse if it is disjoint from
all toric strata of the toric variety Xs of codimension > 1. (In particular, C' does
not have an irreducible component contained in a codimension one stratum, as then
this irreducible component would also intersect a higher codimension stratum.)

If f:C — Xy is a stable map, we say it is torically transverse if f(C) C Xy
is torically transverse and no irreducible component of C' maps into 0 Xy. O

For the degree, we use the following:
PROPOSITION 4.2. If Xx; is non-singular, then
Hy(X%,7Z) = kerr.
The isomorphism takes € Ho(Xx,Z) to
> (BD,)t, € Tk
peX

PROOF. From (3.2), we see that Cl(Xyx) = Homy(kerr,Z), but since Xy is
non-singular (and all toric varieties are rational), Cl(Xyx) = Pic(Xx) & H?(Xyx,Z).
Thus kerr = Hy(Xyx,Z). More explicitly, an element of Ty of the form ) a,t}
represents the divisor in Cl(Xy) given by > a,D,. Furthermore, the pairing
Hy(Xx,Z) x H*(Xx,Z) — Z which makes Hy(Xyx,Z) the dual of H*(Xyx,Z) is
given by the intersection pairing (3, D,) — (- D,. This gives the explicit descrip-
tion of the isomorphism. O

_ So A € kerr determines A € H (X%,Z). Thus we can write, as in Chapter 2,
Mo, ja)-1(Xx, A) for the moduli space of stable maps of genus zero into Xy with
|A] = 1 marked points and representing the homology class A.

133
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DEFINITION 4.3. Suppose Q1,...,Q|a|—1 € Xx are general points. Define

0,hol — [:(Cxq,...,2a1—1) — X5 is torically
Nyy =#4f€Moja-1(Xs,4) transverse and f(x;) = Q; for

1<i<|A]—1

It is not yet clear that this is a finite number, but this shall be shown in
the course of proving the main theorem. However, once we know this, then we
know it does not depend on the choice of Q1,...,Q|a|—1 (provided they are chosen
generally) as the set being counted fits into one algebraic family as Q1,...,Qa|-1
vary, so the cardinality is the same for any two general choices of points. We can
then state the main theorem:

THEOREM 4.4. Suppose n = 2. Then Ng’h;] is finite, and
0,trop __ 0,hol
Nay™ =Nay-

Note that we do not know yet that Ng’fg’p is independent of the choice of points
in Mpg; this follows from the above theorem. However, we shall see a different proof
of this independence in the next chapter which is purely combinatorial.

The proof we give is not the original proof of Mikhalkin, but rather the proof
of Siebert and Nishinou [86]. The latter proof works in all dimensions, whereas
Mikhalkin’s original proof only works in two dimensions. We will, however, restrict
to two dimensions. The definition of NX’EOP in higher dimensions is somewhat
more complicated, as is some of the combinatorics involved in the proof. We don’t
actually save very much by restricting to the two-dimensional case though, so after
reading this chapter, it should be easy to consult [86] for the general case.

The basic idea is to construct a one-parameter degeneration of the toric variety
Xy very similar in flavour to Example 3.6. This degeneration will be adapted for

the particular choice of points P, ..., Paj—1 € Mg used to define Ng’g’p. We will
then construct a correspondence between tropical curves in Mg passing through
Py, ..., Paj-1, “log stable curves” in the central fibre of the degeneration, and

ordinary stable curves in the general fibre of this degeneration.

More specifically, choose points Py, ..., Ps € Mg = M ®z Q, with s = |A] —
1. Note here that we are only considering points with rational, rather than real,
coordinates. This turns out not to change the earlier discussion: the general position
arguments of Lemma 1.20 work just as well over QQ, so we can assume these points
have been chosen so that there are only a finite number of marked genus zero
tropical curves h : (I',z1,...,2ja|—1) — Mg in Xs with h(z;) = P;, and these
curves are all simple. Denote the set of these curves by

Mo(S,A, Py, P,).

DEFINITION 4.5. Given the data of X and Pi,..., Paj—1 € Mg general with
dim Mg = 2, a finite polyhedral decomposition & of My is said to be good if it
satisfies the following properties:

(1) For o € 2, 0 has faces of rational slope and vertices in Mg. Furthermore,
each o € & has at least one vertex.

(2) If 0 € &, then Asym(o), the asymptotic cone to o, is an element of the
fan ¥. Furthermore, every cone of ¥ appears as the asymptotic cone of
some o € 2.
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FIGURE 1

(3) The image of any h € Mg s(Z, A, Py, ..., Ps) lies in the one-dimensional
skeleton of &.
(4) Each P; is a vertex of Z.

PROPOSITION 4.6. There exists a good polyhedral decomposition.

PrROOF. If &2 and &’ are two polyhedral decompositions satisfying conditions

(1) and (2), then
P'"={ond'|loce P,o € P}

also satisfies these two conditions. We apply this as follows. Take for & the poly-
hedral decomposition obtained by taking the maximal cells to be the closures of the
connected components of Mg \ S, where S is the union of images of parameterized
tropical curves in My (X, A, Pi,..., Ps) and clements of . (The latter is not
necessary if d, > 0 for all p, with A =73° d,t,.) This & satisfies (1), (2), and (3).
Take £’ to be the polyhedral decomposition obtained by taking the maximal cells
to be the closures of the connected components of Mg \ S’, where

s'= U U@+
pexlil i=1
Then &' satisfies conditions (1), (2), and (4). The refinement &” of &, &' given
above satisfies conditions (1)-(4). O

For example, if we take five points in My contained in one tropical curve of
degree 2 in P? depicted on the left in Figure 1, we can take 22 to be as given on
the right.

Without loss of generality, we can in fact assume that & is a lattice polyhedral
decomposition by replacing M with the superlattice %M , where p is the common
denominator of coordinates of all vertices of &2. This of course makes the points
Py, ..., Pslie in M too, but does not change the number Ng’gOp. We will fix this
good & for the remainder of our discussion.

We now introduce the notation

M=M®®Z, N =Homy(M,Z),
and define the fan X 4 in ]\AJ]R as follows. For o € &2, let
Co) ={(rm,r)[r > 0,m € o} C Mg
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be the cone over o, as in §3.1.3. Then we set ¥4 to be the fan consisting of all
faces of cones C(o) for o € &. It is easy to see L o is a fan. In addition, note that
C(o)N (Mg ®{0}) is Asym(o), as in §3.1.3. Also, by property (2) of Definition 4.5,
Asym(o) € ¥. Furthermore, every cone of ¥ arises in this way. Thus

EZ{TGZ@|T§MR@{O}}.
Putting this together, we now have a toric variety
X = ngz,

which comes along with a regular function 7 : X — A induced by the monomial
201 (0,1) € N = N ®Z. Note that 7—1(0) is the union of toric divisors on which
2(%1) vanishes. These are precisely the divisors corresponding to cones of ¥4 of
the form C(v) for v € & a vertex. In particular 7—1(0) is a union of toric varieties.
On the other hand, if one removes these divisors from Xy, one obtains the toric
variety corresponding to the fan ¥ as a fan, not in Mg, but in MR. As a result,
X\ 77H0) 2 X5 x Gyp,.

The degeneration 7 : X — Al is the degeneration of Xy we shall work with.

We will use the following notation for the toric strata of Xo := 7=1(0). Each
cell 7 € & yields a cone C(7) € ¥ %, hence a toric stratum D¢ (). This stratum is
contained in Xy. To simplify notation, we will write this as D,. The fan defining
D, is written as X, and lives in Mr/T,7. This can be defined in terms of the
polyhedra in & containing 7 as

Y, ={Tr0/T;7|0 € & such that 7 C o}.

We will denote by 0X( the union of one-dimensional toric strata of Xy not
contained in Sing(Xy). This is precisely the union

(4.1) 0Xo = U D,,,

we ]
w non-compact

as it is precisely the D,’s for w non-compact which are not contained in two irre-
ducible components of X,. Alternatively, one can write

0Xo =0X \ Xo N Xp.
Next, we explain the role of the points Py, ..., Ps. Let
Li=7(P,1)C M

be the rank one sublattice generated by (P;,1). Then we have an inclusion of tori

G(L;) € G(M), which acts on X. Now choose points @1, ..., Qs in the open torus

orbit of X, and consider the closed subset of X given by G(L;) - ;. Here we are

using the canonical action of G(M), hence G(L;), on X.

PROPOSITION 4.7. 7T|m is an isomorphism of G(L;) - Q; with Al.

Proor. Note that the composition G(L;) — G(M)LG(Z) is an isomorphism,
since it is induced by the isomorphism of lattices given by the composition L; —
M — Z. Thus 7|g(r,).q, is an isomorphism onto its image. Note that G(L;) - Q; is
closed in m=1(Al \ {0}). Since 7 is proper, when we take the closure of G(L;) - Q;
in X, we get precisely one additional point sitting in 7=1(0), and 7r|m is an
isomorphism.
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Thus, in our setup, the choice of Pi,..., Ps € M yields sections
O1y...,0% :Aﬂi—MX

of m. So we get a one-parameter family of choices of s points in Xy, degenerating
to choices of points in Xj.

We can now describe precisely the three worlds which appear in this picture.

The tropical world. One considers marked parameterized tropical curves of
genus 0 through the points P, ..., Ps in Mg.

The log world. One considers log morphisms f : (CT,2y,...,2,) — X(]; from
genus zero log curves C'T with marked points x1, ...,z such that

f(zi) = 0i(0) € Xo

and X is given the log structure induced by the divisorial log structure coming
from the inclusion 0X C X.

The classical world. The numbers Ng’_h;l in fact make sense over any alge-
braically closed field of characteristic zero, and do not depend on the choice of
field. So we can consider the field K = k((¢)), the algebraic closure of k((¢)). The
inclusion k[t] C K gives a map Spec K — A{, and

XXAéKgXE X]kK

is the toric variety defined by ¥ over the field K. Furthermore, the sections
Oly...,05 : AE}( — X determine points o1,...,05 : Spec K — Xy xi K. Using
these s points, one considers N&EOI, A curve contributing to this count is a tor-
ically transverse curve over Spec K. There will then turn out to be a natural
correspondence between these curves and curves in the log world.

A diagram of the proof of Theorem 4.4 is then
84.5

Log world Classical world

§4.4

Tropical world

In other words, we will first show, in §4.2, how certain log curves give rise to tropical
curves via the “dual intersection complex” construction. In §4.3, we show how to
build log curves from tropical curves, in fact showing that for a given tropical curve
h, there are Mult(h) log curves associated to it. In particular, this demonstrates
the origin of the multiplicity.

In §4.4, we show how each torically transverse curve over Spec K gives rise to
a log curve, and in §4.5, via logarithmic deformation theory, we will show each log
curve deforms to give rise to a torically transverse curve over Spec K. Finally, in
§4.6, we put this all together to give a proof of Theorem 4.4.
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So on with the details.

4.2. Log world — tropical world

We fix in this section the data we have described in the previous section: a fan
Y in Mg two-dimensional, a degree A € kerr, s = |A|—1, points Py,...,Ps € M, a
good lattice polyhedral decomposition &2, and general points Q1,...,Qs € G(M ).

We then obtain from this data a degeneration of toric varieties m : X — Aﬂi
with sections o1,...,0s : Al — X with the image of o; being G(L;) - Q;.

As before, let Xy = 771(0), equipped with the log structure induced by the
divisorial log structure on X coming from the inclusion 0X C X. The morphism
o - X(]; — Speck obtained by restricting 7 : XT — (A{)T as in Example 3.24, (3),
is log smooth.

DEFINITION 4.8. A torically transverse log curve in Xg is a diagram

L A— x{

Speckt ——— Spec k'

of log morphisms where g is log smooth and integral, C is a curve with C fine
saturated, the scheme morphism underlying f is a stable map, and for every vertex
ve P, f~YD,) — D, is a torically transverse stable map.

The following gives crucial restrictions on log curves which allow us to make
the connection with tropical geometry.

PROPOSITION 4.9. Let f : CT — Xg be a torically transverse log curve. If
x € C is a point such that f(z) € Sing(Xo), then

(1) x is a double point of C, contained in two distinct irreducible components
C1,Cy of C, and f(C;) C D,,, i = 1,2, for vi,ve € & distinct vertices
joined by an edge w of L.

(2) Let w; be the multiplicity of the intersection of C; at x with D, C D,,.
By this, we mean the order of vanishing of the regular function f*(yp) on
C; at x, where ¢ is a regular function defined in a neighbourhood of f(x)
in D, such that ¢ =0 defines D,,. Then wiy = w,.

(3) There is an e > 1 such that

Me,=S.:=N>@oyN

where the fibred sum is defined by the diagonal map N — N? and N —
N multiplication by e. Alternatively, S, can be described as the monoid
generated by aq,as and p subject to the relation oy + as = ep. (See
Ezample 3.27.)

(4) If ¢ is the affine length of w, then ew; = L.

PROOF. Let us first describe the local situation in X near f(z). By the toric
transversality condition, f(z) cannot lie in a zero-dimensional stratum. So f(x)
must lie in a one-dimensional stratum, say D,, for w € & an edge with endpoints vy
and vy. Without loss of generality, let us write v; = (0,0) € M and ve = (¢,0) € M,
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where / is the affine length of w. Then the cone C(w) defines an affine open subset
X¢(wy € X. For convenience, we write this affine open subset as X,,.

Note that the cone C(w)Y is generated in Nz = R3 by (0,+1,0), (1,0,0),
(—1,0,¢), and C(w)¥ N N = Z® Sy, with (0,1,0) generating Z and o1 = (1,0,0),
as = (—1,0,0), p=(0,0,1) generating Sy. Note that XoN X, = Dy U Do, the two
divisors corresponding to v; and vs.

Replace C' with an open neighbourhood of x whose image under f is contained
in X,. We can assume that this open neighbourhood is small enough so that
no point other than z maps into Sing(Xy) and C has at most two irreducible
components. Here we are using toric transversality of f to ensure that no component
of C' maps into Sing(Xp). So we now have a commutative diagram

ot —L— (xunxp) —— X}

T
Spec kt ——— Spec kf ——— (AL)T

Replace f with the composition of f with the inclusion (X, N Xo)" — X[, so we
now have a commutative diagram

(4.2) ot —1 . xt

QJ lﬂ'
Speck! — (A})T

First suppose that f(C) is contained in, say, Dy, with f(z) € D; N Dy. Note that
2z € I'(X,, Mx,), so f#(2%) € ['(C, Mc). On the other hand, 2% vanishes on
D5 but not on Dy, so z** € T'(X,,\ Dy, 0% ), soin fact ac(f#2°1) = frax(z*) =
[*(z) e T(C\ {z},0f). Noting that f*(z*!) is not invertible at x, we conclude
that the image of f#(2°1) in M¢ has support exactly at the point .

Now there are three possibilities for the behaviour of C't at 2, by Example 3.26.
In Case (1) of that example, where z is a smooth point of C', M is locally the
constant sheaf N, hence there are no such sections with support only at z.

In Case (2), where x is a double point, M again has no sections with support
only at x. To see this, note that from the description in Example 3.26, (2), C' locally
looks like Speck[u, v]/(uv) near x. Furthermore, the description in Example 3.27
tells us the log structure. It is induced by the inclusion C' C V,, where

V. = Specklu, v, t]/(uv — t°)

for some e > 0 and C' = V(t) C V.. This inclusion induces a divisorial log structure
on V,, which pulls back to the log structure on C. Since My, is supported on C,
M has a section with support only at x only if My, does. But as sections of My,
have support along Cartier divisors of V,, supported on C, there can be no section
with support only at x. Hence the second case is ruled out.

In Case (3) of Example 3.26, where z is a log marked point, locally near x we
have M = N®N,, which does have a section supported only at 2. However, we rule
this case out as follows. First note that by Example 3.26, (3), the map g : CT —
Speck' is determined by some pc € T'(C, M) which maps to pc € I'(C, Mc),



140 4. MIKHALKIN’S CURVE COUNTING FORMULA

locally of the form (1,0) in N @ N,. Second, by the commutativity of (4.2), since
7 is given by 2* € T'(X,,, Mx,), we have f#2° = po. But f#(2'°) = f#(2%1292).
Consider the image f#(z1) of f#(2°1) in M¢ z. Since f#(z*1) has support at
and is non-zero, we must have

f#(en) = (0,a)

for some a > 0. Then there is no choice for the image f#(222) of f#(2%2) in Mc z
to get

(67 0) =lpc = (07 a) + f#(za2)
in ﬂc@. This rules out the third case of Example 3.26.

In conclusion, f(C) is not contained in either D; or Ds. The only way this can
happen is if 2 is a double point of C|, the intersection of two irreducible components
Cy and Cy with f(C1) C Dy, f(C3) C Dy. This demonstrates (1).

For (2)-(4), note that M¢c z = S, for some e > 0. The diagram (4.2), at the
level of stalks of the ghost sheaves, is

o FHE
(4.3) Se = Mcz T My 5@y = Se

x

N>

Let wy,ws be the integers defined in the statement of (2). We note that, in the
local description of C' near z given by Example 3.26, (2), with C; = V(v) and
Cy =V (u), we have

fr(z9) =u™ - ¢y
fr(z72) =v"? - o

with @1, @9 invertible functions on C near x. Indeed, this is precisely the definition
of wy and ws.

Let us use this information to compute f#(z1) and f#(2%?). Given the de-
scription of the chart defining the log structure on C' given in Example 3.26, (2),
[#(22%) can be written, locally near z, as a section of S, ® O, say (((ai, bi), qi), 1&7;),
with

(4.4)

) ) Uaivbiwi q; = 0
*(,%) — # Z%) =

£ cf<>{0 "

Thus in fact from (4.4),
((ala bl)v Q1) :((wla 0)7 0)7
((az,b2),q2) =((0,w2),0).

This tells us that the map f# in (4.3) must satisfy
f_#((l’ 0), O) :((U}l, 0), 0)

(4.5) F7((0,1),0) =((0,w2),0)
F7((0,0),1) =((0,0), 1),
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the latter by commutativity of (4.3). But since in S, ((0,0),e) = ((1, 1),0) and
in Sy, ((0,0),8) = ((17 1),0), we have in S,

((¢,0),0) = ((0,0),le) = f#((0,0),Ee) = f#((e,e),O) = ((ewr, ewy),0).

From this we conclude wy = wy = £/e.
This gives the remainder of the proposition. U

Having understood these restrictions on a torically transverse log curve, we can
now define its associated tropical curve.

DEFINITION 4.10. Let f : Ct — Xg be a torically transverse log curve over
Speck’. Two irreducible components of C' are said to be indistinguishable if they
intersect in a node not mapping into Sing(Xy).

We define an equivalence relation on the set of irreducible components of C,
with two irreducible components C7 and C,, said to be equivalent if there is a chain
C1,Cs,...,C, of irreducible components with C; and C;4; indistinguishable for
1<i<n-1.

Let T 7 be the weighted graph (with some non-compact edges and possibly with
some bivalent vertices) such that:

(1) The set of vertices of T'; are the irreducible components of C' modulo
equivalence. If C” is an irreducible component of C', we write Vg for the
vertex corresponding to the equivalence class of C”.

(2) The set of bounded edges of T'; are in one-to-one correspondence with
nodes of C' mapping into Sing(Xy). If y is such a node, denote by E,
the corresponding edge. If y € Cq N Cy with Cq, Cy distinct components
of C' (these components exist by Proposition 4.9) then E, has endpoints
Ve, and Vg,. If f(x) € D, with w € & an edge of affine length ¢, and
Mc, = S, then the weight w(E,) of the edge E, is £/e. By Proposition
4.9, (4), this is a positive integer and coincides with either of the two
integers wy, wy defined in (2) of that proposition.

(3) The set of unbounded edges of T ¢ is in one-to-one correspondence with the
set f~1(0Xy), where X is defined in (4.1). Let p € f~1(9X) correspond
to an unbounded edge E,. If p € C’, an irreducible component of C,
then the endpoint of E, is Vv, and the weight w(E,) is the intersection
multiplicity of C’ with 0Xg at f(p).

Given this weighted graph, we then define a tropical curve
h: ff — M]R
by
(1) h(Ver) =v e Zif f(C') C D,,.
(2) h(E,) is the line segment joining h(Ve,), h(Ve,), for y € C1 N Co.

(3) h(E,) is the edge w € & corresponding to the one-dimensional toric
stratum of 90X, containing f(p).

Note that T'; can contain bivalent vertices, which we did not allow in our
definition of tropical curve (Definition 1.11). These bivalent vertices arise from
irreducible components of C' (or equivalence classes) which only contain two nodes
mapping under f to Sing(Xy). To get an actual tropical curve, one can remove the
bivalent vertices, replacing a chain of edges connected via bivalent vertices with a
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single edge. This gives a new graph, I'y, which has the same homeomorphism type
as I'y. So we can view h as giving a map

h:rf—>M]R.

There are two issues which one might have to worry about. First, given a chain of
edges connected by bivalent vertices, one needs to check that these edges all have
the same weight, so that there is a well-defined choice of weight for the edge of I'¢
corresponding to this chain. Second, one needs to check that this entire chain is
mapped by h to an affine line segment, so that ~» maps the new edge in I'y to an
affine line segment. Both of these facts will follow from balancing for I’ f, in the
following proposition.

PROPOSITION 4.11. If f : CT — Xg is a torically transverse log curve, then
h:Ty — Mg is a parameterized tropical curve.

PROOF. We will first show that the balancing condition (2) of Definition 1.11
holds for h : f‘f — Mpg. Once we know this, then any two edges adjacent to a
bivalent vertex of T ¢ have the same weight and map into the same affine line of
Mpg. This then shows that the corresponding h : I'y — Mg is now a parameterized
tropical curve. Indeed, each edge of I'y now has a well-defined weight, as discussed
above, and maps to an affine line segment. Any vertex in I'; is already a vertex in
f‘f, hence the balancing condition still holds for h : I'y — Mg.

To show balancing for r 7, let V be a vertex, and C’ C C' the union of irreducible
components in the equivalence class corresponding to the vertex V. Necessarily
h(C") C D, for some vertex v € Z. Let %, be the fan in My defining D,,
with mq,...,m, € M primitive generators of the rays of ¥,, corresponding to
toric divisors D1, ..., D, of D,. These divisors are Cartier away from the zero-
dimensional toric strata of D, hence (f|c/)*(D;) is a Cartier divisor on C”.

Let

w; = deg(flor)* (D).
Clearly w; is the sum of weights of edges of T ¢ adjacent to V' mapping into V +
R>om;, by the definition of the weights. So we need to show that 25:1 w;m; = 0.
To show this we show for any n € N that

27’: w;{n, m;) = 0.
i=1

Note that (n,m;) is the order of vanishing of 2™ on D;, so > w;(n, m;) is the number
of zeroes and poles of (f|c/)*(2™) on C’. Of course, this is zero. O

Finally, we consider a decoration of the above situation. Recall we have fixed
points Pi,...,Ps € M, Q1,...,Qs € G(M), giving sections o; of m. Let ¢; = 0;(0).

DEFINITION 4.12. Let (CT,2y,...,2,) denote a log curve over Speck! along
with a choice of points x1,...,xs € C which are all smooth points (not log marked
points). Then a torically transverse marked log curve passing through qi,...,qs is
a log morphism f : (CT,2q,...,2,) — Xg over Speck’ such that f is a torically
transverse log curve in X(]; with f(z;) = ¢;.

Given such a map, we associate to f a graph f‘f as in Definition 4.10, but with
one additional unbounded edge E,, for each z;, with E,, having endpoint Ve if
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z; € C' C C. We set w(E,,) =0, and h: Ty — Mg is defined exactly as before,
with h[g, constant.

As before, we can remove any remaining bivalent vertices (there may be fewer
in this marked case, since what would have been a bivalent vertex in the unmarked
case may now have acquired a third, unbounded, marked edge adjacent to it). This
gives

h:T'y — Mg.
We also denote by

h: ff — M]R
the tropical curve given by Definition 4.10 associated to the unmarked map f :
ct — X(]; . This is obtained from I'y by removing the marked edges F,, and
removing any additional bivalent vertices produced.

Finally, we observe that h : I'y — Mg is now a marked tropical curve with

PROPOSITION 4.13. (1) Keeping in mind that P; is a vertex of &, we
have ¢; € Int(Dp,).
(2) h:Ty — Mg is a marked parameterized tropical curve with h(Eg,) = P;.

PrOOF. (1) Consider the affine open subset Xp, C X determined by the cone
C(P;) € ¥%. Let n1,na € N be a basis for (P;, 1)+, and n3 = (0,0,1) € N. Then
+ny, +ns and n3 generate C(P;)Y N N, so

~ +1 +1
Xp, :Speck[ml » Ly ,£E3],

with z; = 2™. Furthermore Xp, N Dp, is given by x3 = 0.

Now let @; be given in these coordinates by Q; = (a1, as,a3), a; € k™, i =
1,2,3. Then for z € G(L;) = k*, z- Q; = (a1,a2,za3). Clearly (ai,as,0) €
G(Lz) . Q7 ﬂXPi, S0 q; = (al,ag,O) S Dpi.

(2) If z; € C', then h(E,,) = h(Ver) = v for some v € #, and of course then
f(C") C D,. Since f(z;) = ¢; € Int(Dp,), we must have v = P. O

4.3. Tropical world — log world

We continue with the data P, ..., Ps € M, a good lattice polyhedral decompo-
sition &, and general points Q1,...,Qs € G(M) This gives points q1,...,qs € Xg
with ¢; = G(Ll) -Qi N Xop.

Now suppose we are given a marked tropical curve

h:(D,xy,...,x5) — Mg

with h(z;) = P;.

We would like to find all log curves f : (CT,zy,...,25) — X(J)r passing through
qi,---,qs whose associated tropical curve is h. Now in general, such a curve h
could be quite complicated. Each vertex of the curve can be represented by a union
of curves of various genera, and these can move in families. The simplest case,
however, is that h is a simple curve, in the sense of Definition 1.19. In this case,
we can be much more precise.

So now assume h is a simple curve of genus zero. To ensure that we only have
a finite number of such curves, we are assuming as usual that s = |A| — 1, where
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A is the degree of h. Since & contains all rational tropical curves passing through
Py, ..., P, the image of h is contained in the one-skeleton of .

As we noted in the previous section, the initial construction of the tropical
curve associated to a log curve yields a graph with possibly bivalent vertices. By
subdividing edges of I' to obtain a graph f‘, along with h : I — M, we can assume
that for a point y € T, h(y) is a vertex of Z if and only if y is a vertex of T or
y is contained in a marked unbounded edge. Of course, r may now have bivalent
vertices.

The main theorem of the section is:

_ THEOREM 4.14. Given the above situation, suppose thal for each edge E of
T, the affine length of h(E) is divisible by the weight w(E). Then the number of
torically transverse marked log curves

f(Chay, ... zs) — Xg
with f(xz;) = q; whose associated tropical curve is h is Mult(h).

REMARK 4.15. The hypothesis about the divisibility of the affine length of each
edge is necessary by the construction of the tropical curve associated to a log curve.
On the other hand, after a further rescaling of the lattice M, one can always achieve
this divisibility. We will make this rescaling step more precise later.

Before embarking on the proof, we first examine the nature of irreducible com-
ponents of C', noting that simplicity of I implies that all vertices of I' are either
bivalent or trivalent.

DEFINITION 4.16. Let Y be a complete toric surface. A line on Y is a non-
constant, torically transverse map ¢ : P! — Y such that #¢p~1(9Y) < 3 and
#o~Y(D) < 1 for any toric divisor D of Y.

Given a line, fix the following notation. Let uq,...,u, € M be the primitive
generators of the rays in the fan defining Y corresponding to those toric divisors
Di,...,D, C Y such that o= 1(D;) # 0 for 1 < i < p. Furthermore, let w; be
the order of vanishing of ¢*(z;), where z; is a local equation for D;. This gives
the order of tangency of ¢ with D;. Then as in the proof of Proposition 4.11, the
balancing condition holds:

3

Since p < 3, this implies in particular that p = 2 or 3. We refer to these two cases
as the bivalent and trivalent cases respectively.

We say that a line with associated data u = (ug,us,...), w = (w1, wa,...), is
of type (u, w), and we write L, w) for the set of all lines in the toric surface Y of
this type (modulo automorphisms of the domain P'). We will now classify lines,
first dealing with the bivalent case:

LEMMA 4.17. Let (u,w) = ((ul,uQ), (wl,wg)), and let E be the sublattice of
dimension one of M generated by uy (or equivalently, us, by the balancing condi-
tion). There is a natural map g : Y — P! induced by the map of lattices M — M/E.
Then each ¢ € Ly w) has image g Y(p) CY for some p € PL\ OP, and the map
@ : Pt — g71(p) is a wy-fold branched cover of g~*(p), totally branched precisely at
the two points g~ (p) N Y.
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PROOF. Since p; = R>ou; is a cone in the fan ¥y defining Y, and us = —u;,
every cone in Yy is contained in one of the two half-planes containing Ru;, and
hence maps into a ray in (M/FE) ®z R. Thus the projection M — M/E defines a
map of fans from Xy to the fan in (M/E) ®zR defining P*. We can then write the
toric boundary of Y as 9Y = D; U Dy U g~ (0) U g~ !(00). Since ¢(P!) is disjoint
from g=1(0) and g~1(c0), we see that ¢(IP') must be a fibre of g, but not g=1(0) or
g~ 1(00). All fibres of g are isomorphic to P! except g~*(0) and g~!(c0). In order
for p=1(9Y) to consist of only two points, ¢ must be totally branched at 9Y’, giving
the result. O

COROLLARY 4.18. In the case of Lemma 4.17,
Luw) = G(M/E).

ProoF. This is just observing that there is a unique cover as described in the
Lemma, so ¢ € L(4,w) is completely determined by a point in p € G(M/FE) =
P\ OP!. O

Next, we consider the trivalent case, so fix (u, w) = ((u1, u2, ug), (w1, w2, w3)).
For convenience, we can assume that Xy, the fan defining Y, only has three rays,
defined by p; = R>ou;. Indeed, there is always a toric blow-down « : Y — Y’ to
such a surface, and by toric transversality, the set of lines of type (u,w) on Y and
Y’ are the same.

LEMMA 4.19. In the above situation, let Xy be the complete fan with exactly
three rays, generated by uy,us and uz. Consider the map

72 — M
given by
(a,b) — awyuy + bwaus.

This induces a map of fans from the standard fan for P? as given in Example 1.1/,
Yp2, in R?, to By, and hence a map

f(u,w) : Pz —Y.

Any line o : P — Y of type (u,w) is isomorphic to the composition of a torically
transverse linear embedding P! — P? with fa,w)-

PRrROOF. The map Z? — M clearly takes the first quadrant to the cone spanned
by w1 and us. Note that this map also takes (—1,—1) to —wju; — waus = wsus by
the balancing condition, from which it follows that the cone in Yp2 generated by
(1,0) and (—1,—1) is taken to the cone in Xy generated by u; and wug, while the
cone in Yp2 generated by (0,1) and (—1, —1) is taken to the cone in Xy generated
by uz and wug. This gives the map of fans, hence fry w) : P2 —Y.

Now let C be the normalization of an irreducible component of P! xy P2, with
the map P! — Y being ¢ and the map P2 — Y being fu,w)- We have the projection
@ : C — P2, It will be sufficient to show that first, ¢ is the embedding of a straight
line in P? and second, the composition C' — P! xy P? — P! is an isomorphism.

First note that the degree of f(y w) is the same as the degree of the map of big
torus orbits G(Z?) — G(M), and that this is just the index of the image of Z? in
M, i.e., the index § of the sublattice of M generated by wiu; and wous.

We also compute the degree of branching of f(, w) along the divisor D;. With-
out loss of generality, consider the divisor Dy, and we can assume that u; = (1,0),
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uz = (a,b) in some basis for M. Let p; be the cone generated by u;. Then py is
generated by (0,%1) and (1,0), and the map f(4,w) on the affine charts of P? and
Y determined by the cones R>o(1,0) and p; respectively is given by the map of
rings

k[z, y=1] — K[z, yT!]

defined by

wi, Waa

z s Ty oy eyl

Since y is a unit, and the divisor D; is given by z = 0, we see that f(, w) has w2b
branches over D;, and each branch is ramified over D with order of ramification
wy. More generally, since the degree of f(yw) is 0 (being bwjws in this case), we
see that f(, w) has 6/w; branches over D;, with ramification order of each branch
being w;. Note that this ramification order agrees with the intersection index of ¢
with D; at the unique point of intersection.

Now consider the diagram

N

]Pl Xsz T>]P)2

b
Jm Jf(u,w)

Pl ——F——Y

Locally near, say, D1, in the above coordinates, we have ¢*(x) = unit - t**, where
t is a local parameter on P! in a neighbourhood of ¢~!(D;), with ¢ vanishing at
¢ Y(Dy). On the other hand, faw) (@) = a1 -y*2% = 2 -unit, so t*" = " -unit
is a local equation in the ideal of P! xy P? inside P! x P2 in a neighbourhood
of a point p of P! xy P? with ¢(m(p)) € Dy. From this we see that there are w;
branches of P! xy P? passing through p, each branch mapping locally isomorphically
to P! via m;. After normalizing, these w; branches are separated, so if p’ € C with
¥(p') = p, ¥ is unramified in a neighbourhood of p’. We also see that if ¢’ is a
local parameter for C' in a neighbourhood of p’, then ¢*(x) = unit - ¢. So ¢ is
transversal to f(; Tw)(Dl). As the same analysis works at Dy and D3, we see that
is unramified, hence is an isomorphism as P! is simply connected. Furthermore, ¢
is transversal to each toric divisor of P?, and hence is the embedding of a straight
line. [

COROLLARY 4.20. In the situation of Lemma 4.19, G(M) acts simply transi-
tively on Luwy. In particular, Ly w) is (non-canonically) isomorphic to G(M).

PROOF. Any line ¢ : P! — Y lifts to at most § = deg J(u,w) distinct lines in P2,
and ¢ is the order of the kernel of the homomorphism G(Z?) — G(M). Now G(Z?)
clearly acts simply transitively on the set of torically transverse linear embeddings
@ : P — P2, and then ker(G(Z?) — G(M)) acts transitively on the set of lifts ¢ of
¢ to P2. This shows that the action of G(M) on Ly w) is simple transitive. O

We will now put this together to create the underlying morphism of schemes
f:C — Xg of the desired log curves. We shall call such curves pre-log curves:
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DEFINITION 4.21. A torically transverse pre-log curve in Xg is a stable map
f:C — Xy with C a curve, such that for every vertex v € &, f~Y(D,) — D, is
a torically transverse curve, and f satisfies conclusions (1) and (2) of Proposition
4.9.

Since we only used (1) and (2) of Proposition 4.9 to construct the tropical curve
associated to a torically transverse log curve, we can in fact associate a tropical
curve to any torically transverse pre-log curve.

Now return to the situation at the beginning of the section in which we are
given a marked tropical curve

h:(Dyx1,...,25) — Mg

with h(z;) = P;, and associated to this the curve h : T — Mg with extra vertices.
We can associate to h : I' — My another tropical curve h : r — Mp obtained by
removing all marked edges from I'" and as usual removing any resulting bivalent
vertices. The graph T will then have distinguished edges Fj1, ..., Fs with the end-
point of E,, in I' now contained in the interior of E;. Note a priori that the FE;’s
need not be distinct (in fact they will be distinct, but we won’t need this). If an
edge E of T is equal to F; for some i, we will say that E is a marked edge of L.

PROPOSITION 4.22. For each edge E of f, choose an orientation. This gives
a choice of the endpoints of E, which we denote by O~ E and OTE (if E is non-
compact, then by 0~ E only). After making this choice, let

U(p-E,E) eM

denote a primitive tangent vector to h(E) pointing from h(0™E) to h(OVE) (or in
the unbounded direction of h(E)). Then the map

S
D Map(F[O],M) — H M/Zuo-p,E) | % <H M/Z“(E)—Ei,Ei)>
(4.6) BePn\Fl =1

i

H ((H(@*E) —H(0™E)) ,, (H(0™E;)) >

s an inclusion of lattices of finite index. Call this index ®.

Then © is the number of marked torically transverse pre-log curves, up to iso-
morphism, of the form [ : (C,x1,...,25) — Xo with f(x;) = ¢; and associated
tropical curve h.

PrOOF. Tensoring ® with R, we obtain a description of deformations of the
tropical curve h : T — My preserving the incidence conditions with the points P;.
Indeed, given H € Map(ﬂo] , My), we can modify h by taking a vertex V to h(V') +
H(V). A compact edge F is then mapped to the edge joining h(0~E) + H(0™ E)
and h(0TE) + H(OTE). A non-compact, non-contracted edge E is mapped to the
ray R>oup-pg,p) + (0~ E) + H(0™E). Now in general, such a deformation is not
a tropical curve, and if we want to deform h so it remains a tropical curve without
changing the combinatorial type and ensuring that the image of F; still contains
P;, we need two conditions to be satisfied:

(1) For each compact edge E, (h(0TE)+ H(0TE))— (h(0~E)+ H(0™E)) is
parallel to ug- g g), or equivalently,

H(8+E) — H(8‘E) =01in M/ZU(a—EJ;).
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(2) For each i, H(OE;) = 0 in M/Zuy- g, g,). This, along with (1) for
E = E;, guarantees that the affine line spanned by the image of F; still
passes through P;.

Put more succinctly, H provides a deformation of i as a tropical curve only if
H is in the kernel of the map ® tensored with R. If H is sufficiently close to the
origin, then it will produce a deformation of h. Since by assumption A is rigid, the
kernel of @ is in fact zero. A dimension count then shows that the the image of ®
is a sublattice of finite index, say .

Now for every V e T'9 write u(V'), w(V) for the data of the primitive tangent
vectors to unmarked edges adjacent to V (pointing away from h(V')) and their
weights.

Necessarily, the curve C' we are trying to build is glued from lines in the toric
surfaces Dj,y) for V' running over IO For a given V, the set of lines of type
(u(v), w(v)) in Dyvy is Liav),w(vy). Now for V e ' trivalent with no adjacent
marked edge, Lu(v)w(v)) is a torsor over G(M) by Corollary 4.20. For V' & rlol
bivalent or trivalent with an adjacent marked edge, with adjacent unmarked edges
E*(V), Lu(v),w(v)) is a torsor over G(M /uy, g=(vy)) by Corollary 4.18. Note that
the trivalent vertices with no adjacent marked edges are precisely the vertices of
f, while the remaining vertices are those vertices of I' which are not vertices of L.
Thus [Ty 0 Liuv),w(v)) is a torsor over

GMapT M) x [ G(M/uw,e-y).
Verlo\Tlol

In order to get a torically transverse pre-log curve, we need to match up the various
lines and marked points. We do this by defining a map

@) @ I Lavywoy = [ GM/up-pr)x ][ GM/Zuo- g, k)

veriol Eerin\plY i=1

as follows.
(1) Given an element (¢v )y cjo of the domain of this map, the component

of the image of this element under the map @’ corresponding to E € i \f‘g
is defined as follows. Let V¥ = 9T E, v* = h(V*), and let w be the edge of &
joining vt and v~, so that D,+ N D,- = D,. We have py+ : C1 =2 P! — D, =+,
and let p* = ¢,+(C1) N D,,. The two points p* lie in the big torus orbit in D,
by transversality, and this orbit is isomorphic to G(M/Zuy- g, gy). We then take
the component of the image under @’ of (py )y corresponding to F to be the ratio
pt/p~. This is 1 precisely if p~ = p™.

(2) Given an element (v )y <o, the component of the image of ®' correspond-
ing to E; is defined as follows. Let V; € 'l be the vertex adjacent to E,,, so h(V;) =
P;. Since P; lies in the interior of h(E;), the projection M — M /7wy~ g, g,y defines
a map of toric varieties g; : Dp, — P! D G(M/Zup- g, g,))- By Lemma 4.17, the
image of v, is a fibre g; '(r;). We then take the component of the image under
@’ of (py )y corresponding to E; to be (g;(g;))/r;. This makes sense. Indeed, by
Proposition 4.13, ¢; € Dp, \ (0Dp,) so gi(gi) € P\ OP!. Note that this ratio is 1
precisely when ¢; lies in the image of ¢v;.
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We can use the map @' as follows. Given ¢ : (C,x1,...,2s) — X a tori-
cally transverse pre-log curve with ¢(z;) = ¢; and associated tropical curve h, the
elements of T are in one-to-one correspondence with equivalence classes of irre-
ducible components of C. For V e 'l if Cy denotes the union of irreducible
components in the equivalence class corresponding to V, then as h is simple,
v = ¢loy : Cv — Dy(yy is a line. Indeed, as h is simple, there are at most
3 points on Cy mapping into Sing(Xj), as there is by construction a one-to-one
correspondence between such points and bounded edges of I adjacent to V. Fur-
thermore, again by simplicity, each of these points maps to different irreducible
components of Sing(Xy), since no two edges of I' adjacent to V' can map to the
same segment in Mpg. Since the image of any non-contracted component of Cy
intersects Sing(Xy) in at least two points, Cy can contain only one non-contracted
component. Furthermore, since C' is rational and ¢ is stable, in fact Cy cannot
contain any contracted component. Hence Cy is irreducible and ¢y is a line. We
obtain

(pv)v € H Luv)wv))-
Verhol
Furthermore, the image of this element under @’ is (1,...,1). Indeed, the fact that
the components of type (1) above are 1 is just saying that the lines po- z and py+ g
pass through the same point in D,,, and the fact that the components of type (2)
above are 1 is saying that the line ¢y, passes through the point g;.

Conversely, given (¢v)v € [y cio Liuv),w(v)) which maps to (1,...,1) under
@', it is clear we can reverse the process, gluing the Cy’s to obtain a torically
transverse pre-log curve ¢ : C — Xy. We also need to mark this curve: for 1 <
1 < s, choose a point z; € Cy, mapping under ¢y, to ¢;. There are w(E;) choices,
but there is an automorphism of Cy; leaving the two points of 50‘71,1 (0Dp,) fixed and
which takes any one choice of x; to any other choice. Thus we conclude that up to

isomorphism, the set of torically transverse pre-log maps f : (C,z1,...,2s) — Xo
passing through ¢p,...,¢s and with associated tropical curve h is precisely the
inverse image of (1,...,1) under ®. We wish to compute the cardinality of this

set, i.e., the degree of @'.

Now @’ is a map of torsors over algebraic tori whose corresponding map of
character lattices is ®”, which can be described as follows. For each vertex V €
rhol \f[0]7 let (V) denote the unique edge of T containing V. For an edge E of I,

write F for the edge of r containing E. Then we can write

o I Mx [  M/Zuo-s).e0)
v erlol Vel o\l
(4.8)

S VRTINS T
Eefin\rh =l

Given (mv )y cpo with my € M if V' ¢ IO and my € M/ Zuwo-gwvy,Bovy) if
V e Tl \f[O], the image of (my) under ®” has the following components. The
component corresponding to an edge F € rhl \ﬂ}(} ismg+ g—mey- . The component
corresponding to Ej; is my,.

We can relate ®” to ® as follows. Let S C i \ﬂ}J be the set of edges F such
that E is compact and O+ E is a vertex of E; clearly there is a bijection between S
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and T \ﬂ}(} Then we split
II M/zuopp = 1] M/Zuppp < 11 M/Zuy oy
Eeli\rY EES Eeri\({@Hus)
Now @ induces an isomorphism between
II  M/zweo-pw)ewy)
Vero\Flo)
and
II  M/2uy 55
peri\(flus)
We will now show that the index of ® and the index of ®” agree. Since the
index of ®” is the degree of the map ®’, the result will follow.
Introducing short-hand notation, let

Ly = Map(f[O] ) M)a

Lo = H M/Zuo-E,E),
EcTiNDY

Ly = H M/ZU(Q—E,hEi),

=1

Mi= I  M/Zuwopw) s,
Verlo\Flo)

My = II M/Zuy 5 5,

Eeri\(TWus)
so that we have maps
O:L; — Lo® Ls
" :Ly® My — Lo® My ® Ly

with ®” inducing an isomorphism M; — M.
Now consider the diagram

L14¢)L2@L3

L

L1€9M17>L2®M2@L3

where

Wl(@nV)VEﬂm)::(Unv)VGﬂmaUna*EUO)VEFM\fM)
and Wy is the natural inclusion. Then one checks easily that this diagram is com-
mutative and hence, by the snake lemma, the cokernels of ® and ®” are isomorphic.
But the order of the cokernel is the index of the image, hence the result. O

Given a torically transverse pre-log curve f : C' — X given by Proposition
4.22, we now wish to count the number of non-isomorphic choices of log morphism
f:ot = Xg with the given underlying morphism of schemes. Now in general,
we have a bit too much freedom to put log marked points on C, so we impose
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the condition that f should be strict where Xg — Speck' is strict (see Definition
3.21). Note that Xg — Speck is strict away from Sing(Xy) U 9Xp. Indeed, in
a neighbourhood of a point in Xg \ (Sing(Xo) U 0Xy), the log structure on Xy is
just Mx, = (’))X(0 @ N. So this constraint of strictness requires that all points of
C' mapping to points not in Sing(Xp) U 90X are smooth points, rather than log
marked points, of C'. Double points of C' map to double points of X, in any event,
by the construction of f: C'— X, and so by Proposition 4.9, (1), any log marked
point of CT must map into dXy. This is the only real consequence of imposing
strictness.

PROPOSITION 4.23. Let f: (C,x1,...,25) — Xo be a torically transverse pre-
log curve constructed from the simple tropical curve h using Proposition 4.22. As-
sume further that each edge h(E), for E e Tl \fLﬂ, has affine length divisible by
w(E). (Note that this can always be achieved by rescaling M.) Then the number
of non-isomorphic maps

et o, .. x,) —>X(];

with underlying scheme morphism f which are strict where Xg — Speck! is strict
18

I «®] Hw(Ei).

EeT\TW
PROOF. Let C° C C be the open subset of C given by
C°:=C\ f(Sing(Xo) U dXy).

Then the requirement is that ff: (C°)t — Xg be strict, so on C°, the log structure
is just the pull-back of the log structure on Xy. Thus there is no choice for the log
structure on C°. We need to understand how many ways there are of extending
this log structure to C.

We will split the discussion up as follows. We are interested in classifying
extensions of f1: (C°)T — Xg to fI: 01 — Xg over Speck’, up to isomorphism.
More precisely, suppose we have two such extensions, which we write as f;r : C;r —
Xg, for ¢ = 1,2. Here the underlying scheme of CJ is C. We say that these
extensions are isomorphic if there is a log isomorphism &' : CI — C;r such that
ff = f; o k!, We say that such an isomorphism ' is scheme-theoretically trivial if
the underlying scheme morphism of ! is the identity.

We will then prove the result in three steps. First, we will show that there is a
unique extension of fT: (C°)T — X(J)r across points x € C' with f(z) € 0X,. Second,
we will classify extensions of f1 across double points of C' up to scheme-theoretically
trivial isomorphism. Third, we will take into account isomorphisms which are not
scheme-theoretically trivial.

Step 1. Extension across points x € C with f(x) € 0Xy. Let z € C be a
point with f(z) € 0Xy. By toric transversality, f(z) lies in a one-dimensional
torus orbit of X. Let 0 € X4 be the two-dimensional cone corresponding to this
orbit, necessarily of the form R>o(v,1) + R>o(v',0) for v € & and some primitive
v’ € M generating a ray of .. Note that after applying an element of GL3(Z), we
can assume v’ = (1,0) and v = (0,0), so that the open affine subset X, C X is
X, = Speck[t, u,y*!], with t = 2(0.0.1) vielding the regular function m, u = z(1:0:0)



152 4. MIKHALKIN’S CURVE COUNTING FORMULA

and y = (019, With these variables, we have (0X) N X, = V(tu). The one-
dimensional orbit containing f(x) is given by ¢t = u = 0. Let s; and s,, denote the
sections of M x over X, corresponding to t and u respectively. We also denote by
st and s, the restriction of these sections to Mx,. Hence, locally near f(x), Mx,
consists of sections of the form s%s%p, where ¢ is invertible in a neighbourhood of
f(@).

How do we put a log structure on C' in a neighbourhood of z so that f! extends
to a log morphism across z? Suppose there is an extension ff : Ct — X(]; of
fi(cot — X(];. Then, in a neighbourhood of =, we must have ac f#(s,) = f*(u),
and f*(u) is invertible outside of z in a neighbourhood of . Thus the image of
f#(s4) in M has support precisely at = in this neighbourhood. This shows that
x must be a log marked point.

Given this, there is a unique way of extending f' : (C°)1 — XT to z. In
a neighbourhood of z, we can write Mc = M(c.) © Npc, where M ¢ ;) is the
divisorial log structure defined by 2 € C' and pc defines the morphism of CT to
Speck’. We then necessarily have f#(s;) = pc, f#(su) = f*(u) € M(c,). This
gives the unique extension of fT: (Cp)t — Xg over Speck! across z.

Thus the points of C' mapping to Xy do not cause any problems: there are no
choices.

Step 2. FExtension across nodes x € C'. Suppose x € C'is a node. Let E be the
corresponding edge of I, £ the affine length of h(E),and e = £/w(E). We know from
Proposition 4.9, (4), that a desired M would necessarily have M z = S.. We will
show that there are in fact precisely p := w(E) choices for fT in a neighbourhood
of x up to scheme-theoretically trivial isomorphism.

Write C locally near  as C' = Speck|z, w]/(zw), and write X locally near f(z)
as

X = Speck[u,v,yil,t]/(uv - te)v
S0
Xo = Speck[u, v, y=1]/ (uv).

Here, in the corresponding notation of the proof of Proposition 4.9, u = 2%, v =
22t = zP. Note that, by Proposition 4.9, (2), we have in a neighbourhood of z,

ff(w) = 2" -unit, f*(v) = w" - unit.

With a local change of coordinates on C near x we can assume these units are 1.
Now u,v and t are sections of M x and to avoid confusion, we write these sections
as Sy, Sy, S¢ for sections of M x and u, v, ¢ for regular functions. We can then restrict
Su, Sy and s to sections of M x,, which we also call s,,s, and s;. Note that

ax,(su) =u, ax,(sy)=v, ax,(st)=0.

We are looking for a commutative diagram

#
(4.9) F My, s Me

f_loXO f4> Oc

*
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First, we construct g such extensions of f in a neighbourhood of z. For any
¢ € k* with ¢(* =1, consider the chart S. — O¢ defined in a neighbourhood of z,
defining a log structure M¢ in that neighbourhood, given by

(12t e=0,

(4.10) ((a,b),c) — {0 ¢ £0.

This describes M¢ locally as a quotient of S. & O, so an element of S, induces
an element of M. For each ((a, b), c) € S, denote by s((q,p),¢) the corresponding
section of Mc. Then define s, = 5((1,0),0), Sw = 5((0,1),0), 50 that ac(s.) = (e,
ac(s,) = w. We define the map CT — Speck’ by the section 5((0,0),1); this is log

smooth by Example 3.26, (2). We define f# : f~'Mx — M¢ by

(411) f#(su) = 857 f#(sv) = Sﬁn f#(st) = 5((0,0),1)-
This makes (4.9) commutative and hence gives, for each choice of ¢, a choice of log
structure on C' in a neighbourhood of z and an extension of fT across .

There are now two things we need to show. First, we need to show that none
of these p choices are identified via a scheme-theoretically trivial isomorphism.
Second, we need to show that all possible extensions are of the above form.

For the first point, suppose that two choices of u-th root, (i, (s, give rise to
Cir, C;r, with maps f;r : C;r — X(J)r. Suppose there is a scheme-theoretically trivial
isomorphism « : CI — C;r, i.e., a commutative diagram

#
./\/lc2 n—) M01

ac{ Jaq

Of ——=— O,
Then we must have
(4.12) ac,(s:) =G 'z = ac, (k% (s2))
(4.13) ac, (sw) =w = ac, (K* (sy))

Of course, since x must be an isomorphism over Spec k', we must have x7 (s;) = s;.
Now it is clear x# must induce the identity on Mci, so we must have x# (s2) = p2-S2
and H#(Sw) = Oy * Sy fOr @, ,, invertible functions in a neighbourhood of x. But
(4.12) tells us that ¢, = (1/{ at points where z # 0, and (4.13) tells us that
pw = 1 at points where w # 0, but applying k% to the relation s.s, = s§ shows
that .y, = 1. This is only possible if (; = (2 and ¢, = ¢, = 1.

For the second point, suppose we are given a diagram (4.9). Consider the
induced map f# : f~'Myx, — Mc. On stalks at 2, we have no choice but for
f#:8; — S, to be given by

f#((1a0)70) Z((IM,O),O),
F7((0,1),0) =((0, ),0),
f#((oa 0)7 1) :((Oa 0)7 1)

Indeed, this was shown in the proof of Proposition 4.9: see (4.5). Thus we can
find sections s, s/, of M¢ in a neighbourhood of x such that f#(s,) = (s,)*,

w

f#(sy) = (sl,)*. These sections are well-defined up to a p-th root of unity. Since

w
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ac((sh)*) = z#, ac((s),)*) = wH, there is a unique choice of s/, s/, subject to the
constraint that ac(s)) = z, ac(s),) = w. Thus, applying f# to the relationship
Susy = st gives (s.s/, )" = st in M, or s.s! = (s¢ for ¢ a p-th root of unity. Now
define a map S, — M¢ by

((a,b),c) — (¢ tsl)e (s, ) s

Composing this map with a¢ defines a chart for the log structure M¢ as given by
(4.10). Given the notation

Sz = 5((1,0),0)s  Sw = 5((0,1),0)»

/
w

we have s’ = (s, s/, = su, and the map f# is exactly as given in (4.11).

Step 3. Non-trivial identifications. So far, it appears that we have given
HEef[lJ\on] w(FE) choices of log morphisms. However, we haven’t taken into ac-
count isomorphisms between these choices which aren’t scheme-theoretically triv-
ial. Let f;r : (Cj,xl, Ce ) — Xg be two of the choices constructed above, and
suppose 1 : CI — C;r yields an isomorphism between these choices.

Of course ' induces an isomorphism % : k' Mg, — Mg, , so we can assume
kT is strict, completely determined by the underlying automorphism  : C' — C' of
schemes.

Now since such an automorphism must satisfy f ok = f, we are somewhat
limited as to what x can do. An automorphism of C induces an automorphism &
of T, by &(V) = V" if k(Cy) = Cy». We must have h o & = h. Since h is injective
on the set of vertices of f, as h is simple, it follows that % is the identity, and hence
for each irreducible component C’ of C, k(C') = C".

Let us consider elements of Aut(C,x1,...,xs) which preserve components.
These elements form the subgroup which is the connected component of the identity
of Aut(C,x1,...,zs), which we write as Auto(C,z1,...,x,). Note that all compo-
nents of C' have at least 3 special points (nodes, marked points, or log marked
points) except for those components corresponding to bivalent vertices of f‘, and
these have two special points. The automorphism group of a component with more
than 2 special points is trivial, and the automorphism group of one with two special
points is G,,. Hence Auto(C,x1,...,xs) is (Gm)#fgo], where f‘l[)O] denotes the set of
bivalent vertices of T'.

We now analyze the effect of these automorphisms on the log structure. Let
E € T and let w = w(E). Assume first that £ # F; for any 7. In I, we can
assume that E splits up into edges Fi,..., F, with OF; = {V;_1,V;} for 1 <i <r
if ¥ bounded, and 2 < i < r if F is unbounded. If ¥ is unbounded, we also have
OFy = {V1}, so that Fj is unbounded. Let p; € C be the special point corresponding
to F;: if F; is bounded, then p; is a double point, while if F; is unbounded, then
f(pi) € 0Xo and p; is a log marked point.

If F; is a bounded edge, then note that (Cy,_, \ {pi—1}) U (Cv; \ {pix1}) C C
is isomorphic to Speck[z;, w;]/(z;w;), with z; non-zero on Cy, , and w; non-zero
on Cy,. If Fy is unbounded, then Cy, \ {p2} = Speck[w;]. Since each Cy, is
a P!, we also have, when both F; and F;11 are bounded, z;y1 = wi_l. For F;
bounded, h(F;) is an edge w; € & of length ¢; and X¢(,,) € X can be written
as Spec klug, vi, y=, 1]/ (uiv; — t%). In case Fy is unbounded, h(Fy) = wy, we write
Xc(w) = Speckl[t,v1,yF!]. We have on X¢ () N X, ,), Uit = v; . By the
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description of bivalent lines in Proposition 4.17, note f*(u;) = 2! for 2 <4 <r and
fH(vi) =wl for 1 <i<r—1.

Let n; : Auto(C, 21, ...,25) — k* be the projection to the component corre-
sponding to Cy,. Then for k € Auto(C,x1,...,xs), we can describe the action of x
on the component Cy,, which has coordinates w; = z;rll, by

Krw; = ni(K) - wi, Kzig1 = m(,‘i)*l CZig1-

So pulling back by r is compatible with f*u; = 2!, f*v; = w!' if and only if n; (k)" =
1 for all i. Now consider the data (1,...,¢ (or (o,...,¢ if Fy is unbounded) of
p-th roots of unity determining the charts for M in neighbourhoods of the double
points pi,...,pr (or pa,...,p.). So the chart at p; is given by

b

e ‘w; c¢=0
((a,b)yc) — {(()Cz ) w; 0

and applying k replaces this chart with the chart
-1 -1 a b
i Mi— i i i =0
(aty.c) o { G T 2 i)t e
0 c#0
This chart is equivalent (see Definition 3.18) to the chart

i1 (k)i (K) 1) T )t e =0
«%WQH{y (R)ma(R) 71 G) 7 2a) !

via multiplication of the first chart with the function S, — O given by

((a,0),¢) = mi(k)® /mi(5)".
Thus, taking
mw) = [ ¢*
j=i+1
for 1 <i<r—1, we see that applying x replaces (; with

e || I ¢ )a=1

j=i J=i+1
for 2 < i <r. If F} is bounded, then ¢; is replaced by []'_; ¢;, and this is now a
fixed p-th root of unity, while if F} is unbounded, then we have eliminated all of
the ¢;’s. Thus, up to isomorphism, in the bounded case there are only w(E) choices

for the log structures at the double points corresponding to Fi, ..., F;., while in the
unbounded case there is a unique choice for the log structures at the double points
corresponding to Fy, ..., F.

Next, suppose F = E;. Using the same notation as in the previous case, this
means there is some 1 < i < r — 1 with V; the vertex of E,, in I'. Thus Cy,
has three special points, so we only can have automorphisms x with 7;(x) = 1.
From the argument in the unmarked case, it then becomes clear that there are
w(E;)? possibilities in the bounded case and w(E;) possibilities in the unbounded
case. This now accounts for the total number of isomorphism classes of maps
fT:(CT,xl,...,xs)ﬁXg. O
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Proof of Theorem 4.14: We just need to show the identity

(4.14) o J[ w®)- <Hw(E)> = Mult(h).

EeTiNPW

First note that Mult(h) can be computed using T' or [: the vertices of T' which
become bivalent after removing a marked unbounded edge do not contribute to the
multiplicity of h. We go by induction on the number of vertices of r. First, if T has
one vertex, then T has no compact edges, three unbounded edges, and two of these,
FE, and FE5, are marked edges, say with tangent directions ui,us € M primitive.
Then @ is the obvious projection

O M — M/Zuy x M/ Zus;

the index of the projection is just |u; A usl, so
D - Hw(El) = wiwsa|uy A ug| = Mult(h).

In the general case, say with s marked points, [ hass+1 = |A] unbounded
edges, s — 1 vertices and s — 2 bounded edges. At least one unbounded edge E is
umarked. Let V = 97 E. If we remove the edge E and vertex V of f, we obtain two
connected components fl, fg with two new non-compact edges (which previously
had V as a vertex). There are two cases.

Case 1. Both I'; and T's have vertices. We then get tropical curves h; : r; —
Mg, © = 1,2, obtained by restricting h to fi, but extending the new non-compact
edges SO | that h; is proper. Let E’ and E" be these new non-compact edges of
Fl and Fg respectively. Note that F1 and Fg now pass through some subset of
the points Pi,..., Ps; in fact, they must split up so that neither h; nor hy can be
deformed preserving this incidence property; otherwise h itself would move in a
one-parameter family. Thus we can inductively apply the result to hy and hs.

Let uq,...,us—o be primitive tangent vectors to the images under h of the
bounded edges of T ordered so that Uu1,...,Ur—o are associated to bounded edges
of fl, ug—1 to E', up to E”, and ugyq, ..., us—o are associated to bounded edges of
T Let v1,...,vp be the primitive tangent vectors associated to marked edges of
fl, and vg41,...,vs € M the same for Ty. Let @1, Py be the maps defined in (4.6)
for h1 and ho respectively, and ©; the order of the cokernel of ®;. Note that we
have

& : Map(T” — H M/ Zu; % H M/ Zw; =
Jj=1
and
&y : Map(TY H M/ Zu; x H M/Zv; =: B"
i=0+1 j=0+1

while the original map ® is given by
& : Map(T\, M) x Map(TY!, M) x Map({V'}, M) — B’ x B" x M/Zs—1 x M /T
given by

(Hy, Ha, H') — (®1(Hy), ©2(Hz), Hi(V') — H'(V), Ho(V") — H'(V)),
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where V' € f[lo]’ V" e f[QO] are vertices adjacent to E' and E” respectively. Then
| coker ®| = | coker ®q| - | coker Po| - | coker(M — M /Zug—1 x M/Zuy)|

and so

I
oI
S
—
£
5

T w@) | |- oy Awl
=1 perlhFll Byelt
Mult(hy) Mult (hs) Multy (h)

= Mult(h),

|
—~
~

the second-to-last line by the induction hypothesis.

Case 2. One of fl, fg consists just of an unbounded edge, say fg, in which
case, fg must pass through a marked point; otherwise, h moves in a one-parameter
family. Then ® takes the form, using the same notation as in Case 1,

& : Map(Tl”, M) x Map({V'}, M) — B’ x M/Zu,_s x M/Zv,
(Hly H/) = ((I)l(Hl)’ Hl(Vl) - H/(V)a HI(V))

and one sees that
| coker @| = | coker @1 - |us—2 A vs|.

From this one obtains similarly the desired result. O

4.4. Classical world — log world

The main point of this section, intuitively, is as follows. We are given as usual a
degeneration 7 : X — Al of the toric variety Xx. Suppose we are given a family of
curves in the general fibers. We would like to know that in the limit this family gives
rise to a torically transverse log curve on Xy. This may not be true for a general
choice of degeneration or general family of curves. However, we shall see that there
is always a good choice of toric degeneration which comes close to achieving this
goal. With an additional restriction on the family of curves, one can then achieve
the goal of obtaining a torically transverse log curve on Xj.

Let us start to make this more precise, sketching what we shall do. We are
interested in the following situation. We are given m : X — Al defined as usual by
some polyhedral decomposition &2 of Mr — in general, we shall assume only that
P satisfies conditions (1) and (2) in Definition 4.5, as we will not choose points
Py,...,P; € Mg in this section. Suppose furthermore we are given a discrete
valuation ring R with residue field k and quotient field L, and suppose we are given
a dominant map Spec R — Al mapping the closed point p of Spec R to 0 € A}.
We now want to think of a family of curves in the general fibres of X — Al as a
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commutative diagram

(4.15) (C*,at,. .. 20— X\ X,
Spec L —Y) AL\ {0}

where f* is a torically transverse stable map.

We would like to fill in the family C* — Spec L in some nice way. In general,
we can’t do this, but according to the stable reduction theorem for stable maps
(Proposition 2.4), we can do so after a base-change. Specifically, there is some d > 1
with the following property. If R’ = R[t]/(t? — u) for u a uniformizing parameter
of R, then R’ is a discrete valuation ring with field of fractions L' = L[t]/(t? — u),
a degree d extension of L. Then, making the base-change (C')* = C* x L', we
obtain a diagram

(CT), ok, .. k) —T— X\ Xo

J |
Spec L/ ——— AL\ {0}

which can then be extended to a diagram

(Claxla---;xk) ! > X

| X

Spec R ————— Al

where f is now a stable map. The trouble is that even though f* is torically
transverse, there is no reason to expect that fy : 01/7 — X is torically transverse:
fo could contract some components to one-dimensional strata of Xy, or map some
points of Czl) to zero-dimensional strata. To guarantee that this doesn’t happen, we
need to blow-up X. We will do this via toric blow-ups, i.e., by subdividing the fan
3 o defining the toric variety X. Because f is already well-behaved outside of Xy,
we will be able to do this so that we don’t change X \ X.

In this way, it will be possible to blow-up X to a toric variety X, chosen before
we apply stable reduction, to get a diagram

(4.16) (C 21, 1) —— ¥

| I

Spec R ———— Al

with f stable, and fo : C}, — X, now torically transverse: the image of fy is disjoint
from the zero-dimensional strata of X and no irreducible component of C;, maps
into a one-dimensional stratum of Xj. Achieving this blow-up X will occupy most
of the effort in this section.

In fact, we would like to do this so that X comes from a refinement of 2. This
is always the case: to obtain X, we refined Y5 to get a fan ¥ in MR. Since we did
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this so that X \ Xo~ X \ X, in fact we only added cones generated by elements
(m,r) € M with r > 0. Thus, by taking

P ={on(Mp®{1}) |0 €S},

we obtain a polyhedral decomposition P of My refining &. Specifying & is
equivalent to specifying . However, P might have non-integral vertices, as some
of the rays we added to obtain 3 might have primitive generators of the form
(m,r) with > 1. We would like to work only with refinements of & with integral
vertices. To rectify this, we can choose e a positive integer such that for any vertex
vof &, ev e M. Then we can make a base-change of diagram (4.16) via Al — Al
given by t +— t°, replacing X with the normalization of X x,1 A, It is easy to
see that this is the toric variety given by the fan ¥ with the lattice M & eZ C MR
instead of M. This procedure preserves the polyhedral decompositions & and 32',
but replaces the lattice M with the lattice %M , making all vertices of P integral.
Once we make this base-change for the map X — Al, we replace Spec R’ with an
irreducible component of Spec R’ x 41 A and C’ with the corresponding irreducible
component of €’ x 41 A'. Thus we can assume we have a diagram (4.16) in which X
is specified by a polyhedral decomposition 2P of Mg with integral vertices. One can
then use results of earlier sections to study the map fy : Czl) — 5(0, and understand
when this yields a torically transverse stable log curve.

This is the outline of what we are going to do. We can now make a precise
statement.

THEOREM 4.24. Letm: X — Aﬂi be as usual defined by some polyhedral decom-
position & satisfying conditions (1) and (2) in Definition 4.5. Let R be a discrete
valuation ring with residue field k and quotient field L, and suppose we are given
a dominant map v : Spec R — Al mapping the closed point p of Spec R to 0 € Aj.
Suppose furthermore we have a commutative diagram (4.15) where f* is a torically
transverse stable map. Then:

(1) Possibly after making a base-change Al — Al given by t — t° and re-
placing R by R[ 1/(t% — ) for u a uniformizing parameter of R, there is
a refinement P of P with integral vertices defining a toric blow-up X of
X such that the diagram (4.15) extends to a diagram

(4.17) (C,x1,...,m) —f>5(
Spec R T Al

such that the restriction fo of f to the fibre C, over the closed point of
Spec R is a torically transverse pre-log curve and ¥*(t) is a uniformizing
parameter for R.

(2) Given (1), we obtain an induced diagram of log schemes

.
(4.18) (Ctyzr,. . an) —— %

| I

(Spec R)T ——— (A"
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Here the log structures in (4.18) are the divisorial ones induced by
fY0X) CC, 90X C X, {p} C Spec R, and {0} C A}.

If in addition,

o (), 15 genus zero;

e the tropical curve associated to the pre-log curve fo is simple;

o [! (8(5( \ Xo)) is a disjoint union of sections of C' — Spec R;
then the induced log map C;g — Speck® is log smooth, and in particular

fg yields a torically transverse log curve.
Before proving this theorem, we need a few lemmas.

LEMMA 4.25. Let X be a toric variety and W C X a proper closed subset
with no irreducible component contained in OX. Then there exists a toric blow-up
o : X — X such that the proper transform W of W in X does not contain any
zero-dimensional stratum.

PROOF. Any toric blow-up is given by a refinement of the fan ¥ defining X.
Note that if we obtain the desired result using some refinement of X, then a further
refinement of ¥ will still do the trick. As a consequence, we only need to solve the
problem for a single cone o, since if we have a refinement ¥, of each cone o in
Y which does the trick on the corresponding open affine subset, we can choose a
refinement of ¥ which restricts to refinements of X, for each o € X.

So we can assume, if X is n-dimensional, that o is an n-dimensional cone
and X = X, (if dimo < n, then X, does not have a zero-dimensional stratum).
Furthermore, we can replace W with a hypersurface containing W which does not
contain a toric stratum of X,.

Suppose W is defined by an equation

f= Z ap2? € k[o¥ N NJ,
pEaVNN

and let

Ay = Conv U (p+ (¢V N N)) | C Ng.
p such that a, # 0

This is the Newton polyhedron of f. Let ¥ be the normal fan to A ¢. It clearly is
a refinement of ¥, and hence defines a blow-up ¢ : X — X of X. We need to show
that ¢ has the desired properties.

Consider an n-dimensional cone 7 € ¥; this will be the normal cone N, A (v) for
some vertex v of Ay. So in particular, 7V is the tangent cone T,,(Ay), so Ay C v+7"
and a, # 0. Now ¢ : X, — X, is induced by the inclusion of cones ¥ — 7V, and
every monomial in f o ¢ is divisible by z”. Thus the proper transform W of W in
X, is defined by the equation

Z apzP™? =0,

pecVNN

and this polynomial has a non-zero constant term. Since all the non-constant
monomials vanish at the zero-dimensional stratum of X, W does not contain the
zero-dimensional stratum, as desired. O
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We need a slightly stronger version of this:

LEMMA 4.26. Let X be a toric variety and W C X a proper closed subset with
no irreducible component contained in 0X . Suppose the codimension of W in X is
> c. Then there is a toric blow-up ¢ : X — X such that the proper transform W
of W in X s disjoint from any toric stratum of dimension < c.

PrOOF. Via induction on ¢, we can assume W is disjoint from toric strata of
dimension less than ¢ by performing some toric blow-up. Thus we just need to show
that we can find X so that W is disjoint from any c-dimensional torus orbit. Now
a c-dimensional torus orbit in X is contained in an affine open subset X, for some
7 € ¥ with codim 7 = ¢. We can argue as in the proof of Lemma 4.25 that we just
have to deal with the case where X = X .

So assume ¥ consists of the faces of 7, and let X be the fan ¥, but viewed as a
fan in the smaller subspace R7. Any choice of a linear projection M — (R7) N M
defines a map of fans from ¥ to %, giving a map ¢ : X = Xy — Xy =: Y.
Note that dimY = dim X — ¢, and that the unique c-dimensional stratum of X is
mapped to the unique zero-dimensional stratum of Y. Also, dim (W) < dim W <
dim X —c=dimY, so (W) C Y is a proper subset with no irreducible component
contained in Y. Thus, by Lemma 4.25, there is a subdivision of ¥ giving a toric
blow-up Y — Y such that the proper transform of Y(W) in Y is disjoint from the
zero-dimensional toric stratum of Y. But the subdivision of ¥ of course also yields
a subdivision of 3, hence a blow-up X — X. Since the proper transform W of W
maps to the proper transform of (W) in Y, W is now disjoint from c-dimensional
toric strata in X. O

Proof of Theorem 4.24. Step 1. We will show that, after suitable base-changes,
there is a diagram (4.17) such that ¢*(¢) is a umformlzmg parameter of R and
for each irreducible component D, of )~(0, the map f~1(D,) — D, is a torically
transverse stable map.

Let C* — C* be the normalization of C*. Let Yis-- -, Y, be the points of the
conductor locus, i.e., the points in C* over the double points of C*. These points
need not be defined over the field L, but are defined over a finite extension L/,
necessarily the field of fractions of R[t]/(t? — u) for some d. By replacing L by L',
we can assume that these points are defined over L, so that C* is obtained by glulng
together pairs of points on C* defined over L. On a given component D* of C*, we
have some set {xzk} of points mapping to marked points of C*, along with some
additional points {y; }. It is then enough to show that there exists an X which

works for each curve (D*, 2} ,..., 2], Yo ,yj*.e) over Spec L appearing in C*, so
that we obtain torically transverse stable maps (D, 21,...,Zi,, Yjr,---»Yj.) — X.
We can then glue these various curves together along pairs of sections labelled by
the y’s in the same way C* is obtained by gluing together pairs of points labelled
by the y*’s. In this way, we reduce to the case that C* is geometrically irreducible.
Indeed, in what follows, we will construct a refinement & for each irreducible
component C*; we can then take a common refinement, which by construction will
not destroy the desired properties needed for each irreducible component. We can
also, by making base-changes Aﬂi — Aj, t — t°, always assume that the refinements
only have integral vertices. We shall automatically do this in what follows without

comment.
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Now let W be the closure of the image of C* — X. Then W is a closed subset
of dimension at most two, and since the composition C*~—X-">Al is dominant
(as it is also the composition C* — Spec L — Al), the dimension of W must be at
least one. We now have two cases.

Case 1. dimW = 1. Note that this can only happen if f* is constant on C*,
so that W is just the closure of its generic point f(C*). Now, since codim W = 2,
we can use Lemma 4.26 to refine X to get X and assume that W is disjoint from
any l-dimensional toric stratum of X. Furthermore, X can be chosen so that
)N(\XO >~ X \ X, since W is disjoint from 9(X \ Xp): otherwise f*: C* — X \ Xy
would not be torically transverse. Thus we can assume X comes from a refinement
P of A.

Now observe that since 7 is proper, so is the projection W — Aﬂi, and this
projection is also dominant. The map f* : C* — W factors through Spec L as f
is constant on C*. We now appeal to stable reduction for stable curves (a special
case of Proposition 2.4, applied in the case where the target space X is a point),
obtaining, again possibly after base change, a family (C,z1,...,zs) — Spec R of
stable curves. By the valuative criterion for properness applied to W — A}, we
obtain a commutative diagram

Spec R —— W/

|

Spec L —— Al

and the composition ¢ — SpecR — W — X now gives the desired map f :
(C,z1,...,25) — X. Since W is disjoint from any one-dimensional toric stratum,

f~YD,) — D, is a torically transverse stable map for any irreducible component
D, of X intersecting W, and is empty for the other irreducible components of Xj.

Case 2. dim W = 2. In this case, by Lemma 4.26, we can subdivide X to obtain
X so that the proper transform of W is disjoint from zero-dimensional strata of X:
again, this can be done so that X \ Xo=X \ Xo. So we assume this comes from a
refinement & of 2.

Let 7 € 2 be an edge, D, C X the corresponding one-dimensional stratum,
and X, := X¢(;) the corresponding open affine subset of X. Then X, 2 G,, x V.,
where

V. = Speckl[z, y,t]/(zy — t°)

for e the affine length of 7. Let C* = f~1(X,) C C*, and compose C’;“LXT with
the projection X, — V., getting a map h : CZ — V.. There is an open subset
U C C? on which h is étale, non-empty if h is dominant (see [83], Proposition 3.8).
Let Z; C V. be the smallest closed subset containing the image of C* \ U and the
images of the marked points of CZ. Since the image of C is disjoint from 0V,
(given by ¢ = 0), no irreducible component of Z, is contained in dV,. Thus we can
apply Lemma 4.26, and blow-up V. so that the proper transform of Z, is disjoint
from the zero-dimensional stratum of V.. This corresponds to a subdivision of the
edge 7, so we can choose a further subdivision of &2 which induces this subdivision
on 7. After doing so, we can assume that Z, is disjoint from the zero-dimensional
stratum of V.. We do this for every 7 € 2 with dim 7 = 1 such that W N D. # 0.
This gives X in this case.
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Why does this work? First, by the stable reduction theorem for stable maps,
Proposition 2.4, we obtain a marked stable map f : (C,x1,...,x5) — X over Spec R
extending f : (C*,a%,...,2}) — X, possibly after another base-change. Now the
image of this extended f is contained in the proper transform W of Win X, and W,
by construction, avoids zero-dimensional strata of X. In particular, no irreducible
component of f(Cy) can be contained in a one-dimensional toric stratum of X, as
it would also then contain a zero-dimensional stratum of X.

This is not quite enough: we still need to show that no irreducible component
of Cy is contracted by f to a point in a one-dimensional stratum of X. So suppose
there is some such irreducible component being contracted into a one-dimensional
stratum of X indexed by 7 € &. This defines as before X, C, = fUx,) cc,
and X, = G,, x V, for some e. We have the set Z, C V, as above, disjoint from the
singular point of V.. Note that if the projection h : CZ — V. were not dominant,
then Z, contains the image of C”, hence the image of W N X, under the projection
to V.. In particular, W is then disjoint from the one-dimensional stratum of X...

Thus we can assume that h is dominant. Let Z, C X, be the inverse image of
Z, under the projection X, — V.. Set Z. = f~'(Z,;). The map f: C, \ Z. — X
factors as ,

Cr \ Z;LSpecR xp1 (X7 \ Z;)— X,
where f’ is proper. We know that f’ is finite except over some finite (possibly
empty) subset
T C Spec R X 1 (X7 \ Z.)

where the fibres of f’ aren’t finite, since f’ is proper and quasi-finite except over T'
(because h is dominant). Now consider the Stein factorization of f’ as

Cr\ Z;f—”>YTi> Spec R x 1 (X-\ Z) — X

where f” is an isomorphism away from (f')~'(T)). Thus Y; — X glues to flexg-1om)
to giveamap ¢’ : €' — X. This map is marked by compositions z; : Spec R — C' —
(', since by construction C; \ Z. does not contain any of the marked points. I now
claim that this new map ¢’ : (C',x1,...,7) — X is a stable map, contradicting
stability of f: (C,z1,...,z,) — X unless T was empty.

To do so, we need to show that C{, has at worst double points. Consider the
composition h : Yy — Spec R x 1 (Ve \ Z;). By construction, this map is finite and
is étale outside of the locus given by ¢ = 0. On the other hand, if it is branched
over a component of ¢ = 0, then the fibre over p of Y, — Spec R has non-reduced
components, which is impossible as f : ¢ — X is a stable map. Thus h is étale
except over a finite subset of Spec R x 1 (Ve \ Z;). In fact, the only possible point
where this map can fail to be étale is at the singular point of Spec R x 41 (Ve \ Z;),
by purity of the branch locus (see e.g., [1], X, 3.1). However, étale locally the only
finite maps étale over the complement of this singular point look like the canonical
covers Vs — V. where €’|e. Thus one sees that the fibre over p of Y, can only have
at worst double points.

This completes the argument for Case 2.

Now consider the map ¢ : Spec R — Aj{ in the diagram (4.17) we have now
constructed. Suppose 1*(t) € m% \ m% * for some d > 1, so *(t) = u? for a
uniformizing parameter u. If d = 1, we are done. Otherwise, make a degree d
base extension Al — Al: then R x,1 A = R[t]/(t? — u?) consists of d irreducible
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components, each isomorphic to Spec R. We may then use any of these irreducible
components to get a diagram (4.17) such that ¢*(t) = u.

Step 2. Having obtained the diagram (4.17), we now wish to show that the
restriction fy of f to Cp is a torically transverse pre-log curve. In view of Step 1,
we just need to show that the conclusions (1) and (2) of Proposition 4.9 hold.

Let p € Cy be a closed point mapping to the singular locus of X,. Consider
the induced homomorphism of complete local k[t]-algebras

fék ) Of(,fo(p) — qu.

Now p is either a smooth point of Cy or a double point of Cy. In the former
case, the map C' — Spec R is itself smooth at p, and as a consequence, the log
structure on C' induced by f_1(8)~() C (' is log smooth at p. Restricting this log
structure to Cj gives a curve Cg — Speck’ which is log smooth at p, along with
a log morphism Cg — X(J)r over Speck’. But since f(p) is in the singular locus of

Xy, this contradicts Proposition 4.9 (the argument there was purely local). Thus
we can assume p is a double point of Cj. Note that

Ocyp = Kz, y]/(xy),

from which it follows that

60,1) = k[[xvy’t]]/(xy - fte)

for some e > 0 and some f € k[x,y,t]. It is easy to check that this kf¢]-algebra is
then isomorphic to

k[[],‘, Y, t]]/(xy - /\te)

for A either 0 or 1 and e > 0.

If A =0, then C is locally (in the étale topology) reducible in a neighbourhood
of p. By restricting f to one of these components, we obtain a contradiction as
above in the case that p was a smooth point of C.

If A =1, then again by taking the log structure on C' induced by ffl(aX) cC,
CT — Spec R' is log smooth in a neighbourhood of p, so we can apply Proposition
4.9 to conclude that fj is a torically transverse pre-log curve. This completes the
proof of (1) of Theorem 4.24.

Step 3. All that remains to be shown is that in the situation of (2) of Theorem
4.24, C* — Spec R is in fact log smooth. In fact, the argument of Step 2 showed
that this was the case in neighbourhoods of all points p € Cp mapping into Sing(Xj).
This is also the case for any smooth point p € Cp not mapping into Sing(Xo)U0X),

and the condition that f~! (8(X \ Xo)) is a disjoint union of sections of C' —

Spec R yields log smoothness at smooth points p mapping into 8Xo.

Finally, the assumption that the tropical curve h : I' — My associated to the
pre-log curve fj is simple implies that if v € 22 is a vertex with h~!(v) non-empty,
then either h=!(v) is a single trivalent vertex of I" or h~!(v) consists of one or more
points in the interior of edges of I'. In the former case, f (D, ), being rational since
Cy is rational, consists of a single line, while in the latter case, f~1(D,) consists
of a disjoint union of bivalent lines. In particular, Cy has no double points not
mapping into Sing(Xp). Thus Cg — Speck’ is log smooth, as desired. (]
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4.5. Log world — classical world

We return to our basic situation, with data P;,...,P; € M, a good lattice
polyhedral decomposition &, and general points Q1,...,Qs € G(M) with s =
|A| — 1. This gives sections o1,...,0s : Al — X and points q1,...,qs € Xo with
q; = 0; (O)

The main theorem of this section is

THEOREM 4.27. Let fy : (C’g,xl, A Xg be a torically transverse log
curve of genus zero with f(x;) = gq;, with associated tropical curve h : T —
Mpg. Suppose that h is simple. Then there exists a unique marked rational curve
(Coo,25°, ..., 22°) over Speck[t] with a commutative diagram

0 o foo
(Cooyx§°,...,2°) ——— X
Speck[t] o Al
such that

(1) Yoo is induced by the natural inclusion k[t] — Kk[t].

(2) ;0 e = fo 0 0%,

(3) If Cx is given the log structure induced by f ' (0X) C Cs and Speck]t]
the log structure pulled back from A', then the induced log morphism on

(Co,afl, e ,Jts) — X()
over Speck' coincides with the given fj.

PrROOF. Step 1. Finite order deformation theory.
We will apply the deformation theory of §3.4, in particular Theorem 3.43. We
first note that the hypotheses of Theorem 3.43 apply to the data

[fo: Co/O9 — X,x"],

where fj : CS — X1 is now the composition of the original fy and the inclusion
Xo — X, and 29 = z;. Of course Cj is rational by assumption, and fo. : @Cg/kf —
JoOxt/an) 1s injective. Indeed, fo. is injective at each generic point of Cp since
o is étale onto its image in a neighbourhood of each generic point. Since @Cg Jkt
is locally free, as fy is log smooth, it cannot contain a torsion subsheaf. Hence
ker fo. = 0.

We will now show that the map = of Theorem 3.43 is in fact an isomorphism.
This then shows that for any lift

[foe1: Cro1/Op—1 — X, x"71]
with o; 0 Yp_1 = fr_10 xf‘l, there exists a unique lift
[fr: Ck/Ok — X,x"]

such that o; o ¥y = fi, 0 z¥.
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First, note that we have a diagram
0 Ocit xtl{@1,...20)

00— @cg/kr(_x) _— fggxf/(Al)f —)mex —F 0

J_

0Pl ———— %y No 0
905/]1(T|{m17___7xs} :
0

by the snake lemma, so in fact Ny, x splits as a sum of the skyscraper sheaf
@Cg/kf l{z1,....0,3 and Ny,. If we restrict = to @Cg/kf ® k(x;), it is just given by

fos : @Cg/lkf @ k(zi) = Tx/a1 0,(0)-

Set Ty ks = @cT/kT ® k(x;), the Zariski tangent space to Cy at ;. Thus to show
0
= is an isomorphism, it is enough to show that

2 HOC,Np,) = [ Txar o0/ for(Tey e,
i=1
is an isomorphism. We now compute more explicitly the domain and range of ='.
As usual, let

h:T — Mg
be obtained from I' by adding vertices so that for a point y € T, h(y) is a vertex of
& if and only if y is a vertex of I" or y is contained in a marked unbounded edge.
Let

h: f i M]R
be obtained from I' by removing the unbounded labelled edges, and removing any

resulting bivalent vertices.
The range is easy: Since © x1 /41yt is canonically M ® Ox, we have

TX/Al,ai(O) 2 M ®zk

canonically. On the other hand, let V; be the vertex of I’ which is the boundary of
the marked edge E,,. Then the curve Cy; is a line. Let u; be a tangent vector to the
image under h of either unmarked edge adjacent to V;. Then we know by Lemma
4.17 that fo(Cy,) is an orbit of G(Zu;) € G(M) C G(M). Thus fouTcy/kz =
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(Zu;) @7k € M ®zk. So the range of Z' is

S

[[(M)20) @2k = [[(M/Zwo-, 5.) @2k

i=1 i=1

in the notation of Proposition 4.22.
Next, we describe the domain of Z’, H%(Cy, Ny, ). First, we restrict Ny, to each
component Cy of Cp, noting that the exact sequence

0— @cg/w — fOGXg/]kT =M ®z0c — Ny, —0
restricts to an exact sequence
0= Ot jyiloy = M &z Ocy — Nyyley — 0.

By Example 3.36, (6), @Cg/kf|cv is just ©¢,, /k(—>_pi), where {p;} is the set of

special points on Cy, i.e., points of type (2) and (3) of Example 3.26 on Cg. The
number of such points is precisely the valency of V in I, not counting marked edges.
As this valency is either 2 or 3, not counting marked edges, we refer to these two
possibilities as the bivalent and trivalent cases respectively. Thus © Jkt oy = Op
0

or Opi(—1) in the bivalent and trivalent cases respectively.

Note again in the bivalent case that since fo(Cy) is an orbit of G(Zu), where u
is tangent to either edge adjacent to V, the image of H°(Cy, @CT/M oy ) in M ®@zk

0

is (Zu) ® k. Thus in the bivalent and trivalent cases,

(M/Zu) ®zk V bivalent

HO C 7./\[ =
( \% f0|Cv) {M ®z k V trivalent.

To understand whether we can glue a collection of sections

(s0) € @ H(Cv,Nplev)

Verlol

to get a section of HY(Cp, Ny,), we shall show that at a double point z € Cp
corresponding to an edge E of T, fox maps the one-dimensional space 903/116 ®Rk(x)
isomorphically to the subspace of ©x+ i+ ® k(fo(z)) = M ®z k spanned by the
tangent vectors of h(E), which can be described as Zuy- g, gy @z k € M @z k.

Indeed, to see this, write C locally as usual as Speck|[z, w]/(zw) and X locally
in a neighbourhood of f(x) as Speck|u,v,y*,t]/(uv — t*) for some ¢, with ¢ the
affine length of h(E). We can assume fiu = z#, fiv = wt, where p = w(FE),
fo(t) =0, fi(y) = g(z,w). Then a local generator of O it @ k() is 20, — w0y,
(see Example 3.36, (6)), while local generators of © xt a1t at f(z) are ud, — v0,
and 0. One then sees easily that at x, fo«(20, — wOy) = p(ud, — v9y,). As an
element of O x+ .+ ® k(fo(z)) = M ®zk, ud, — v, is seen to be an element of M
tangent to the edge h(E), as this derivation vanishes on y.

As a consequence, given (sy) € @ H(Cy, Ny, |cy), sy and sy: glue at a
double point x € Cy N Cy- if, as elements of M ®z k, they differ by an element of
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Zup- g,g)- So the kernel of the map

o [ Meskx [ (M/Zue-pw).pwy) @2k
Vet VerionFlo)
- (M/Zuo-g,E)) @z k
Eeli\PY
given by
(SV)Vef[O] = (Sotp — s@*E)Eef[l]\f*([}o]
is H%(Cy, Nj,). One easily checks that @ is surjective. Thus Z' is an isomorphism
if and only if
" H (M @z k) x H (M/Zuo-pvy,Ev)) @z k
Verlol Vellon\Tlol

- JI M/Zuo-p5) @2k x [[(M/Zup-g, ) @2k
Eeli\l i=1

is an isomorphism. This map is given by
(SV)VEf‘[O] = ((83+E - Sa_E)EEf‘[l]\f[olo]’ (Sw)lgigs)

where V; is the vertex of E,.

This map coincides with the map ®” of (4.8), after tensoring the latter map with
k. We saw in the proof of Proposition 4.22 that this was indeed an isomorphism.

Thus = is an isomorphism, so there exists a unique lift

[fk ) CK/Ok — X,Xk]
of
[fo1: Cho1/Opo1 — X, x4

for any choice of log structure O}; lifting the log structure on O};_l.

Step 2. Taking the limit. Now use the log structure on Oy given by the chart

N —kft]/ (1)

n —t".

This gives us [fx : Cx/Or — X, x*] for all k by Step 1. Forgetting the log structure
on C,Z — O};, &+ Ck/Or — X can be viewed as a family of stable maps in X,
and hence gives a map from Oy to the stack of stable maps of genus zero with s
marked points with target X. These maps are compatible, and hence give a map
O~ = Speck[t] into the stack of stable maps, i.e., give a diagram

COOL

|

Ooo —>A1

with f a stable map of curves. This gives a diagram as desired in Theorem 4.27.

We still need to show that this diagram satisfies condition (3) of the theorem.
We first argue that Cf, — O, with log structure on C., induced by the inclusion
f2H(0X) C Cu, is in fact log smooth. This just needs to be checked in étale
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neighbourhoods of double points and marked points of Cy. At a double point ¢, as
observed in Step 2 of the proof of Theorem 4.24, we have

Oc.. g = K[z, y, 1]/ (zy — M)

for A € 0,1. By applying the characterization of log smoothness of Example 3.26
to C,Z — O}; for large k, in fact A = 1 and e is determined by the requirement
that M¢, 4 = Se. Thus Cl, — Ol is log smooth at q. For log smoothness at a
marked point p, it is enough to observe that fZ'(9(X \ X)) is a disjoint union of
sections as in Step 3 of the proof of Theorem 4.24. This holds because the same is
necessarily true for f, '(9(X \ Xo)) as fy C,Z — O,TC is log smooth. Thus we see
foo is log smooth with the induced log structure.

We can now restrict this log structure to Cy, obtaining another torically trans-
verse log curve (C4)T — X[ over Speck!. This in fact must coincide with the
original curve Cg — X(J)r. Indeed, from the proof of Proposition 4.23, the log struc-
ture on (Y is uniquely determined away from the nodes, and at the nodes the local
description of Example 3.26 tells us the two log structures coincide. This shows
existence.

For uniqueness, given such a fo, : Coo — X, we obtain a log map fI : CI, —
XTover O, — (A1), where the log structure on Ct, is induced by f2'(0X) C Cw
and the log structure on O, is the pull-back of the log structure on A'. This induces
a log structure on the fibre over the closed point of O, Cg, and the assumption
is that this coincides with the original given Cg — Xg over Speck!. It is then not
difficult to see from the description of log smooth curves of Example 3.26 that this
implies that that CI, — OI_ is log smooth. But then, by the above deformation
theory, C,Z ~ Ol x oL O}; is uniquely determined for each h, so Cl_ is unique. [J

4.6. The end of the proof
We now complete the proof of Theorem 4.4, i.e., we show that
NO,trop _ NO,hol
Ay T HAs -

Here we have fixed points Pi,...,Ps € Mg so that all tropical rational curves
passing through Py, ..., Ps are simple. Recall that we have rescaled the lattice M
so that P; € M for each i. Furthermore, after having chosen the good decomposition
P, we can rescale the lattice again to ensure that for every genus zero tropical curve
h:(Dyzq,...,25) — Mg with h(z;) = P;, the image of each edge of I" has affine
length divisible by its weight, so that the hypotheses of Theorem 4.14 always hold.

Then, after choosing sections o1, ...,0, : A’ — X as usual, hence points ¢; =
0:(0) € Xo, we obtain, by Theorem 4.14, precisely N¥'sP torically transverse
marked log curves /

f:(CT,xl,...,xs) —>Xg

of genus zero with f(x;) = ¢;. Let M&lyozg(al, ...,05) denote the set of these
torically transverse marked log curves.

On the other hand, let K = k((t)). There is a canonical map Spec K — Al
coming from the inclusion k[t] < K, and the fibred product X x Al Spec K is
isomorphic to Xy X K. Furthermore, each section o; then defines a K-valued
point of X, Xy K, which we also denote by ;.
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We wish to show that there is a one-to-one correspondence between
M&{%g(al, ., 0%)
and the set M&f}gl(al, ...,04) of torically transverse curves of genus zero
f:(Cixy,... xs) = Xo xx K

over the field K with f(x;) = o;. This will prove the theorem. Indeed, since
K is an algebraically closed field of characteristic zero and the answer should be
independent of which algebraically closed field of characteristic zero we use, the
number of such torically transverse curves in Xy X K is Ng”hzc’l.

To show this one-to-one correspondence, start with a log curve

[fo : Co/Op — X,x°]
in M&I’%g(al, ...,05). By Theorem 4.27, this gives a curve
[foo : Coo /OO0 — X, x™].

We have a natural map Spec K — Oy, coming from the inclusion k[¢t] C K, hence
a curve C = C X, Spec K over Spec K, along with a map

f:C — X xu1 Spec K = Xy xi K.

This is the desired torically transverse curve over K.
Conversely, suppose we are given a curve f : C' — X5 Xk K in the moduli space
MO,hO] S
A (01,...,05). Since

K = | (e,
d=1

and C is finite type over K, in fact there is some d such that C' is defined over the
field k((t'/4)). This gives us a diagram as in (4.15), with C* = C' and L = k((t'/4)).

Then applying Theorem 4.24, after replacing L with L = k((t'/?¢)) for some e,
making a base-change A! — Al and blowing up X, we obtain a diagram (4.17).
Note that the blow-up X — X corresponds to a subdivision of 2. This then gives
rise to a torically transverse pre-log curve

fo : (Co,x?,...,xg) —>X0

by restricting the map f of (4.17) to the fibre over the closed point of Spec R.
This has some associated tropical curve h : I' — Mg, necessarily passing through
Py, ..., Ps. Since Pi,..., Ps were chosen generically, h must be simple, and so by
Theorem 4.24, (2), fo is a torically transverse log curve.

But we have already classified all the torically transverse log curves with asso-
ciated tropical curve passing through P, ..., P, and hence this log curve is one of
the ones contributing to Ng’f;p. In particular, this log curve gives a unique family
already defined over Speck[t]. Thus we in fact have de = 1 and no base-change
Al — A} is required. In particular, all the torically transverse curves defined over
K are in fact defined over k((¢)), and we have a one-to-one correspondence between
these curves and torically transverse log curves.

This completes the proof of Mikhalkin’s theorem.
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4.7. References and further reading

The exposition in this chapter is based on the paper [86] of Nishinou and
Siebert. That paper covers a similar result in all dimensions. The original proof was
given by Mikhalkin in [80] after announcing the result in [79]. After Mikhalkin’s
original announcement, Shustin also provided an independent proof of the result in
[105]. In the case of P2, Gathmann and Markwig [31] gave a purely combinatorial
argument, by showing that the tropical curve counts satisfy the WDVV equation.
There is a growing literature involving other generalizations of Mikhalkin’s results
which are too numerous to list here.






CHAPTER 5

Period integrals

In Chapter 4, we proved Mikhalkin’s formula for curve-counting in toric sur-
faces. Specializing to the case of P2, one essentially obtains the A-model for
P2, as these formulae compute the Gromov-Witten invariants (757~ ')g 4 count-
ing the number of rational curves of degree d passing through 3d — 1 points. We
should note that for arbitrary toric surfaces X, Mikhalkin’s formula does not com-
pute Gromov-Witten invariants because there will always be contributions to such
Gromov-Witten invariants from curves which are not torically transverse, e.g., have
components mapping into the toric boundary of X. However, for P2, we do ob-
tain Gromov-Witten invariants. This allows one to define quantum cohomology
for P? purely tropically, and one obtains from this the full A-model variation of
semi-infinite Hodge structures.

This then raises the following question: Is it possible to describe the B-model
tropically, in such a way that it becomes transparent that the A- and B-models
coincide? At first glance, it is not at all obvious how perturbations of a potential
function Wy and oscillatory integrals involving these functions can be computed
tropically. However, as we shall demonstrate in this chapter, one can indeed carry
out these computations tropically, and in particular give a completely tropical de-
scription of the B-model. This chapter is based entirely on the paper [42].

5.1. The perturbed Landau-Ginzburg potential

Our main goal is to find a canonical description of W and its perturbation by
giving the “correct” universal unfolding of Wj. The important clue is the inter-
pretation of Cho and Oh [16] of the potential W in terms of Maslov index two
holomorphic disks. We will not explain this here at the level of symplectic geometry,
but pass immediately to the tropical version. At the same time, we shall initially
work in a broader context of arbitrary toric varieties, putting the description of the
mirror to P discussed already in Chapter 2 in the context of a broader setup of
mirror symmetry for toric varieties introduced by Givental (see [33]).

5.1.1. Givental’s mirrors of toric varieties. To begin, we fix once and
for all a lattice M = Z™, N = Homy(M,Z) the dual lattice, Mr = M ®z R,
Nr = N ®z R. Fix a complete fan ¥ in M. We shall assume that Xy is a non-
singular toric variety. We adopt the same notation used in §1.3: we let Ty, be the
free abelian group generated by the elements of X!, the one-dimensional cones of %,
with p € S corresponding to a generator t,. We have the map r : Ty, — M given
by r(t,) = m,, the primitive generator of p, and the assumption of non-singularity
implies r is surjective. So there is a natural exact sequence

0—>Kz—>TEL>M—>0

173
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defining K. Dualizing this sequence gives
0 — N — Homy(Tx,Z) — Pic Xy, — 0,
as discussed in §3.1.2. After tensoring with C*, we get an exact sequence
0— N ® C*— Hom(Tx, C*)—5 Pic Xy, ® C*—0.

We should think of x as providing the family of mirrors to Xy. We define the
Kdhler moduli space of Xx, to be

My := Pic X5, ® C* = Spec C[Ks],
so we have a morphism
r : Hom(T%,C*) = Spec C[Tx] — Ms.
Note that a fibre of k over a closed point of My is canonically isomorphic to
Spec C[M].

In keeping with Chapter 2, after passing to complex manifolds, we can pass to
the universal cover of My, which we shall write as the vector space

Ms; := Pic X5 ® C,
with the map Ms, — My, given by D @ y — D ® €Y. We then set
Xy, := Hom(Ts;, C*) X gy, My,

pulling back the family given by & to Ms. So far, we have not introduced the
formal thickening of this moduli space, nor shall we do so in general.
We shall take Wy to be the function on Xy defined by

(5.1) Wy = Z P

pexl]

This makes sense as a function on Spec C[Tx], hence as a function on Xs;. We think
of (X5, Wp) as a family of Landau-Ginzburg models which are mirror to Xy,.

EXAMPLE 5.1. Taking ¥ to be the fan for P™, this gives precisely the description
of the mirror family X — M for P* defined in §2.2.3, with the formal coordinates
tO pr— t2 T e e s T tn = 0.

5.1.2. Tropical disks and mirrors to toric varieties. We shall now restrict
to the surface case, taking M = Z2.

We have already defined the notion of a tropical curve in Chapter 1. Here, we
define the notion of a tropical disk (which was called a tropical curve with stops in
[85]).

DEFINITION 5.2. Let T be a weighted, connected finite graph without bivalent
vertices as in §1.3, with the additional data of a choice of univalent vertex Vo,
adjacent to a unique edge Fou¢. Let

"= (T\TY) U {Vou} C T.

Suppose furthermore that TV has first Betti number zero (i.e., IV is a tree with
one compact external edge and a number of non-compact external edges). Then a
parameterized d-pointed tropical disk in Mg with domain I" is a choice of inclusion

{p1,..-,pa} — ri \ {Eout} written as p; — E,,, with w(E) = 0 if and only if
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E = E,, for some 4, and a continuous map h : I — My satisfying the same
conditions as Definition 1.11, except that there is no balancing condition at V.
An isomorphism of tropical disks

hl : (Fllapla"'vpd) - M]R and h2 : (F/Qapla"'vpd) - M]R

is a homeomorphism ® : I} — T respecting the marked edges and the weights
with b1 = ho o ®. A tropical disk is an isomorphism class of parameterized tropical
disks.

The combinatorial type of a tropical disk h : (I, p1,...,pa) — Mg is defined
to be the homeomorphism class of I' with the marked points, weights, and V.,
together with, for every vertex V' and edge F containing V', the primitive tangent
vector to h(FE) in M pointing away from V.

While the above definitions make sense in any dimension, the point of restricting
to dimension two is that we can make use of Mikhalkin’s definition of multiplicity
(Definition 1.21), using the same definition for disks, but not counting Viu:

DEFINITION 5.3. Suppose rank M = 2. Let h : IV — Mg be a marked tropical
disk such that T' only has vertices of valency one and three. The multiplicity of the
disk h is then

Mult(h) := Multy (h),
(0]

where Multy (h) is as defined in Definition 1.21. In particular, there is no contri-
bution from V.

We now fix M = 72 and a complete rational polyhedral fan ¥ in Mg, yielding
Ty, and r: Ts;, — M as in §5.1.1.

DEFINITION 5.4. A disk h is a tropical disk in Xx if every E € I‘g \ {Fout }
has h(E) either a point or a translate of some p € %I,

Analogously to Definition 1.12, if the disk has d, unbounded edges which are
translates of p € X1 (counted with weight), then the degree of h is

A(h) = > dpt, € Ts.

pexll

Fix general points P;,..., P, € Mg, and fix a general base-point Q € Mg.
When we talk about general points in the sequel, we mean that there is an open
dense subset (typically the complement of a finite union of polyhedra of codimension
at least one) of MD’{fH such that (Py,..., P, Q) € Mﬁ“ lies in this open subset.
This choice of open subset will depend on particular needs.

Associate to the points Py, ..., Py the variables uy, ..., uy in the ring
Ry = Clug, ..., ug]
(u?,...,u?)

DEFINITION 5.5. Let h: (IV,p1,...,p4) — Mg be a tropical disk in Xy, with
h(Vour) = Q, h(pj) = P;;, 1 < iy < --- < ig < k. (This ordering removes a d!
ambiguity about the labelling of the marked points.) We say h is a tropical disk in
(Xs, P1, ..., Py) with boundary Q.
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The Maslov index of the disk h is
MI(h) :=2(]A(h)| — d).

The phrase “Maslov index” has a precise definition in the context of pseudo-
holomorphic disks with boundaries contained in Lagrangian submanifolds of sym-
plectic manifolds. In particular, the Maslov index enters into a formula for the
virtual dimension of a family of such disks. We have given the definition above so
that a precisely analogous formula holds, given by the following lemma.

LEMMA 5.6. If Py,..., Py, @ are chosen in general position, then the set of
Maslov index 2n tropical disks in (Xs, Py, ..., Px) with boundary @Q is an (n — 1)-
dimensional polyhedral complex. The set of Maslov index 2n tropical disks with
arbitrary boundary is an (n + 1)-dimensional polyhedral complex.

PRrROOF. This is exactly the kind of standard tropical dimension counting ar-
gument carried out in Lemma 1.20. We sketch the argument here.

Fix a combinatorial type of tropical disk with d marked points, with degree
A. TIf the combinatorial type is general, then the domain T only has trivalent
vertices apart from Viu. Such a tree has |A] + d unbounded edges and hence
|A| + d — 1 bounded edges (including Fout). A tropical disk h : TV — Mg of
this given combinatorial type is then completely determined by the position of
h(Vout) € Mg and the affine lengths of the bounded edges. This produces a cell
in the moduli space M(X‘fg(Xg) of all d-pointed tropical disks of degree A. The
closure of this cell is (Rs()/2IT9=1 x M. Also, there are only a finite number
of combinatorial types of disks of a given degree. Thus MI¥(Xy) is a finite
(JA| + d + 1)-dimensional polyhedral complex. Furthermore, we have a piecewise
linear map ev : M(X‘fg(Xg) — Mg, taking a disk h to the tuple (h(p1),...,h(pad)).
Let E C M‘iiilj(Xg) be the union of cells mapping under ev to cells of codimension
> 1in Mg; then h(FE) is a closed subset of Mg. Thus, if (P;,, ..., P;,) € Mg is not in
this closed subset, for 1 <i; < -+ < iy < k distinct indices, then ev= (P, ..., P;,)
is a codimension 2d subset of /\/ldAls}; (Xx). Thus the dimension of the moduli space
of tropical disks of a given degree A with arbitrary boundary in (Xs, Py,..., Px)
is |A|+1—d= MI(h)/2+ 1. Similarly, if we fix a general boundary point @, the
dimension is MI(h)/2 — 1, as claimed. O

DEFINITION 5.7. Given the data Pi,..., Py, Q € Mg general, let
h: (Plapla cee 7pd) - M]R

be a Maslov index two marked tropical disk with boundary @ in (Xx, Py, ..., Py).
Then we can associate to h a monomial in C[Tx] ®c Ri[yol,

Mono(h) := Mult(h)ZA(h)UI(h)y

where z2(") ¢ C[Tx] is the monomial corresponding to A(h) € T, the subset
I(h) C{1,...,k} is defined by

I(h) :={i|h(p;) = P; for some j},

U,[(h)z H g .

i€l (h)

and
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Define the k-pointed Landau-Ginzburg potential as
Wi(Q) :=yo + Y _ Mono(h) € C[Tx] ®c Ri[yo]
h

where the sum is over all Maslov index two disks & in (Xy, P, ..., P;) with bound-
ary Q. By Lemma 5.6, this is a finite sum for Py,..., Py, @ general.N

We define the k-th order thickening of the Kéhler moduli space My, defined in
§5.1.1 to be the ringed space

MZ,]@ = (MXH OME,k%

with elements of O s k(U) for U C Mg being expressions of the form

o0
Z frrygur
~0

n—
IC{1,....k}

where f, 1 is a holomorphic function on U for each n and I.
Similarly, we define the thickened mirror family

XE,k = (.)22, O?Zz,k)
in exactly the same way. Thus we have a family
K XE,k — MZk

By construction, Wy (Q) is a regular function on /'E'z,k, so we can think of this as
providing a family of Landau-Ginzburg potentials.

The sheaf of relative differentials Q1 is canonically isomorphic to the

Xy i/ Ms g
trivial locally free sheaf M ®z Oy, ,, with m @ 1 corresponding to the differential
d m
(5.2) dlogm := %;
z

here m € Ty, is any lift of m € M, and dlogm is well-defined as a relative differen-
tial independently of the lift. Thus a choice of generator of /\2 M = 7 determines a
nowhere-vanishing relative holomorphic two-form 2, canonical up to sign. Explic-
itly, if e1,e2 € M is a positively oriented basis, then

(5.3) Q = dloge; A dloges.
O

REMARK 5.8. Given a fan ¥ in Mg = R?, if we take k = 0, the Maslov index
two disks with boundary @ are precisely the disks of the form Q + p for p € 1.
All these disks have multiplicity one, having no vertices. Thus

Wo(Q) = yo + Z 2.

pez[l]

Other than the term g, whose role in the following discussion will only be neces-
sary to reproduce the correct behaviour of the J-function, this is precisely (5.1).
For those familiar with the work of Cho and Oh [16], we point out that these
tropical disks coincide precisely with the holomorphic disks classified there, and so
we reproduce, tropically, the description of the Landau-Ginzburg potential given in
[16].
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Py

Q

FIGURE 1. The one additional Maslov index two tropical disk with
k=1.

The function Wj(Q) is then intended to be the “correct” perturbation of
Wo(Q), in the sense that the parameters appearing in Wi (Q) are closely related
to flat coordinates. However, for a general choice of 3 this is not true, the chief
problem being that there will be copies of P! in the toric boundary of Xy which
do not deform to curves intersecting the big torus orbit of Xy. This is a standard
problem in tropical geometry: tropical geometry cannot “see” these curves. This is
not a problem as long as Xy, is a product of projective spaces, so in particular, we
will now restrict to the case of X5, = P2. This returns us to the example studied
in detail in Chapter 2.

EXAMPLE 5.9. Let ¥ be the fan for P?, depicted in Figure 14 of Chapter 1, so
that X5, = P2. Here Ty, = Z3 with basis tg, t1, t2 corresponding to 00, P1, P2, and we
write x; for the monomial 2% € C[T%]. In this case Mvz = C, say with coordinate
41, so that the space ./\,;l/zy r has underlying topological space C. The mirror family
Xz’k is then defined by the equation zgxize = eV in C? x /K/lvz,k, and the map

ki Xsp — Msi

is then given by projection, i.e.,

As discussed in Remark 5.8,
Wo(Q) = yo + zo + x1 + 2.

If we take k = 1, marking one point in P2, we obtain one additional disk, as
depicted in Figure 1, and if we take k = 2 with P, and P, chosen as in Figure 2,
we have three additional disks. Note that the potential depends on the particular

choices of the points Pi,..., Py as well as Q. In the given examples, we have
respectively

Wi(Q) = wyo+xo+ 21+ 22 + U122

Wa(Q) = yo+mo+ 21 + T2 + u1oT1 + UsToT1 + U UTOTT.
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Q Q
Py
) Pl ®
L 2 [ J
P2 P2
Q
Py
| L 2
P,

FIGURE 2. The additional Maslov index two tropical disks with
k=2.

5.2. Tropical descendent invariants

As we know from Chapter 2, mirror symmetry for P? gives an expression for the
J-function of P? in terms of oscillatory integrals. The J-function in turn involves
gravitational descendent Gromov-Witten invariants. On the other hand, the main
point of this chapter is to show that the oscillatory integrals can be naturally
evaluated in terms of certain tropically described objects. In particular, we will
need to define tropical versions of the gravitational descendent invariants, which
we shall do in the case of P2.

The tropical count of rational curves of degree d through 3d — 1 points was
ultimately motivated by the actual proof that tropical curves correspond to holo-
morphic curves: the count arising from Mikhalkin’s original proof in [80] is very
similar to the way the count arises in Chapter 4. In the case of gravitational de-
scendents, however, it is somewhat more difficult to motivate these formulae. There
is no direct proof analogous to the arguments of Chapter 4 that the descendent in-
variants we define in fact coincide with the holomorphic versions. We will only
be able to motivate these definitions by saying that these definitions are what are
given by computing oscillatory integrals. The main result of this chapter says that
the definition given for tropical descendent invariants is correct if and only if mirror
symmetry for P? (Theorem 2.44) holds.

One can also attempt to approach this problem in a purely tropical setting, by
considering the moduli spaces of tropical curves, defining the v-classes as tropical
cycles on these moduli spaces, and applying tropical intersection theory. This
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approach was applied by Markwig and Rau in [77], but as yet does not recover all
the formulae we give here.

We continue with M = Z? and ¥ a fan in M defining a projective toric variety
Xs.

DEFINITION 5.10. Let Py,..., Py € Mg be general. Let S C Mg be a subset.
Define
MR (X5, Py, ..., P, ")
to be the moduli space of rational (n 4 1)-pointed tropical curves in Xy
h : (F7p17 o apnax) - M]R
of degree A such that
(1) h(pj):Pij, 1< < <ip <k
(2) The edge E,, is attached to a vertex V, of I'; the valency of this vertex is
denoted Val(x). Then

Val(z) = v + 3.

(3) h(z) e S.
(4) The weight of each unbounded edge of T" is either 0 or 1.

LeEMMA 5.11. For Py,..., P, € Mgr general,
(1) MXOE (X5, P1,..., Py, 0" M) is a polyhedral complex of dimension |A| —
n—u.
(2) MX?E(XE,PD oy Pe, Q) is a polyhedral complex of dimension |A] —
n—v —1 for C a general translate of a tropical curve in Mg.
(3) MZ?S(XE,Pl, ooy, P, P Q) is a polyhedral complex of dimension |A| —
n—v—2 for Q@ € Mg a general point.

ProoF. This is straightforward, as in Lemma 5.6. The dimension count is as
follows. Fix the combinatorial type of the curve to be generic, so that all vertices of
T are trivalent except for the vertex adjacent to F,, which is (v + 3)-valent. Such
a tree has |A| +n+1 unbounded edges, and thus has |A|4+n+1— (v +3) bounded
edges. The curves of this combinatorial type are then determined by the location
of h(z) € Mg and the lengths of the bounded edges, giving a cell of the form
(Rsq)!AF7=v=2 5 Mg. Fixing h(p1),...,h(p,) then yields the desired dimension
of the moduli space in (1) to be

Al +n—v—2n.
This gives (1). For (2) and (3), we consider the map
eve : MR (X5, Py, ..., Prytp” Mg) — Mg

given by evy(h) := h(z). Let By € MR (Xx, Pi,..., Py, ¢”Mg) be the union
of cells which map to codimension > 1 sets in Mg, and let Fs be the union of
cells which map to points in Mg. Then we need to choose the translate C' so that
C N h(FEy) is zero-dimensional and C' N h(F2) = (. Similarly, we need to choose
Q & h(E1). Then ev,'(C) or ev;(Q) are the desired moduli spaces in cases (2)

and (3) and are of the desired dimension. O

We can describe a tropical curve h : I' — My of genus zero in terms of a
collection of disks, by splitting the curve up at a chosen vertex. The following
lemma is crucial for describing these curves in terms of disks in what follows.
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LEMMA 5.12. Let Pi,..., Py € My be general and S C Mg a subset. Let
he M (X5, Pr,...,Pe, 9" S).

Let T, ..., 5 denote the closures of the connected components of I' \ E,, with
h; : T — My the restrictions of h. Each disk h; is viewed as being marked by
those points p € {p1,...,pn} with E, C T';. There is one special case to consider
here: if E; and E,, share a common vertex V, then we discard the edge E,, from
consideration as well, so we have disks hi,...,h,4+1. (Note that since h(p;) # h(p;)
for i # j, we never have E,, and E,, sharing a common vertex.)
(1) If S = Mg and n = |A| — v, then either
(a) Ey does not share a vertexr with any of the edges E,,, and then
MI(h;) = 2 for all but two choices of i, and for these i, MI(h;) = 0.
(b) Ey does share a vertex with one of the edges E,,, and then M1 (h;) =
2 for all i.
(2) If S = C is a general translate of a tropical curve in Mg and n = |A| —
v —1, then MI(h;) =2 for all but one i, and for this i, MI(h;) = 0.
(3) If S = {Q} for a general point Q and n = |A| —v — 2, then MI(h;) = 2
for all i.

PROOF. First note that the condition on n and the generality of Py, ..., Py, C,
and @ guarantee by the previous lemma that the moduli space under consideration
is zero dimensional. If any of the disks h; can be deformed while keeping its
boundary h;(z) fixed, then this yields a non-trivial deformation of h, which does
not exist. Thus by Lemma 5.6 we must have MI(h;) < 2 in all cases. Let n; be
the number of marked points on h;. We note that

> @ = > (1AMh)| - )

[ [

{|A(h)| —(n—1) Case (1) (b)

|A(R)| —n otherwise
v Case (1) (a)
B v+1 Case (1) (b)
- v+1 Case (2)
v+2 Case (3)
Since there are v 4 2 disks except in Case (1) (b), when there are v + 1 disks, the
result follows. O

We can now define tropical analogues of the descendent Gromov-Witten in-
variants which appear in the Givental J-function. From now on in this chapter,
we only consider the case of Xy, = P?, with ¥ the fan with rays generated by
mo = (—1,-1), my = (1,0) and mo = (0,1), and to,¢1,%2 the generators of T,
with r(t;) = m;. Let

Ag:=d(to+t1 +t2) € Tx;
curves of degree A4 should be viewed as usual as degree d tropical curves in P2,
DEFINITION 5.13. Fix general points Q, P1, P, -+ € Mg. Let L be the tropical

line (a translate of the union of the one-dimensional cones in the fan of P?) with
vertex Q.
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For a tropical curve h in P? with a marked point z, let ng(z), n1(x) and na(z) be
the number of unbounded rays sharing a common vertex with £, mapping under h
to rays in the directions mg, m; and ms respectively. As in Lemma 5.12, we denote
the tropical disks obtained by removing F, from I', with the outgoing
edge of h; being E; ous. Let m(h;) = w(Ei7out)mprim(h7;), where mP"™ (h;) € M is

by hl,...
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a primitive vector tangent to h;(E; out) pointing away from h(x).
Define

(1)

1
Mult’(h) =
M= @)
no(T) 1 m(?") 1 nz(T) 1
Multl(h) = - e 2kt 2um g
"0( )!nl( )!nz( )!
2
2 ni(x 2 ni(x
o (Lemft) sThm s
MultZ (h) =
ult,; (h) 2no(z)!ng (z)ng (x)!
We define
(Pr,...,P3q_o_ u,¢”Q>tmp
to be

> Mult(h)
h

where the sum is over all marked tropical rational curves
t
h e MAr:fgdefy(Plv R P3d—2—u7 wa)

We define
Mult(h) == Mult) (k) [] Multy(h
Ve
We define
(Piy...,P3qg—1-0, Z/JVL>“OP
as a sum

> Mult(h)
h

where the sum is again over all marked tropical rational curves

h (F)pla B ap3d—1—u;x) - M]R

with h(p;) = P; and satisfying one of the following two conditions.

(a)
h € MtArZ%dflfy(Pla ooy Pag_1-y, " L).

Furthermore, no unbounded edge of I having a common vertex with
E, other than FE, maps into the connected component of L \ {Q}
containing h(z). By Lemma 5.12, there is precisely one j, 1 < j <
v+2, with MI(h;) = 0. Suppose also that the connected component
of L'\ {Q} containing h(zx) is Q + R>0mi. Then we define

Mult(h) = [m(h;) A m;| Mult?( H Multy (h

verlo
VEE,

Here m(h;) Am; € N\’ M 2 Z, so the absolute value makes sense.
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(b) v >1 and
h < MXZ?:&d—l—u(Ply ey P3d71—y, wl/le).
Then
Mult(h) = Mult; () [ Multy(h)
verll

(3) We define
(Pr,..., Psa—y, 0" Me)yg"

> Mult(h)
h

where the sum is over all marked tropical rational curves
h:(L,p1,. .., p3d—v, ) — Mg

such that h(p;) = P; and either
(a)

as a suim

h/E'A4XZ%d Py ... P3g_y, " Mg)

and F, does not share a vertex with any of the E,,’s. Furthermore,
no unbounded edge of I' having a common Vertex with F, other
than F, maps into the connected component of Mg \ L containing
h(z). By Lemma 5.12, there are precisely two distinct ji,jo with
1 < j1,52 < v+ 2 such that MI(h;.) = 0. Then we define

Mult(h) = |m(hj,) A m(hj,)| Mult®( H Multy (h

verll
V€E‘ﬂ

(b)
he MR, ,(Pr,..., Py, )" Mg)
and F, shares a vertex with E,,. Furthermore, no unbounded edge

of I having a common vertex with E, other than E, and E,, maps
into the connected component of Mg \ L containing h(z). Then we

define
Mult(h) = Mult)(h) [] Multy(h
%—E;:;
(¢) v>1and

h e MtAer,’)Bdfu(Pl’ ey P3d—l/) w”_lL).

Furthermore, no unbounded edge of I having a common vertex with
E, other than FE, maps into the connected component of L \ {Q}
containing h(z). By Lemma 5.12, there is precisely one j, 1 < j <
v+1, with MI(h;) = 0. Suppose the connected component of L\ {Q}
containing h(x) is Q + Rsom;. Then we define

Mult(h) = [m(h;) Amg| Multy (h) [] Multy (h)

verlo
VEE,
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(d) v > 2 and
he M, (Pr,..., Paay, " 2Q).
Then
Mult(h) = Mult?(h) [] Multy(h).
verl
VEZE,
In all cases S = {Q}, L or Mg, we define for o € 3,
(5.4) (P1,.. s P3g—y_(2—dim ) ¢V5>f1r,?;p
to be the contribution to (P1,..., P3g—y—(2—dim $); 1&”5’}&3" coming from curves h

with h(z) in the interior of 0+ @Q. In (1), the only contribution comes from o = {0},
in (2), the contributions come from the zero- and one-dimensional cones of X, and
in (3), the contributions come from all cones of . O

REMARKS 5.14. (1) Note that all moduli spaces involved are zero-dimensional
for general choices of @, P, ..., so the sums make sense.

(2) The formula in Definition 5.13, (1), for v = 0, gives the tropical curve
counting formula for the number of rational curves of degree d passing through
3d — 1 points, by Mikhalkin’s formula (Theorem 4.4). For v > 0, this coincides
with the formula given by Markwig and Rau in [77]. In particular, by the results
of that paper,

(Py,..., P3d—2—u7wa>g:3p = (T2 ' Th)o.a-

The remaining formulas we give are more mysterious, and have no known justifica-
tion outside of the mirror symmetry arguments given in this chapter.

(3) It is easy to see that (P, ..., Pyg_1, ¢0L>(t)r’3p is d times the number of ratio-
nal curves through 3d—1 points. Indeed, the only contribution to this number comes
from Definition 5.13, (2) (a). For each tropical rational curve h : I' — My with
3d— 1 marked points passing through P, ..., Ps4—1 we obtain a contribution for ev-
ery point of h~(L) by marking that point with . The factor [m(h;) Am;| Mult (h)
for the multiplicity in this case gives the intersection multiplicity of h(T") with L at
each point of h~1(L), as defined in Example 1.6. By the tropical Bézout theorem,
the total contribution from A is then (h(T") - L) Mult(h) = d Mult(h).

Thus

<fﬁ,---,fﬁd—1/¢01§33p:: d<fﬁ,---,f%d—1>gzp = (T3 1Yo 4 = (T3 T ) a,

by Mikhalkin’s formula and the Divisor Axiom.

(4) (P, ..., Psa, wOMRﬁ? = 0. Indeed, the only possible contributions come
from Definition 5.13 (3) (a), but there are no rational curves of degree d through
3d general points. Thus

<P15 R 5P3da ¢OMR>(t)1:Zp - <T23d7 T0>0,d7
as both are zero, the latter by the Fundamental Class Axiom.
We will prove the following in §5.5:

THEOREM 5.15. The invariants defined in Definition 5.13 are independent of
the choice of the P;’s and Q.

This allows us to make the following definition.
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DEFINITION 5.16. We define

(T2 T = (P Poacam 0V QU
<T23d_1_”,¢VT1>Br73p = <P1,~~,P3d717u71/)VL>33p
(T30 To)g o == (Pr,..., Psay, )" Mg)g

where the P;’s and ) have been chosen generally.
We define

(T3 " Ti)og =0

ifm+i+v#3d.
We define the tropical J-function for P? by analogy with Example 2.30,

2
JIE};OP = ewoTotyiTh)/h (TO T Z <ﬁ_1y252,i
1=0

3d+i—2—v
i—2—v v O —(v Yo
+ T3d+i—2 ATy trop p—(v+2) jdys : T,
Z;;;<2 V' Toi)o.q Bd+i—2—0)

2
_. trop
= > JIPT
=0

EXAMPLE 5.17. The tropical descendent invariants are (relatively) easy to com-
pute. For example, consider <¢3d_2Tg>Bf3p. There is only one tropical curve of
degree d with a vertex of valency 3d + 1 at @ (including the marked edge), namely
the curve which has d legs of weight one in each of the three directions (—1,—1),
(1,0), and (0,1), and hence contributes a multiplicity of 1/(d!)?, so

1
WPy o = @y

Next, consider <T2,1/)3d_3T2>g73p. Fixing some point P; € Mg, we note that
any curve contributing to this invariant will have a 3d-valent vertex at @ (including
the marked edge), and will decompose into 3d — 1 Maslov index two disks with
boundary @, with precisely one of them passing through the point P;. Taking, say,
P, as depicted in Figure 1, the only curve contributing to this invariant is then as
depicted in Figure 3. Thus

1
di(d—1)(d- D

(To, > 2 Ty) P =

Both these give the correct non-tropical descendent invariants. This will follow
from Theorem 5.18, Corollary 5.19 and Theorem 2.44.

We give several additional examples of contributions to tropical descendent
Gromov-Witten invariants. In Figure 4, we see a curve which is obtained by gluing
together four Maslov index two disks with boundary @Q: the vertical line with the
attached number 2 means we take that vertical unbounded edge twice, while the 2
attached to the horizontal line segment tells us that that edge has weight two. The
contribution to the multiplicity from all vertices except @ is 2 x 2. The vertex at
@ is 5-valent (remembering that this vertex is also the endpoint of the edge E.,),
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Py

d

FIGURE 3. The one curve contributing to (Py, 37~ 3Q>tr°p. The
numbers d and d — 1 indicate not the weight of the edge but the
number of copies of the edge.

with ng(x) =1, ni(x) = 0 and na(x) = 2. Thus

Mult? (h) = 1/(11012!) = 1/2,
Mult}(h) = — (1+1+1/2)/(11012!) = —5/4,
Mult?(h) = (1 +1+1/2)* 4+ 1414 1/4)/(2-110!12!) = 17/8.

Thus this curve contributes 4/2 = 2 to (P4, ... ,P5,¢2Q>Brgp, 4 x (=5/4) = =5 to
(Pr,...,Ps,0°L)g's and 4 x (17/8) = 17/2 to (P1,..., Ps,* Mg)g5".

In Flgure 5, we consider another example, with the dotted line bemg L. In this
case, decomposing the curve into a collection of disks by removing E,., one finds the
only one of these disks with Maslov index zero is the diagonal line passing through
Ps. The factor [m(h;) A mq| is then 1. We have ng(z) = ni(xz) = 0 and na(z) = 2.
(Note that the diagonal ray passing through Py is not the image of an unbounded
edge with a common vertex with F, because of the marked edge mapping to Fg!)
Thus Mult? (k) = 1/2 and Mult}.(h) = —3/4. Thus the contribution from this curve
to (P, .. Pg,w2L>tmp is 2 and the contribution to (P,..., Ps, 1/13MR)tmp is —3.

Figure 6 shows a curve of degree 4, with the vertex mapping to h( ) having
valency 7, and ng(x) = ni(z) = 0 (necessarily, otherwise this curve would not
contribute) and ny(x) = 4. Then Mult (h) = 1/24, and the two Maslov index zero
disks obtained by decomposing this curve have tangent vectors to their outgoing
edges given by (—1,—2) and (1,—2). Thus the factor |m(hj;,) A m(hj,)| is 4. All
other vertices have multiplicity 1 except for two vertices of multiplicity 2, so the
total contribution of this curve to (P, ..., Ps, ¢4MR>”OP is 2/3.

We leave it to the reader to give an example of a curve contributing to this de-
scendent invariant of type (3) (b) in the definition of tropical descendent invariants.
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FIGURE 4

FIGURE 5

5.3. The main B-model statement

In this section we continue with M = Z? and ¥ the fan in Mg defining P2. We
then have for k& > 0,

K XE,k — MZJ@
as given by Definition 5.7. Given a general choice of points P, ..., Py, Q € Mg,
one obtains the Landau-Ginzburg potential Wy (Q). Note that modulo uq, ..., ug,
Wi (Q) = W5(Q). The space Xs j, carries a relative holomorphic two-form defined

by (5.3).
Let R be the local system on My j x C* whose fibre over (u, k) is
Ho (k™1 (u), Re(Wp(Q)/h) < 0).

This local system is not concerned about the thickening of the structure sheaf:
it carries purely topological information on the underlying topological space of
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I
Py

FIGURE 6

/K/lvz,k x C*, which is Mvg x C*. In fact, this local system coincides with the one
given in §2.2.3 in the case of P2.

From §2.2.4, we know that the local system R is rank 3 and has a multi-valued
basis of sections Zg, Z;, =, whose integrals over eVo(@)/2Q) are given by (2.38). As
a consequence, the integrals

/ WE(Q)/RQ)

make sense formally, by writing

exp(Wi(Q)/h) = exp(Wo(Q)/h) exp(Wi(Q) — Wo(Q))/h)

and expanding exp((Wy(Q) — Wo(Q))/h) as a finite power series, precisely as was
done in §2.2.3.
The main theorem of this chapter, to be proved in §5.5, is now:
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THEOREM 5.18. We can write
2 2
(5.5) S [ m@ing ey o o)
i=0 Ei i=0
where
Qoi(y()vylvulv sy Uk, h_l) = 50,i + Z@i,j(yovyla Upy .- 7uk)h_j7
j=1

for 0 <i <2, with

¥o,1 = Yo

$Yi,1 = Y1

k
Yo = Z ;.
i=1

Y21

Furthermore,
@i = J;" P (Yo, Y1, y2)-
In fact, this theorem proves the equivalence of tropical curve counting with
descendents and mirror symmetry. To make this precise, consider the statement:
STATEMENT 5.19 (Tropical curve counting with descendents).
Jp2 = Jpi P

COROLLARY 5.20. Theorem 2.44 and Statement 5.19 are equivalent. In partic-
ular, since Theorem 2.44 is known to be true, Statement 5.19 is true.

ProoOFr. We adopt the notation of Chapter 2, with M = M5B the B-model
moduli space, 7: X — M as given in §2.2.3, with

W = to + Wy + ta W3,

the potential on X, universal in a neighbourhood of each point of M. On the other
hand, for a fixed k, we have k : Xg B ./\/lg r constructed in §5.1.2. We replace ./\/l
and Mz’k with germs of these spaces at 0, and replace X and XE, , with the inverse
images of these germs. Then (X,W) is a universal unfolding for (7~1(0), Wp),
which coincides with (k71(0), Wi (Q),~1(0))- Thus there is a diagram

?Ez,k — X

Mz,k §—>M

such that n,-1(0y : £71(0) — 77 1(0) is the identity and W on = Wj(Q).
Now both M x C* and ./T/l/gk x C* come with local systems R with stalk at
(u, h) given by
Hy(n™(u), Re(Wy /h) < 0;C)
or

Hy(r ™" (u), Re(Wi(Q)/h) < 0;C)
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respectively. Writing the local system on M x C* as R to distinguish the two
cases, we clearly have 'R’ = R.

On M we have the B-model variation of semi-infinite Hodge structures, given
by &,V', (-,-)er and Gr’ determined by the Euler vector field £’. Similarly, on My,
we can construct a semi-infinite variation of Hodge structures, using exactly the
same procedures: we use unprimed notation. So £ is defined so that T'(U, &) consists
of sections of RY = (R ®¢ Oﬂg,kxcx )V over open sets of the form U x {A||k| < ¢}
given by forms fQ on k=*(U) x {h]||A| < €} with f holomorphic, and algebraic
when restricted to £~ (u) x {A}. The connection V is induced by the Gauss-Manin
connection, and the pairing given by the pairing on H,. The only thing which is
defined slightly differently is the grading operator, with

Gr(s) = V%‘;ﬁrE(s) — s,

but where
k
E = yo0y, + 30y, — Z Ui Oy, -
i=1

It is clear that by construction, & = ¢*&’, and V', (-, )¢ pull back to V and
(-,-)e. I claim also that Gr’ pulls back to Gr. To verify this, note that

2 k

E =k, <y08y0 + vaaav, - Zu18u,> 5
i=0 i=1

and thus thinking of E as a vector field on Xy, E(Wi(Q)) = Wi(Q). Indeed,

E(yo) = Yo, and

E(Mono(h)) = E(Mult(h)z*Mu )
= (JA(R)| = #1(h)) Mult(h)z>®uy )
= Mono(h),

since each h appearing in Wy (Q) is Maslov index two. Thus thinking of F as living
on Xs i, n.E preserves W, since (n.E)(W) = E(W on), and hence n.E = E’, as
F' is the unique vector field on X preserving W. Thus Gr is the pull-back of Gr’.

Now the Frobenius manifold structure on M is induced by the splitting of H' as
H'_ & &|, again putting primes on all the notation associated to M. As flat sections
of & Do (k) O lh, Ai=1} pull back to flat sections of £ ®O/\‘4:.k{h} Oﬂz.k{ﬁ’ n1y,
we see that H and H' are canonically isomorphic. Of course & and & are also, so
we can use the splitting H = H_ & & with H_ =H’_.

Let € € M be the flat section whose value at 0 € M is [Q]; this agrees
with the flat section Q¢ € H whose value at 0 € /(/lvz,k is [Q]. We have maps
™ (RHL/HL) @c O} — & and 7: (WH-/H-) ®c Oﬂz,k{ﬁ} — & by (2.16);
these maps commute with pull-back by £&. We know from the proof of Proposition
2.43, (3), that 7/([Q] ® 1) is represented by some f'Q2 with f’ holomorphic on
X x {1 |h] < €}, regular on fibres of m, f'|;-1(g) = 1, and

2

2
doal [ e =T (6, h ) (ah)

i=0 E

i =0
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such that
oo
Pt 1) =60+ > ().
j=1

Furthermore, these two conditions uniquely determine the section of £’ represented
by f'Q2. The same is true of 7([Qy] ® 1): it is represented by some fQ with f
holomorphic on Xx . x {h||h| < €}, regular on fibres of , fl,,~1(g) = 1 and

2 2
Z o / V(@B £ = =3 Z @i(yo, Y1, u, .- up, B ) (ah)’
i=0 Ei

i=0
such that
o0
¢ =00, + Z @ij (Yo, Y1, ut, . up)i7 .
j=1
Now the main point is that Theorem 5.18 shows that we may take f = 1 on

Xy, x C*. Furthermore, since [Q] = £*[Qf], 7([Qo] ® 1) = &*7/([Q)] ® 1). Thus if
182 represents 7/ ([Q(] ® 1) as above, we see that

pi=@; 08
In particular, if y}, y;, y5 are flat coordinates on M, ie., y; = ¥} 1, then

Yyi =y;o&.

Now suppose Theorem 2.44 is true. Then in particular, the conclusions of
Proposition 2.45 hold, and ¢} = J;, so ¢; = J;0f. But by Theorem 5.18, ¢; = J; P,
Hence, identifying the coordinates y; and y/, we see J; = J*, i.e., Statement 5.19
holds.

Conversely, suppose Statement 5.19 holds. We just need to show that the
conclusions of Proposition 2.45 hold. Note that we already know (1): this is part of
the construction of the Frobenius manifold structure on M. Then Statement 5.19
shows (2). Since

Ea= yano + 38y1 - yZayzv

then, with yo = uy + - -+ + uy,
k
E =100y, + 30y, — > _ ui0u, = Y00y, + 30y, — 420y,
=1

coincides with E4. This gives (3). Finally, for (4), we argued in the proof of
Proposition 2.43, (2), that ((—)*(A~3*a?), h~3*a*) was single-valued, and since the
dependence on i was a function of log i, must be independent of A. In particular,
by using 773%a’/ = (1 — 3alogh + (9/2)(alog h)?)a’, we see

(m)r7a% i) = ((-)"a’ a?).
Recall that 1, , a? is the dual basis to =g, Z1,Zs. By the explicit forms for the Z;
in Remark 2.42 and the intersection numbers in Example 2.34 we have

ko oo 1
((=)'Z0.Z2) =~z
S0
((—)*a’ a?) = —(2mi)?,
and hence

(h—B()nOéO7 ﬁ—SaQQ)E _ ﬁ_Q.
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Applying (2.39) twice and (2.40), we see that

0 147> 2
(A=’ il )g = q (~1)'h2 itj=2

(Constant)h=2 i+ j < 2.

Thus

(W3 (ha)', 3 (ha) gy 0 = ((R)' W (B30’ A3 )g) oo
=0i2-j
- / T, UT;.
P2
This gives (4) of Proposition 2.45, hence Theorem 2.44. O

The proofs of Theorems 5.15 and 5.18 will be given in §5.5. These proofs
require explicit evaluation of the integrals fE; eWr(@)/hQ) While it is not, in general,
difficult to get explicit answers for these inltegrals, it is actually quite difficult to
extract a useful combinatorial result from these answers. The calculation for =
is, however, quite easy, and to see it carried out explicitly, the reader may look at
Proposition 3.13 of [42]. However, the argument even for =y will be subsumed in
the more general calculation, so we shall not repeat this here.

5.4. Deforming @ and Pi,..., Py

Our ultimate goal in this chapter is to compute the integrals fE/ eWr(@)/hQ),
These integrals involve the explicit choice of @, as well as the implicit choices of
Py, ..., P,. We expect the integrals, however, to be independent of these choices.
We need to prove this, and in order to prove this, we need explicit formulas for
how Wi (Q) changes as Q or Pi,..., P, varies. In fact, as we shall see, there is
a “wall-crossing formula” saying that W (Q) changes by an automorphism of the
ring in which Wy (Q) lives. These wall-crossings occur when certain moduli spaces
of disks are not the correct dimension. These wall-crossings seem to be vital to the
theory, and will reoccur under a different disguise in the next chapter.

To motivate the discussion, we will begin with an informal exploration of the
role that Maslov index zero disks play.

5.4.1. Crossing Maslov index zero disks. For this discussion, we shall fix
Py, ..., Py general and let () vary. By Lemma 5.6, there are no Maslov index zero
disks with boundary @ a general point, as the moduli space of such disks is of
dimension —1. On the other hand, the moduli space of Maslov index zero disks
without specified boundary is one-dimensional, so we expect these to exist.

Note that the one-dimensionality of this moduli space arises as follows. If we
have a Maslov index zero disk ¢g : IV — My with boundary some point ), with
outgoing edge E,yut, we can simply move ) in the direction parallel to g(Fout) so
that g(Eout) gets shorter or longer. As a consequence, it makes sense to keep track
of the entire one-parameter family of Maslov index zero disks obtained in this way
by extending g(FEout) so it is unbounded; see Figure 7. The left-hand figure shows
a Maslov index zero tropical disk, and @ can be varied in a one-parameter family,
along the ray labelled as g(Fout) in the right-hand picture. Here g : I' — My is a
tropical curve obtained from the tropical disk on the left by extending the outgoing
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Py Py

// Py Py

Q g(Eout)

FIGURE 7

edge of the disk indefinitely. We still call this unbounded edge E,,t. Note while
this is a tropical curve, it is not a curve in P2, because g(Eoyu;) is not necessarily
parallel to a ray in the fan ¥ for P2. However, any @ € g(Eout) is the boundary
of a Maslov index zero disk. We shall call such extensions of tropical disks tropical
trees: we make this precise in §5.4.3.

Now suppose that we have such a tropical tree g, yielding a one-parameter
family of Maslov index zero disks. Consider two points @)1, Q2 on either side of
9(Eout). Suppose we have a Maslov index two disk with boundary @;. What
might happen to this disk as we move from Q1 to Q27

We will describe the possibilities here at an intuitive level; precise results will
be given in §5.4.5.

Start with a Maslov index two disk A with boundary @; and outgoing edge
Eoutn- Let m € M be a primitive tangent vector to h(Eqyt,,) pointing away from
Q1. There are three possibilities:

Case 1. The tangent vector m may point away from g(FEou;). We can then try
to deform the Maslov index two disk so that its boundary moves continuously from
@1 to Q2. In general, as we shall see, it is possible to do this. This gives a Maslov
index two disk with boundary Q. But there is another thing we can do: after
deforming the disk to one with boundary @’ on h(FEoy,), we obtain a new kind of
Maslov index two disk by taking the Maslov index zero disk with boundary at @’
and gluing it to the Maslov index two disk with boundary @’. One then adds a new
outgoing edge, with weight and direction determined by the balancing condition;
see Figure 8. Thus the single Maslov index two disk with boundary @, gives rise
to two Maslov index two disks with boundary Qs: this is the fundamental feature
of the wall-crossing phenomenon which we shall study here.

Let hq, ho be the two Maslov index two disks with boundary Qs constructed in
this fashion, with hs obtained via the gluing procedure. Then clearly Mono(h;) =
Mono(h), but he has one additional vertex V' over and above the vertices coming
from h and g, whose multiplicity is

w(Eout)w(Eout,h)|m A\ m/|7

where m/ is a primitive tangent vector to g(Eout). Note that in terms of the degree
A(h) of the disk h, we in fact have w(Eout,n)m = r(A(h)), as can be seen simply
by summing the balancing conditions at each vertex. Similarly, if we write A(g)
for the degree of the Maslov index zero disks which yield g, then we can write
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Py

\ P3

Py

FIGURE 8

w(Eout)m’ = r(A(g)). Thus
Mono(h1) + Mono(hs) = Mono(h)(1 + |r(A(g)) A r(A(h))| Mono(g))

5.6
(5.6) = Mono(h)(1 + Mono(g))|T(A(9))/\T(A(h))|.

The second equality follows from the fact that u%(g) =0.

Case 2. The second case is that m points towards g(Fout). In this case, we
can reverse the role of Q1 and @3, so that by using the same argument, Wy (Q1)
contains two monomials Mono(hy) + Mono(hs) coming from a term Mono(h) in
Wi (Q2). We can rewrite (5.6), in this case, as

(5.7) Mono(h) = (Mono(hy) + Mono(hs))(1 + Mono(g))~I"(A@NAr(AR)I

Case 3. If m is parallel to g(FEoyt ), then the expectation is that it is impossible
to glue on a copy of the Maslov index zero disk as we cross g(Fout), so that there
is no change of contribution to Wy (Q) as @ crosses g(Foyt) from such an h.

We shall prove rigorously in §5.4.5 that the above discussion is accurate; a
priori, it is not clear that Maslov index two disks can be deformed at will. But let
us consider the implications of the formulas (5.6) and (5.7). Define an element ng
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of N = Homy(M,Z) by

[r(A(g)) Am|  if m points away from g(Fous),
m— § —|r(A(g)) Am| if m points towards g(Eout),
0 if m is parallel to g(Fout)-

It is easy to see that this is linear: in fact, this can be written as a composition
2 o)
M- N\ M=z
where the first map is
m—r(A(g)) Am
and the second is a choice of one of two isomorphisms so that r(A(g)) Am is mapped

to a positive integer if m points away from g(FEout).
We then define an automorphism 6, of the ring C[Tx] ®c Ri[yo] by

Gg(zm) — Zm(l _|_ Mono(g))<ngvr(m)>
for m € Tx, and
O4(a) = a
for a € Ry[lyo]. Note that 6, has inverse given by

—1/.m m —(ng,r(m
0, (=) = 2™ (1 + Mono(g))~ o ("),

hence is an automorphism. Then putting (5.6) and (5.7) together, along with the
discussion of the third case, we get

(5.8) Wi (Q2) = 0,(Wi(Q1)).

We have not derived a rigorous proof of this yet, nor indeed a rigorous state-
ment. We shall do this completely in Theorem 5.35. The main point to absorb
now is that Maslov index zero disks are responsible for changes in Wy (Q) as @
varies, and W (Q) changes in a very controlled way which can be expressed using
automorphisms of C[Tx] ®c Ri[yo] determined by the Maslov index zero disks.

We shall find a similar, but more complex, behaviour as the points Py, ..., Py
move.

We shall now explore these ideas more rigorously, beginning by describing the
group of automorphisms that arise in wall crossings.

5.4.2. Automorphisms. Our goal now is to specify a subgroup of the group
of automorphisms of C[T5] ®c Ri[yo]. These automorphisms will, in particular,
be symplectomorphisms, in the sense that they preserve the relative holomorphic
two-form 2 defined in (5.3). However, we will not consider all symplectomorphisms,
but rather a subgroup with special properties, a variant of a group first defined by
Kontsevich and Soibelman in [70]. These properties will not be explored thoroughly
until the next chapter: the discussion here can be viewed as a warm-up.

In this subsection, we have M 22 Z?, and ¥ an arbitrary complete fan in Mg
defining a non-singular toric surface. We have the standard exact sequence

0— Ky, — Ts—>M — 0.

To begin, we define the module of log derivations of C[Tx] ®c Ri]yo] to be the
module

O(C[Tx] ®c Ri[yol) := Homz (M, C[Tx] ®c Ri[yol) = (C[Tx] @c Rilyo]) @z N.
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An element f ® n is written as f0,, and acts as a derivation on C[T%] ®c Rk[yo]
over C[Kx] ®c Ri[yo] via

fon(z™) = f(n,r(m))z".
Given ¢ € mp, O(C[Tx] ®c Rilyol), where mp, = (u1,...,uy) is the maximal ideal

of Ry, we define
exp(§) € Aut(C[Ts] ®c Ry [yol)

exp(¢ —a—l—zg
k+1 _

This is a finite sum given the assumption on f ;as mp -~ = 0. It is easy to check
that exp(§) is indeed a ring automorphism.

For a general log derivation, it can be hard to describe this automorphism.
Here, however, is a simple example: Take m € T% with r(m) # 0, n € N with
(n,r(m)) =0, I C{1,...,k} non-empty, and ¢ € C. Then

by

(5.9)  exp(curz™8,)(z™) = 2™ + curz™9, 2™ = 2™ (1 + cur(n,r(m'))z"™).

This is precisely the form of the automorphism ¢, appearing in §5.4.1.
There is a natural Lie bracket defined on the module of log derivations:

[2™ O, zm'an,] = zman(z’”')an, — zm'an/ (2"™)0n
= 2" ((n, (/) — (0, 1(m)) D).

This is just the ordinary Lie bracket
Now let

ong = P 2"(mg, ®r(m)h) € O(C[Tx] ®c Rilyol)-
m TE
r(rreL);ﬁO

In other words, vy ;; consists of log derivations which are mp, -linear combinations
of log derivations of the form z™d,, where r(m) # 0 and (n,r(m)) = 0.

Here is the punch-line of this discussion: vy j is closed under the Lie bracket.
Indeed, given m,n and m’,n’ satisfying the above two requirements, we note that
[Zmana 2™ 877,’] = Zmtm 8(n,r(m/))n’f(n’,r(rn))n-

Now
n,r(m"))n" — (', r(m)yn,r(m +m'))
/

(
= (n,r(m ')>< yr(m)) = (', r(m))(n, r(m’))
=0

because (n,r(m)) = (n’ r(m')) = 0 by assumption. On the other hand, in the

case that r(m +m’) = 0, then r(m) = —r(m’) and (n,r(m’)) = (n’,r(m)) = 0.
Thus in this case [z mﬁn, z™m 8n/] = 0 anyway. This demonstrates that vy j is a Lie
subalgebra of the module of log derivations.

Now set

Vs k= {exp(§) |§ € vs i}
As a consequence of the observation that vy j is closed under Lie bracket, so that
vy, is a Lie algebra, Vs is a group, with multiplication given by the Baker-
Campbell-Hausdorff formula. Note that as vy j is generated by derivations curz™0y,
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with 7(m) # 0, (n,r(m)) = 0, Vy, is generated by automorphisms of the form
exp(curz™0dy,), as described in (5.9).

It is not difficult to check that exp(cu;z™0, ) preserves Q; while this can be
done directly, it will follow shortly anyway. In fact, the original version of this group
introduced in [70] was defined as a group of Hamiltonian symplectomorphisms.

This description is as follows. We fix the relative holomorphic two-form €2, as
in (5.3). This is determined by a choice of generator of /\2 M, i.e., an identification
A’ M = Z. Given an element f € C[Tx] ®c Ri[yo], we denote by X; the corre-
sponding Hamiltonian vector field with respect to the symplectic form €. In other
words, this is the vector field X such that «(X ;)2 = df. Here, we are considering
the relative differential with respect to the map . So df is an element of the dual
to the module of log derivations, i.e., an element of (C[Tx] ®¢ Rifyo]) ®z M. We
write f @ m as fdlogm, and d(2") = z™ dlogr(m).

To describe X,m, we introduce an identification of N with M induced by the
chosen identification /\2 M 2= 7 given by €. An element m € M induces an element
X, € N given by the composition

X, : M —>/\2Miz

m —mAm

So if f = 2™, then X is the vector field —z™ X, (,,). Indeed, writing 0 =
dlog ey A dloges for e, es an oriented basis of M, and r(m) = aje; + azes, we see

—2"U( X)) = — zm(<Xr(m), e1) dloges — (X, (), €2) dlog 61)
= — 2™(—ag dloges — aj dlogey)
= 2" dlogr(m)
=d(z™).

Note that (X,,,m) = 0 trivially. Thus one sees that in fact vy can be de-
scribed as the set of Hamiltonian vector fields associated to functions f of the
form Y, cjur, 2™, where ¢; € C, I; C {1,...,k} is a non-empty index set, and
m; € T, with r(m;) # 0. Of course, the exponential of a Hamiltonian vector field
preserves 2, and hence Vy ;. is a group of symplectomorphisms.

For future use, we have the following standard lemma:

LEMMA 5.21. If f € mp, (C[Tg] Rc Rk[[yo]]) and 0 € Vs ks then

foXpo0™! = Xy(p).

PrROOF. We can assume 0 is a generator of Vy 1, i.e.,

0(z"") = 2™ (14 r(m) A r(m” )eusz™)
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for some m € Ty, r(m) # 0. By linearity, we can assume that f = 2™ for some
m/. Then computing, we see

(00 X;007)(=™")

— (00 (2" Xp(mn)) (2™ = curr(m) Ar(m")zm ")
—6(r(m') A r(m/)z"m

—cur[r(m') A (r(m) +r(m”))][r(m) A r(m”)]zm-i-m,—i-m”)
—r(m) Ar(m/)zm T

= eur[r(m’) Ar(m”)][r(m) A (r(m') + r(m"))]" 4
+ cur[r(m’) A (r(m) + r(m")][r(m) A r@m”))zmm +m"
—r(m’) A r(m”)zm'*m"

— cuglr(m) Ar(m)][r(m +m') Ar(m”)) 2"

On the other hand,

"

Xe(f)(zm ) = Xz’“'-‘rr(m)/\r(m’)cu;z’“'*”“’ (=)
= —r(m) Ar(m")z™ "
— cur[r(m) Ar(m))][r(m +m') A r(m"))zmHm "

O

5.4.3. Scattering diagrams. We shall now introduce a pictorial method,
which we call the method of scattering diagrams, of keeping track of calculations
in the group Vy ;. As usual, we fix M = Z?, ¥ a complete fan in Mg defining a
non-singular toric surface.

DEFINITION 5.22. Fix k > 0.
(1) A ray or line is a pair (9, f5) such that
e 0 C Mp is given by
0= m6 — Rzm‘(mo)
if 0 is a ray and
0 =my — Rr(mg)
if 0 is a line, for some my € Mg and mgy € Tx, with r(mg) # 0. The
set 0 is called the support of the line or ray. If 9 is a ray, my, is called
the dnitial point of the ray, written as Init(?).
o fo € Clz"] ®@c Ry C C[Tx] ®c Refyo].
e fo =1 mod (ug,...,ug)z"o.
(2) A scattering diagram D is a finite collection of lines and rays.

If © is a scattering diagram, we write
Supp(®) := U 0C Mg
€D
and

Sing(®@):= | Joou |J N0

0ED 01,02
dim 01MN02=0
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F1GURE 9. The path on the left is homotopic to the path on the
right in Mg \ Sing(®). The automorphism 6., 5 is the same on the
left and right because the double crossing of the same line cancels.

Here 00 = {Init(?)} if 0 is a ray, and is empty if 9 is a line.

CONSTRUCTION 5.23. Given a smooth immersion v : [0, 1] — Mg\Sing(®) with
endpoints not in Supp(®), such that v intersects elements of D transversally, we
can define a ring automorphism 6, » € Vyx 1, the y-ordered product of ®. Explicitly,
we can find numbers

0<t1 <ty <.---<tg<1

and elements 9; € © such that v(¢;) € 0; and 9; # 0, if t; = t;, i # j, and s taken
as large as possible. Then for each 4, define 0, 5, € V5, to be

ANE R
0’)’701‘(a) = a

for m € T, a € Ri[yo], where ng € N is chosen to be primitive, annihilates the
tangent space to 0;, and is finally completely determined by the sign convention
that

(no,~'(t;)) < 0.
We then define
9779 = 07103 O-+++0 07101.

Note there is still some ambiguity to the ordering if v crosses several overlapping
rays. However, an easy check shows that automorphisms associated to parallel rays
commute, so the order is irrelevant. Automorphisms associated with non-parallel
rays do not necessarily commute, hence the need for v to avoid points of Sing(®D).

We will also allow the possibility that ~ is piecewise linear so that " may not
be defined at t;. In this case, we insist that if the path v intersects 9, then v passes
from one side of 0 to the other. We then take ng so that v passes from the side of
0 where ng is larger to the side where it is smaller.

It is easy to check that 6, o only depends on the homotopy class of the path
~ inside My \ Sing(®). The key point is the simple observation that if  is a path
which crosses a ray in ® twice consecutively and in opposite directions, then the
automorphisms induced by the two crossings are inverse to each other, and hence
cancel, see Figure 9.
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EXAMPLE 5.24. Let © = {(01, f,), (02, f2,), (03, fo,)} with

= Rr(m), fo, = 14+ crwr 2™,
02 = Rr(my), fon, = 1+ cowe2™?2,
03 = —Rx>o(r(m1 + mo)), fos = 1+ crcawout|[T(my) A r(mg)|z™ T2,

where mq,ms € Ty, \ Ky, and wy,ws and wey are the indices of r(ml) r(ma)
and r(m; + mg) respectively. Suppose ci,ca € Ry, satisfy ¢ = ¢2 = 0. Then
we can calculate 0, o if v is a loop around the origin, as in Figure 10, where
Oy = 02_19391_19201, with 6; the automorphism coming from the first crossing
of 9;. Note that if we use the standard orientation on R?, then to define 6;, for
i = 1,2, we can take n; = ;_ier(m,;): this is a cotangent vector which annihilates
the tangent space to 9; and is negative on «" when v crosses 0 and 02 for the first
time. On the other hand, when v crosses 03, 03 is defined using

1

wou

ng = Xr(m1)+r(m2)-

Thus applying successively 01,92,0 , 03 and 92 , we get, keeping in mind that

2 _ .2
ci =c5=0,

2™ =2 — (X (), T(M

m-+meao m—+ma

)
—2™" — co <Xr(m2 (m)}z —C <Xr(m1)7 r(m)}z

+ c162( X (my )5 T (M) (X (), (M) + r(my))zmtmatme
2™ — (X (my), T(m)) 2" T2
+ 6162( — ( Xy (ma), (M) (X (1), 7(M) 4 7(M2))
A (X m)s T (X () 7 () 4 7(my )) ) 2
2™ — 2 X (my), T(m))z" M2
+ c162 ((Xr(my)s (M) (X (), 7(m1))
= (Xo(ma)s T(m2) (X (ma) 7 (m)>
FAXo () r(ma), T(M)) (M) Ar(ma)|)zmmtme
2™ 4 1 (<Xr(m1); (M) Xy (my)s 7(M1))
= (X (ma)s 1(m2) (X (my), (M)
X () tr(ma)s T(M)) (M) Ar(ma)|) 2T,

Note that from our choice of orientation, [r(mi) A r(m2)| = (Xym,),r(m2)) =
— (X1 (ms), (m1)), from which it follows that the coefficient of 21 +™2 above is
zero, so that 65 1930 19,0, is the identity. O

We shall now construct a scattering diagram from tropical trees, essentially
encoding all Maslov index zero disks.

DEFINITION 5.25. A tropical tree in (Xs, P1,...,P;) is a d-pointed tropical
curve h: (I',p1,...,pqa) — Mg with h(p;) = P;; 1 < iy <--- <ig <k, along with

the additional data of a choice of an unmarked unbounded edge Fqo.¢ € Pg such

that for any E € ri \ {Fout}, h(E) is a point or is a translate of some p € X1,
The degree of h, A(h), is defined without counting the edge h(Fout), which need
not be a translate of any p € X1,
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1+ cqwi 2™

114 crcoWous|r(ma) A r(ma)|zmr T2

FIGURE 10

The Maslov index of h is
MI(h) :=2(]A(h)| — d).

Given h and a point V, in the interior of Fy,¢, we can remove the unbounded
component of Eoyt \ {Vout} from T' to obtain IV, Note Vo is a univalent vertex of
IV. Take b/ : TV — Mg with b’ = h|r. Then A’ is a tropical disk with boundary
h(Vous) and Maslov index M I(h') = M1(h), since |A(Rh)] = |A(R)|.

Conversely, given a tropical disk i’ : TV — Mg, one can extend Foyu to an
unbounded edge and obtain a tropical tree h : I' — Mpg.

As in Lemma 5.6, standard tropical dimension counting arguments show that,
for general choice of P, ..., Pk, a tropical tree h moves in a family of dimension
M1I(h)/2. In particular, the set of Maslov index zero trees is a finite set, which we
denote by Trees(X, P, ..., Px). As usual, with general choice of Py, ..., P, we can
assume all these trees are trivalent.

DEFINITION 5.26. We define D (X, P1,..., P;) to be the scattering diagram
which contains one ray for each element h of Trees(X, Py, ..., P;). The ray corre-
sponding to h is of the form (9, f;), where

o 0= h(Eout)~
o fo = 1+wr(Eour) Mult(h)z2Muy,, where ur(,) = [Licr(n) ui and I(h) €
{1,...,k} is defined by
I(h) :={i|h(p;) = P; for some j}.
EXAMPLE 5.27. ©(X%, Py, P,) is illustrated in Figure 11, where 3 is the fan for
P2,

PROPOSITION 5.28. Let P, ..., Py be generally chosen. If
P e Sing(D(X, P1, ..., Px))
is a singular point with P & {Py,..., Py}, and vp is a small loop around P, then
Orp 0P, P = 1d.

PROOF. Let P be such a singular point. Suppose that 0 € D(X, Py, ..., Py)
has Init(d) = P, and let h be the corresponding tree. Then the unique vertex V' of
I' on E,y¢ satisfies h(V) = P. Note that no edge with vertex V' is contracted by h
since P & {Py,...,P.}. In addition, by the generality assumption, V is trivalent,
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1+ zoz1urue 1 4+ zour
1+ xous
1+ z1us
Py 1+ zow2urus
14+ z1u1 fe
1
1+ z1z2U1U2
14 22w 1+ z2uz

FIGURE 11. The scattering diagram D (3, Py, P).

so if we cut T" at V', we obtain two tropical disks hf} : Iy — Mg and h) : Ty — Mg
with boundary P and Vot = V in both cases. Now M1 (h) = MI(h})+ MI(h}), so
MI(RY)) = MI(h%) =0 is the only possibility. Thus i}, hf extend to tropical trees
h; : T'; — My, with corresponding rays 01,02. Note that P # Init(d), Init(d2) and
I(h1) N I(h2) = 0. So every ray 0 with P = Init(d) arises from the collision of two
rays 01, 02 with P # Init(0;).

Conversely, if we are given two such rays 01, 02 passing through P corresponding
to trees hy and hy with I(h1) N I(hy) = 0, we obtain a new tree by cutting h; and
hg at P to get Maslov index zero disks A} : I', — Mg with boundary at P. Next
glue T} and T at the outgoing vertex V, and add an additional unbounded edge
Eout with endpoint V' to get a graph I'. If Eout,1, Fout,2 are the two outgoing edges
of T} and T respectively, with primitive tangent vector to h}(Eoyut,;) pointing away
from P being m}, then we define h : T' — Mg to restrict to h; on I'; and to take
Eout to the ray P —Rso(wr(Eout,1)m) + wr(Eout,2)mb). By taking wr(Eoy) to be
the index of wr(Eout,1)m) + wr(Eout,2)mb, we find that h is balanced at V. Thus
h is a tropical tree, whose Maslov index is zero.

After making these observations, to prove the proposition, define a new scat-
tering diagram ® p, whose elements are in one-to-one correspondence with elements
of O(X, Py, ..., P;) containing P. If (0, f;) € D(X, Py,...,P) is a ray containing
P then the corresponding element of ©p will be (?/, f5), where ¥’ is the tangent
line (through the origin) of 9 if P # Init(9) and is the ray ? — P with endpoint the
origin otherwise. If 7 is a loop around the origin with the same orientation as vp,
then 01, 0, = 0., o(z,p,,...P0)-

First consider the simplest case, when ® p contains two lines and at most one
ray. If the two lines correspond to trees hy and ho, and I(hy) N I(hy) # 0, then hy
and hs cannot be glued as above since they pass through some common marked
point P;. Thus ®p contains no rays. In this case, the automorphisms associated
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to 01 and 92 commute by Example 5.24 since uyp,)urn,) = 0, and so 0, o, is the
identity.

If, on the other hand, I(h1)NI(hg) = @, then hy and hs can be glued to obtain
a new tree h, and ®p consists of three elements 01, 02 and 0, corresponding to
h1,ho and h respectively. Now

fo, = 1+ wr(Eouti) Mlﬂt(hi)ZA(hi)uI(h,;)
for i =1,2 and
fo =14 wr(Eou) Mult(h)zA(h)ul(h)
=1 + wr (Eous) Mult(hy) Mult(ha) Multy (h)z A FAR) g0 a6,
)

=1+ wr (Eout) Mult(hl) Mlﬂt( 2)Wr ( out, l)ng (Eout,Q)'

. |Tn/1 A m/2|ZA(h1)+A(h2)uI(hl)uI(h2)

=1+ wr (Eoue) Mult(hy) Mult(hs):
“[r(A(h1)) A T(A(h2))|ZA(hl)+A(h2)Uf(hl)ul(m)~

Here we are using the fact that if we sum the balancing condition over all vertices
of T}, we get

wr, (Eout,i)m;; = T(A(hv))
Thus from Example 5.24, 0., 5, is the identity.

For the general case, we have some finite set of lines in ® p, along with some
rays. Suppose that there are three lines in ® p corresponding to trees hy, ho and
hs with I(h1),I(h2) and I(hs) mutually disjoint. Then as in the case of two lines
above, these trees can be glued at P, obtaining a Maslov index zero tree with a
quadrivalent vertex. However, since P, ..., P, are in general position, no Maslov
index zero tree has a vertex with valence > 3. Thus this case does not occur. On the
other hand, given two lines corresponding to trees hy, he with I(hy) N I(hs) = 0,
these two trees can be glued as above at P to obtain a new Maslov index zero
tree. Thus the rays in ®p are in one-to-one correspondence with pairs of lines
01,02 € Dp corresponding to trees hy and hy with I(hy) N 1(h2) = (. So we can
write

m
Dp 2{01,...,0n}U U@l

j=1
where 01, ..., 0, are lines corresponding to trees h such that I(h)NI(h') # O for any
Maslov index zero tree h’ with outgoing edge passing through P, and D1,...,D,,
are scattering diagrams each consisting of two lines and one ray, with the lines
corresponding to trees hy and he with I(hq) N I(he) = 0 and the ray corresponding
to the tree obtained by gluing hy and hs at P.

Now computing 6., 9, is an exercise in commutators. Note that if 9,0, € Dp

correspond to two trees hi, ho with I(h1) N I(ha) # 0, then as already observed,
00,0, and 0, 5, commute. Thus, after using this commutation, one can write

’707331) = (H 970,01 ) H 0’70,93
Of course 0,0, 0 0"

o.0; = 1d and 0., o, = Id by the special case already carried
out. Thus 6., », = Id in this general case. (]
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REMARK 5.29. Note that the rays in © = (X%, Py, ..., P;) with endpoint P;
are in one-to-one correspondence with Maslov index two disks in

(Xs,Pi,...,Pic1,Piga, ..., Pr)

with boundary P;. Indeed, taking any such Maslov index two disk, extending
the outgoing edge to get a tropical tree, we can mark the point on this outgoing
edge which maps to P;, thus getting a tropical tree with Maslov index zero in
(X%, P1,...,P;). The corresponding ray in ® has endpoint P;. Conversely, given a
ray in ® with endpoint P;, this corresponds to a Maslov index zero tree such that
the vertex V adjacent to Eqy,¢ is the vertex of a marked edge FE, mapping to P;.
By cutting this tree at V' and removing the marked edge mapping to P;, we get a
Maslov index two disk with boundary P;.

Furthermore, by the general position of the P;, there are no rays in ® containing
P; but which don’t have P; as an endpoint.

5.4.4. Broken lines. One benefit of this scattering diagram approach is that
it is easy to describe the Maslov index two disks with boundary a general point @,
using what we call broken lines:

DEFINITION 5.30. A broken line is a continuous proper piecewise linear map
B :(—00,0] — Mg
with endpoint @ = 5(0), along with some additional data described as follows. Let
—xo=tg<t1 <---<t, =0

be the smallest set of real numbers such that £

(ti_1,t;) is linear. Then for each

1 < i < n, we are given the additional data of a monomial cizm? € C[Tx])®c Relyol
with mf € Ty \ Ky, and 0 # ¢; € Rg. Furthermore, this data should satisfy the
following properties:

(1) For each i, r(m’) = —5'( ) for t € (ti—1,ti).

(2) m1 =1, forsomepEZ and ¢; = 1.

(3) B(t;) € Supp( (3, Py,...,Pp))\ Sing(D(X, Py,...,P)) for 1 <i < n.
(4) If B(t;)) € 01N ---NOg (necessarily this intersection is one-dimensional),

]
then ¢;412"+1 is a term in
8
(0,0, -+~ 00p,0,)(ciz™).
By this, we mean the following. Suppose fo, = 1+ ¢p,;2"%, 1 < j <'s,

with 6%7‘ =0, and n € N is primitive, orthogonal to all the 0,’s, chosen so
that

Op0, 00850, )(™) = 2™ [[(1+co,zm)mrmD
j 1

ciz™ H 1+ (n,r(m ))cajz i).

Then we must have

Cit172 Ml = g™ H(n,r(mf))cgjzm%
jeJ
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F1GURE 12. The broken lines ending at Q.

for some index set J C {1,...,s}. We think of this as [ being bent at
time ¢; by the rays {0, |j € J}.

EXAMPLE 5.31. Again, in the case of P2, k = 2, Figure 12 shows the broken
lines with $(0) the given point ). The segments of each broken line are labelled
with their corresponding monomial.

PROPOSITION 5.32. If Q & Supp(D (X, Pr,..., Py)) is general, then there is a
one-to-one correspondence between broken lines with endpoint Q and Maslov index
two disks with boundary Q. In addition, if 3 is a broken line corresponding to a
disk h, and cz™ is the monomial associated to the last segment of 8 (the one whose
endpoint is t, = 0), then

cz™ = Mono(h).

PrOOF. We first prove the following claim:

Claim: Let h : T' — Mg be a Maslov index two disk in (Xs, Py, ..., Py) with
boundary Q' € Mg. Suppose furthermore that all vertices of IV except Vou¢ are
trivalent and h cannot be deformed continuously in a family of Maslov index two
disks with boundary @’. Then there is a uniquely determined subset = = Z(h) C T

which is a union of edges of ' and is homeomorphic to [~oc,0], connecting some

point in f([i] \ {Vout} to Vout, satisfying:

(1) E is disjoint from 0E,, for all 7.
(2) The restriction of h to the closure of any connected component of I \ E
is a Maslov index zero disk.

PROOF. We proceed inductively on the number of vertices of IV. If TV has only
one vertex, Voyu¢, then I has only one edge and no marked edges. We simply take
E(h) to consist of this edge.

For the induction step, let I have outgoing edge Ey,; with vertices Vg, and
V,and h(Vour) = Q'.
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First, we will show that V' cannot be a vertex of some marked edge E,,. If it
were, so that h(V') = h(p;) = P; for some j, then we can cut h at V' and remove the
marked edge E,,. This gives a disk #’ with boundary P; but with one less marked
point than h. Hence h’ is Maslov index four, and thus by Lemma 5.6, A’ can be
deformed in a one-parameter family while keeping the endpoint P; fixed. Note
that for small deformations of A/, the edge h'(E. ) does not change its tangent
direction. Thus a deformation of I’/ can be extended to a deformation of h. This
contradicts the assumption that h cannot be deformed. Thus V cannot be a vertex
of some ), .

Now split h at V, letting Ty and T, be the closures of the two connected
components of I'" \ {V'} not containing Vous. Let h; = h|p,. This gives two disks
hi, he with boundary h(V). We have MI(h) = MI(h1) + MI(hy). Suppose
M1I(hy) > 4. Then hy can be deformed leaving the endpoint h(V') fixed, and by
gluing such a deformation to hs, we obtain a deformation of h, again a contradiction.
Thus MI(hy), MI(hs) < 2, so we must have MI(hy) =0 and M1(hs) = 2 or vice
versa.

Without loss of generality, assume MI(hs) = 2. Note that hs is now a Maslov
index two disk with boundary Q" = ha(V). If he could be deformed in a family
of disks with boundary @”, then by gluing these deformations to hi, we obtain a
deformation of h, a contradiction. Thus ho satisfies the hypotheses of the Claim,
but I, has fewer vertices than I'V. So Z(hz) exists by the induction hypothesis, and
we can take Z(h) to be

E(h) = Eout U Z(h2).
Z(h) satisfies the two desired properties because Z(hg) does, Eqyt is disjoint from
OE,, for all 7, and h; is a Maslov index zero disk. d

Now fix a Maslov index two disk h : I — My with boundary Q. By the
generality of @, P, ..., Py, h satisfies the hypotheses of the Claim. Taking 5 =
h|=(ny, we see that 3 is piecewise linear. Let —oo =ty < --- < t, = 0 be chosen
as in the definition of broken line. Each t; corresponds to a vertex V; of I'V. Of
course I \ {V;} for i # n has two connected components not containing Vg, and
the proof of the claim shows that restricting h to the closure of one of these two
connected components yields a Maslov index two disk with boundary h(V;) which
we now call h;. The other component similarly yields a Maslov index zero disk.
Hence 5(t;) € Supp(D(XZ, P, ..., Py)) for 1 <i <n. We take the monomial ¢;z""
to be Mono(h;), and need to check that with this data [ is now a broken line.

We have just shown condition (3), and condition (2) is obvious. So for @
sufficiently general, we only need to verify conditions (1) and (4). We need to show
that the monomial Mono(h;41) attached to the edge joining V; and V;1; arises from
the monomial Mono(h;) attached to the edge joining V;_; and V;, as in Condition
(4). Suppose that the two subtrees in IV rooted at V; are g and h;, with MI(g) = 0.
Now

Mono(h;) = Mult(hi)zA(h'i)uI(hi),

and if 0 is the ray corresponding to the tropical tree obtained from g, then
fo =14+ wout(g) Mult(g)zA(g)uI(g).

Here wout(g) denotes the weight of the outgoing edge of g. By summing the balanc-
ing condition at each vertex of either of the two disks, we can write —wout(g)m) =
r(A(g)), and —wout(hi)mb = r(A(h;)) with m} € M primitive, with m/ tangent
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to the outgoing edge of g and m/, tangent to the outgoing edge of h;, both point-
ing towards h(V;). In particular, this shows condition (1), assuming the correct
parameterization of Z(h) has been chosen.

Now the automorphism 635, can be defined by taking ng = +X,,,, with the
choice of sign being given by the requirement that (ng, —m4) > 0, as the convention
on ng says that ng should be negative on vectors pointing in the direction we cross
0; but m), is such a vector so ng is positive on —m4. Thus (ng, —mb) = |m}j Amb|,
and

03,5(Mono(h;))
= Mult(hi)zA(h'i)uI(hi)
+ Mult(hl) MUIt(g)|m/1 A m12|wout (g)wOUt(hi)ZA(hi)—,—A(g)ul(hi)uI(g)'

Now it is the second term we are interested in, and this is

Mult(h;) Mult(g) Multy, (hi1)z> " Dugg,, ) = Mult(hign) 22" Dupg,, )
= MODO(hH_l)
as desired.

Conversely, given a broken line 3, it is easy to construct the correspond-
ing Maslov index two disk, by attaching Maslov index zero disks to the domain
(—00,0] of § at each bending point. In particular, if 5(¢;) lies in rays 01,...,05 €
D(X,Py,...,Py), and (3 is bent at time ¢; by a subset {d,]j € J} of these rays,
then for each j € J we attach the Maslov index zero disk with endpoint 3(¢;) cor-
responding to 9; to t; € (—o0,0]. (Note that by general position of the P;’s and @,

in fact we can assume that #.J = 1.) It is clear that this reverses the above process
of passing from a Maslov index two disk to a broken line. O

5.4.5. Wall-crossing for (). We will now prove a wall-crossing formula as
varies inside Mg. To do so, we will understand how broken lines with endpoint )
vary as ) varies. For this purpose, we introduce the notion of a deformation of a
broken line and a degenerate broken line:

DEFINITION 5.33. A family of broken lines consists of the data:
e A continuous map B : (—00,0] x I — Mg with I C R an interval.
e Continuous functions tg,...,t, : I — [—00,0] such that —co = #(s) <
ti(s) < -+ <tp(s)=0for sel.

e Monomials cizm?, 1<i<n.
This data satisfies the condition that Bs := B|(_s 0]x{s} is a broken line in the
usual sense for all s € I, with the data to(s) < --- < t,(s) and monomials ciz™
1< <n.

We say By is a deformation of By for s,s’ € I.

DEFINITION 5.34. A degenerate broken line is a limit of broken lines which
bends at a point of Sing(®D (X, Py,...,P;)). More precisely, a degenerate broken
line is a continuous proper map 3 : (—00,0] — Mg along with data —oo = tg <
t;1 <--- <t, =0 and monomials cizm? such that there is:

e A continuous map B : (—o00,0] x [0,1] — Mg.

e Continuous functions o, ..., &, : [0,1] — [—00,0] such that

—00 =tp(s) <t1(s) <+ <tn(s) =0
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for s € [0, 1], with strict inequality for s < 1.
This data satisfies

e By := Bl(_oo,0]x{s} (With the data ¢iz™#) is a broken line in the usual
sense for s < 1;

e 3= B; and ;(1) = ¢; for all i;

o ((t;) € Sing(D (X, Py, ..., Py)) for some i.

Note that in taking such a limit, we might have ¢;_; and f; coming together
for various 4, so the limit might have fewer linear segments.

We now have the wall-crossing theorem:

THEOREM 5.35. If Q,Q" € Mg \ Supp(D (3, P, ..., P)) are general, and v is
a path connecting Q and Q' for which 0., 5. p,,....p,) is defined, then

Wi(Q') =0y 95,p1,...0) (Wi(Q)).

PROOF. Let ©® = D(%, Py, ..., P;). Let 4 be the union of Supp(®) and the
union of images of all degenerate broken lines, with arbitrary endpoint. It is clear
that dim 4 < 1 (of course equal to 1 provided k > 1).

Note that a broken line § can always be deformed continuously. This can be
done as follows. We translate the initial ray G((—oo,t1]) of 8. Inductively, this
deforms all the remaining segments of 3. As long as one of the bending points does
not reach a singular point of ®, each bending point remains inside exactly the same
set of rays in ®, and therefore the deformed broken line can bend in exactly the
same way as . Thus we run into trouble building this deformation only when this
deformation of 3 converges to a degenerate broken line bending at a singular point
of Sing(®), as then the set of rays containing a bending point may jump.

From this it is clear that as long as the endpoint of § stays within one connected
component of Mg\, 3 can be deformed continuously. More precisely, if we consider
a path v : [0,1] — u, for u a connected component of Mg \ i, and if 8 is a broken
line with endpoint v(0), then there is a continuous deformation B with § = By and
with Bs(0) =~(s),0<s < 1.

By Proposition 5.32, the Maslov index two disks with boundary ) are in one-to-
one correspondence with the broken lines with endpoint @ for @ general. Thus, by
the above discussion, Wy (Q) is constant for general ) inside a connected component
of M]R \ s

We will now analyze carefully how broken lines change if their endpoint passes in
between different connected components of Mg \ 4. So now consider two connected
components u; and uy of Mg \ 4. Let L = uy N Uz, and assume dim L = 1. Let
@1 and @2 be general points in u; and us, near L, positioned on opposite sides
of L. Let « : [0,1] — Mg be a short general path connecting Q1 and Q2 crossing
L precisely once. Let sg be the only time at which v(sg) € L. By choosing ~
sufficiently generally, we can assume that v(sg) is a point in a neighbourhood of
which 4l is a manifold.

Let B(Q;) be the set of broken lines with endpoint @;. Let ng € N be a prim-
itive vector annihilating the tangent space to L and taking a smaller value on @
than Q2. We can decompose B(Q;) into three sets BT(Q;), B~(Q;), and B°(Q;)
as follows. For 8 € B(Q;), let mg = B.(—0/0t|4—o). Then S € BT(Q:), B~ (Q:),
or B%(Q;) depending on whether (ng, mg) > 0, (ng, mg) <0, or (ng,mg) = 0. This
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gives decompositions
Wi(@Q1) = Wi (Qu) +WR(Q1) + Wi (Q1)
Wi(Q2) = Wi (Q2) + WR(Q2) + Wi (Q2).
We will show

(5.10) (W, (Q1)) =W, (Q2),
(5.11) g(Wk*(QQ)) =W, (Q1),
(5.12) WP(Qa) =WR(Qu).

From this follows the desired identity
0y 0 (Wi(Q1)) = Wi(Q2),

as 0., o is necessarily the identity on W2 (Q1). One then uses this inductively to see
that this holds for any path ~ with endpoints in Mg \ U for which 6, o is defined.

Proof of (5.10) and (5.11). If § is a broken line with endpoint @i, then
B([tn=1,0]) N L = 0 if (ng,mg) < 0, while 8([tn,—1,0]) N L # 0 if (ng,mg) > 0.
(Here we are using (1 very close to L.) On the other hand, if 8 has endpoint @,
then B([tn—1,0]) N L =0 if (ng,mg) > 0 and B([t,—1,0]) N L # 0 if (ng,ma) < 0.

To see, say, (5.10), we proceed as follows. Let 5 € B7(Q1). By the previous
paragraph, B([tn,-1,0]) N L = 0. Let ¢nz™n be the monomial associated to the
last segment of 3, and write 9%9(%2’”2) as a sum of monomials Y ;_, d;z™ as
in Definition 5.30, (4). We can then deform ( continuously along v to time so.
Indeed, by the definition of 4, if § converged to a degenerate broken line through
Sing (D), the image of this broken line would be contained in ${, and then i, already
containing L, would not be a manifold in a neighbourhood of v(sp).

Let 3 be the deformation of 5 with endpoint y(sg). For 1 <i < s, we then get
a broken line (3 by adding a short line segment to 3’ in the direction —r(m;), with
attached monomial d;z"¢. This new broken line has endpoint in us, and hence can
be deformed to a broken line 8! € B~ (Q2). We note that the line may not actually
bend at L if d;2™ is the term ¢, z™ my, appearing in 6, (¢, 2™ n) See Figure 13.

Conversely, any broken line 3 € B~ (Q2) clearly arises in this way.

From this, (5.10) becomes clear. (5.11) is identical. O

Proof of (5.12). We will show that there are partitions B°(Q1) = [[;_, B} and
B2(Q2) = 17, B? such that for each i, the contributions to Wi (Q1) and Wj(Q2)
from B} and B? are the same.

For simplicity of exposition, we will describe this in the case that any degenerate
broken line with endpoint v(sg) passes through at most one point of Sing(®); we
leave it to the reader to deal with the general case: this is notationally, but not
conceptually, more complicated.

Let 81 € B(Q1). If B1 deforms continuously to a broken line 7 in B°(Q2),
then 81 and 3y will each appear in one-element sets in the partition, say 5, € B},
B2 € B2, and clearly both these sets contribute the same term to Wy (Q1) and
Wi(Q2)-

Now suppose 31 € B°(Q;) cannot be deformed continuously to any [, €
BY(Q2). This means that 3; must deform to a degenerate broken line at time
sp: 1.e., there is a B : (—00,0] x [0,s0] — Mg as in Definition 5.34 such that
Bl(Zo0,01x[0,50) is a continuous deformation and By, is a degenerate broken line
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4
°

70, Q2

FIGURE 13. Broken lines with endpoints Q1 and Q5.

bending at a point P of Sing(®). So there must be some j such that B(t;(so), s0) =
P € Sing(D).

There are two cases we need to analyze: either P € {Py,..., P} or P &
(P,....P).

Case 1. P = P; for some i. Because all rays with endpoint P; involve the
monomial u;, a broken line can only bend along at most one ray with endpoint
P;, and, as observed above, 3; bends along at least one such ray. So call the ray
with endpoint P; along which 1 bends i, corresponding to a Maslov index zero
tree hy : I'y — Mg. This tree passes through P;, and by cutting this tree at P;
and removing the marked edge mapping to P;, we obtain a Maslov index two disk
hy : Ty — Mg with boundary P;. Let B2 be the broken line with endpoint P;
corresponding to this Maslov index 2 disk. See Figure 14.

Next, recalling that B(Z;(s0), s0) = P, let 35 : [t;(s0),0] — Mg be the restric-
tion of B to [tj(s0),0] x {sp}: this is a piece of a broken line starting at P;. We can
then concatenate (2 with (35 by identifying 0 in the domain of 3y with ; i(s0) in the
domain of 35, obtaining what we hope will be a degenerate broken hne B4 passing
through P;.

Note that B« F;(s0)]x {s0} 18 @ broken line with endpoint F;, and hence corre-
sponds to a Maslov index two disk hy : Ty — Mg with endpoint P;. By extending
the edge E! ;. of T to an unbounded edge, we get a tropical tree hy : Ty — Mg,
and once we mark the point on ' which maps to P;, it becomes a Maslov index
zero tree and hence corresponds to a ray 02 € ® with endpoint F;.

Note that the function attached to 9; is 1 + wr, (Fous,i)u; Mono(h;). On the
other hand, the monomial attached to the last segment of B|(_o 7, (s0)]x{s0}> 1-€+5

s _
cjzmjl, is Mono(hsg), while the monomial attached to the last segment of (35 is

B
Mono(hy). Thus, in particular, the monomial ¢; 11 2™i+1 is obtained from the bend
of 81 at 01, and hence is

(5.13) wr, (Eout,1){(n1, 7(A(h2)))u; Mono(hy ) Mono(hg).
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Bl(—oo;(s)xfs0}

/
s B

[

FIGURE 14. The change in a broken line as it passes through a
singular point P € {P,..., P;}.

Here ny € N is primitive, orthogonal to 91, and positive on 7(A(hs)).

We can now deform (3, by moving the endpoint of 35 along 0y away from P;,
moving 3 along with it. However, we also need to keep track of monomials: we have
to make sure that the monomial on the first segment of 3} is the one which would
arise when (3} bends along 0. However, this latter monomial is a term obtained
by applying the automorphism associated to crossing 03 to Mono(hq), and is thus
precisely

(5.14) wr, (Eout,2)(n2, 7(A(h1)))u; Mono(h1) Mono(hs).
Again, ny € N is primitive, orthogonal to 92, and positive on r(A(hy)). In fact, for
i=1,2,
wr; (Eout,i)ni = X0 (A(hy))
with the sign chosen so that both (5.13) and (5.14) coincide with

[r(A(h1)) Ar(A(h2))u; Mono(hy ) Mono(hg).

As aresult, 5 can now be deformed away from the singular point P;, giving a broken
line (s with endpoint Q2. Note that in no way does this represent a continuous
deformation: the broken line really jumps as it passes through P;.

Note that this process is reversible. If we start with §y and try to deform it
through P; as above, we obtain ;.

To conclude, in this case, we can take one-element sets in the partition of the
form 31 € B! and B2 € B? for some i. They both give the same contribution to

Wi(Q).

Case 2. P &€ {Py,...,P;}. Let Dp be the scattering diagram constructed in
the proof of Proposition 5.28, consisting of a ray with initial point the origin for
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each ray in ©(3, Py, ..., P;) with initial point P, and a line through the origin
for each ray in ©(X, Py, ..., P;) through P with initial point not equal to P. By
Proposition 5.28,

(5.15) 0,0, =1d

for v a loop around P.

Since the behaviour of ® p is relatively simple, one can analyze this situation
by a careful case-by-case analysis: this was carried out in [42]. Here, we will give
a simpler and more general approach, due to Carl, Pumperla and Siebert in work
in progress [13].

Define a trajectory in Mg to be a pair (t,cz™) where cz™ € C[Tx] ® Ry, is a
monomial and either

(1) t=R>or(m), in which case we say (t,cz™) is an incoming trajectory, or
(2) t=—R>or(m), in which case we say (t,cz™) is an outgoing trajectory.
As usual, t is called the support of (t,cz™).

CLAIM 5.36. Given an incoming trajectory to = (R>or(mo), coz™°), there is
a set of outgoing trajectories {t;} with t; = (—Rsor(m;), c;z™) with the following
property. For each t; (including i = 0), let x; be a point in a connected component
of Mg \ Supp(®p) whose closure contains the support of t;. Let ~; be a path from
x; to xg not passing through P; by (5.15), 0; := 0., o, is independent of this choice
of path. Then

(5.16) = Z@i(cizmi).

Furthermore, the set of trajectories is unique in the sense that given a ray R>om C
Mg, the sum ), c;2™ over all i # 0 with the support of t; being R>om is uniquely
determined by tg.

PROOF. First note that (5.16) does not depend on the precise choice of z; or
xo: if t; (including the case ¢ = 0) is contained in a ray or line of @ p, then ¢;2™ is
invariant under the corresponding automorphism.

We now construct the set {t;} by induction. At the pth step, we will find a set
%, of outgoing trajectories for which (5.16) holds modulo the ideal m”, where m is
the ideal generated by uq,...,ur. For p =1, we take

T1 = {(—Rxor(mo), coz™°)},

which works since 6; = Id mod m.
Assume now that we have constructed ¥, = {t;|i € I'}. Then, by the induction
hypothesis,

coz™ — E 0;(ciz™) = E ¢; 2™ mod mpPt!
i

with ¢; € mP. Then take
Tpt1 = Tp U{(=Rxor(my), ;2™ };

(5.16) now holds modulo mP*+!,
Since mF*t1 = 0, this process terminates. It is also clear that at each step there
are no choices to be made, hence the uniqueness. O

The point of this set of outgoing trajectories is that it tells us precisely what
terms broken lines coming near P can produce as they bend near P. More precisely,
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F1GURE 15. The set 9B of local broken lines with a given initial monomial

consider a kind of local form of broken line: these will be continuous maps 3 : R —
My with image disjoint from Sing(®p) along with data

and monomials ¢;z™: as in Definition 5.30, satisfying conditions (1), (3) and (4)
of that definition. In other words, we do not restrict the initial monomial, and we
have no endpoint. Other than this, 8 is a broken line. We call this a local broken
line.

Fix a monomial cyz™° and a general point z € Mg contained in a connected
component of Mg \ Sing(®p) whose closure contains Rxor(mg). Consider the
(necessarily finite) set B of local broken lines /3 such that the monomial associated
with the first segment (to,%1) is coz™° and there is a t € (to,?1) with 5(t) = =.
(We consider two local broken lines to be the same if they differ just by a time
translation). See Figure 15. For 3; € B, let ¢;2™ be the monomial attached to the
last line segment of 3;, and let v; be a path from a point x; = §;(t) for ¢ > 0 to .
Let 97 = 9%7@},.

CLAIM 5.37. >, 0i(c;iz™) = coz™.

PRrROOF. Note that if ® p just consisted of one line, then the broken lines in B
would bend at at most one point, the intersection of x — R>¢r(mg) with the unique
element of ®p. It then follows immediately from condition (4) of Definition 5.30
that the claim is true in this case.

Using this, the general case then follows easily if we take, for the path ~;, the
segment of §; running from x; backwards to x. O

Fix an outgoing direction —R>¢m, and consider the sum ), ¢;z™ where i runs
over all indices such that —r(m;) € —R>¢m. As a consequence of the uniqueness
statement of Claim 5.36, this sum is well-defined, irrespective of the choice of the
point x.

We can now complete the proof in this case. Return to the situation at the be-
ginning of the proof of (5.12): we have 3; € B°(Q1) which deforms to a degenerate
broken line B, passing through P.
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We will take a set B} C B(Q1) to be the set of all broken lines in B°(Q;) which
deform to the same limiting map as By, (but may involve different monomials). We
define B? similarly to be the set of all broken lines in B°(Q2) which deform to the
same limiting map. These two sets give contributions to Wi (Q1) and Wi (Q2)
respectively; we will be done once we show these contributions are the same.

Recalling that we are deforming the endpoints of the broken lines in B°(Q;)
and B°(Q2) along a path v, we define for s # s the set B, of broken lines with
endpoint (s) which again deform to the limiting map Bs,, so that each broken line
in B for s < sg is a deformation of a unique broken line in B} and each broken
line in B, for s > s¢ is a deformation of a unique broken line in B7.

Let xg := Bs, (t) for ¢ smaller but close to the ¢ such that B, (f) = P. Locally
near xo, the image of By, splits Mg into two connected components, and broken
lines in B, for s < sp are locally contained in one of these connected components,
and broken lines in B, for s > sg are locally contained in the other. Fix points =z,
2’ on either side of the image of B, near g, chosen so that some element of B
for some s < sp passes through, say, z. For each broken line 8 € B!, one can find
at least one s < sg such that 3 can be deformed to a §s € B, which passes through
x. Similarly, for each broken line 8 € %%, one can find at least one s > s such
that 3 can be deformed to a 35 € B which passes through /. For each 3 € B},
we make a choice of one of these 34’s passing through x, and let B, be the set of
these choices. We define B,/ similarly, so that 28, is in one-to-one correspondence
with B} and 9B,/ is in one-to-one correspondence with 8. In particular, if cg2™?
denotes the monomial attached to the last segment of a broken line 3, we just need

to show that
Z cgz"? = Z cgz™e.
BEDB, BEB,/
To show this, it is enough to show the same statement where one replaces cgz™#
with the monomial attached to § right after § finishes bending near P. The result
now follows from Claim 5.37 and the uniqueness statement of Claim 5.36. (]

5.4.6. Varying Pi,..., Pr.. We now turn our attention to studying the de-
pendence of Wy (Q) on the points Py, ..., P;. For this discussion, we will need a
three-dimensional version of scattering diagrams.

DEFINITION 5.38. Let L C R be a closed interval. Let m; and w9 be the
projections of Mg x L onto Mg and L respectively. A scattering diagram in Mg x L
is a finite set © consisting of pairs (9, f5) such that

e 0 C Mg x L is a polyhedron of dimension two such that 72 () is one-
dimensional. Furthermore there is a one-dimensional subset b C Mg x L
and an element mgy € T, with r(mg) # 0 such that

0=>0b-— RZQ(T(WQ), 0)
o fo € Clz"] ®c Ry C C[Tx] ®@c Ri[yol.
e fo =1 mod (uy,...,ur)z™o.
We define
Sing(@) = (Joou | N0

0ED 01,0260
dim01Nos=1

This is a one-dimensional subset of Mg x L. Let Interstices(®) be the finite set
of points where Sing(®) is not a manifold. We will denote by Joints(®) the set of
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closures of the connected components of Sing(®) \ Interstices(®), calling elements
of Joints(®D) and Interstices(D) joints and interstices respectively.! We call a joint
horizontal if its image under 7o is a point; otherwise we call a joint vertical.

For a path v in (Mg x L) \ Sing(®), one can define an element

0%@ S VE,k

exactly as in the case of a scattering diagram in My. Indeed, we just need to define
the automorphism 6., 5 when ~y crosses (9, f5) at time ¢;,. Assuming ~ passes from
one side of 0 to the other, we choose ny € N primitive with (ng,r(mg)) = 0 and
no smaller on the side of ? that v passes into, as usual. We can then also define as
usual

0710 (Zm) = mea(nor(m» .

Again, it is easy to check that 6, » only depends on the homotopy type of the path
v inside (Mg x L)\ Sing(D).

A broken line in Mg x L is a map (3 : (—o0,0] — Mg x L, along with data
typ < -+ < t, and monomials cizm?, such that

(1) mg o 8 is constant, say with image P € L.

(2) m o[ is a broken line in the sense of Definition 5.30 with respect to the
scattering diagram © p in My given, after identifying Mg x {P} with Mg,
by

Dp = {(0N (Mg x {P}), f>) | (0, f>) €D such that 0 N (Mg x {P}) # 0}.
We can now describe how Wy (Q) varies as the points Py, ..., Py are varied.

THEOREM 5.39. Let W and W' be Wi (Q) for two different choices of general
points Pi,..., P, and P|,...,P}. Then

W' =0o(W)
for some § € Vs, 1.

PrOOF. We shall show this result by induction on k, noting that the base case
k =1 is obvious, as moving P; and keeping @ fixed is the same thing as moving Q
and keeping P; fixed.

It is clearly enough to show this result in the case that only P; changes, for
then we can successively use the same result for Ps, ..., P;. So consider a choice of
general points Pp,..., P, and Pj. Consider the line segment L joining P; and Pj.
For all but a finite number of points P € L, we can assume P, Ps, ..., P, will be suf-
ficiently general so that Trees(X, P, Ps, ..., Py) is finite, and all elements of this set
are trivalent. This gives rise to a family of scattering diagrams D (X, P, Ps, ..., P)
for P € L general. We can put these scattering diagrams together into a scattering
diagram ® = C;J(E, L,Ps,...,P;) in Mg x L. D is determined by the requirement
that for P € L general,

D(S, P, Py,..., Py)
= {(@N (Mg x {P}), f3) | (3, f5) € D such that 3 N (Mg x {P}) # 0}.

IThis terminology is adopted from [49].
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To keep track of the dependence of Wi (Q) on the point P € L, we write
Wi (Q; P). We wish now to show that if v is a general path in Mg x L joining
(Q, P1) to (Q, P{), then

(5.17) Wi(Q; Py) =0, 5(Wi(Q; P1)).

It is enough to show

(1) Wi(Q; P) is constant for (@, P) € Mr x L varying within a connected
component of (Mg x L)\ Supp(D).

(2) For two such connected components separated by a wall (9, f;) and points
(Q, P), (Q', P") on either side of the wall, we have

Wi(Q's P') = 0,0 (Wi(Q; P))

for v a short path joining (Q, P) with (Q’, P’).

Once we show (1), Theorem 5.35 already shows (2): as there are no walls in D
projecting to points in L, we can always choose points (Q, P), (Q’, P') on opposite
sides of a wall with P = P’, and then we are in the case already shown in Theorem
5.35. So we only need to show (1).

To show (1), we use the same technique we used for the variation of @, deform-
ing broken lines. Take (@, P) and (Q’, P’) general within a connected component
of (Mg x L)\ Supp(®) and move from (Q, P) to (Q', P') via a general path v. Con-
sider broken lines in Mg x L with endpoint v(¢). As ¢ varies, we can continuously
deform a broken line with endpoint «(¢) unless the broken line converges to one
passing through a singular point of ©. However, since such a family of broken lines
traces out a two-dimensional subset of My x L, by choosing « sufficiently general
we can be sure that none of these broken lines converge to broken lines passing
through interstices of ®, as interstices are codimension three. However, they can
pass through joints, and this requires some care.

The first observation is that we have already analyzed in the proof of Theorem
5.35 what happens if a broken line passes through a vertical joint. Indeed, we can
just as well assume that v has been chosen so that at a time ¢y when a broken line
passes through a vertical joint, m2(y(t)) remains constant for ¢ in a neighbourhood
of ty. Then we are in precisely the situation analyzed in Theorem 5.35.

So we only need to see what happens if a broken line passes through a hori-
zontal joint. Note that horizontal joints occur when two or more parallel rays in
a scattering diagram come together as the point P varies; this can typically lead
to values of P with families of Maslov index zero disks or the existence of Maslov
index —2 disks: see Figures 16 and 17.

In fact, it is enough to show that if j is a horizontal joint and ~; is a small loop
in Mg x L around the joint, then 0%,}5 = Id. Indeed, if j projects to P € L, j

is contained in some polygons d1,...,0, € D, and necessarily for P’ € L near P,
2; N (Mg x {P'}) is either a ray parallel to j or is empty. Thus, as P’ € L moves
from one side of P to the other, some parallel rays 91, ...,0, in (X, P’, Ps, ..., Py)
come together to yield the joint and then turn into parallel rays ?7,... ,O;, on
the other side of P. Let ©1,92 be the scattering diagrams in Mg given by
D(X, P, Py, ..., P) for P’ very close to P, but on opposite sides of P. Let v
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P
v QO — — — — — — — —
Py
P B
Py
rn

FI1GURE 16. As P; moves down, we suddenly get a Maslov index
—2 tree in the second picture. In addition, a family of Maslov
index zero trees appear, as shown in Figure 17.

FIGURE 17

be a path which is a short line segment crossing j, so that we can write

0,2, =by0, 00 0%%’

0,2, :9%0’1 00 9%0;,'

(Note that the ordering is immaterial as all these automorphisms commute). But
0,6 = 9;;31 0bym,, s0if 6 5 = Id, we have 6, o, = 05,0,. This means that,
by Definition 5.30, (4), broken lines will behave in the same way on either side of
P near the joint j. Note that the actual set of broken lines on either side may be
different, because we are not claiming that the set {6, ,,...,60,,,} coincides with
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{9%0/1, e 0%0;,}, but rather the total contribution from bends along the two sets
of broken lines remains the same.

To show that 0%@ = Id for each horizontal joint, we proceed as follows. For
I C{1,...,k}, define

Ideal(1) := (w;|i ¢ I) C C[Tx] ®c Rk[yo]-
We use induction, showing
Claim. For k' > 0 and #I = k’, we have

9%@ =1d mod Ideal(T)

for every horizontal joint j.

The base case with ¥/ = 0 is trivial, because all automorphisms are trivial
modulo the ideal (uq,...,ug). So assume the claim for all ¥ < k’. Fix a set I with
#I = k’. Fix an orientation on My x L, so that if any joint j is given an orientation,
this determines the orientation of a loop 7; around j. We wish to study 0%@ for j
horizontal.

Note that as 9ij 5 for j horizontal only involves a composition of automorphisms
associated to parallel rays, we can in fact write

evjyg(zm ) _ fj("ivr(m )>Zm

for some n; € N primitive and zero on the tangent space to j. Also,

f; € Cl{m € Tx|r(m) is tangent to j}] ®c Ri[yo].

Note that f; depends on the choice of sign of nj. Assume we have chosen these
consistently, in the sense that if any two joints j and j’ have the same tangent
space, then n; = nj.

We need to show f; = 1 mod Ideal(I). Fix some m € Tx. For each hor-
izontal joint j, let the term in fj mod Ideal(]) involving z™ be ¢ j2™. Thus
Cm,j = Cm.j[l;e; wi for some ¢, ; € C since, by the induction hypothesis, f; = 1
mod Ideal(I’) for any I’ C I.

Let us first observe that if ¢,,; # 0, then r(m) # 0. Indeed, note that f; is
a product of factors of the form (1 + ¢y 2™ )F with r(m/) # 0 by construction
of 0, 5. Then log f; is a sum of expressions of the form + log(1 + cmrz™). After

expanding this out using the (finite) Taylor series, we see that log fj = > e 2™
with r(m’) # 0 for every m’ appearing in this sum. On the other hand, modulo
Ideal(I), log fi = > ,,cm, ¢mjz™. Hence cpj = 0 if r(m) = 0, 50 & = 0 if
r(m) = 0.

So we will fix m € Tx with r(m) # 0, and focus on showing &, ; = 0 for all
horizontal joints j. We will also include here the case that j is a vertical joint, by
setting ¢, ; = 0 for vertical joints. Note that ¢,,; depends on the orientation of j.
A change of orientation of j changes the direction of ~;, replacing f; with fjfl. This
changes the sign of ¢, ;. As a result, we can view

j = Em,j
as a 1-chain for the one-dimensional simplicial complex Sing(®). Here the choice
of orientation on j is implicit.

Subclaim. j +— €y, ; is a 1-cycle.
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FicUrE 18. The loop depicted, going successively around xy, x2,
x3, and x4, is contractible in S\ {z1,..., 24}

PROOF. We need to check the 1-cycle condition at each interstice of D, so let

(Q, P) € Interstices(®). Consider a small two-sphere S in Mp x L with center
(Q, P). Then suppose that z1,...,zs € S are distinct points such that

{z1,..., 25} = U ins.

jeJoints(D)

Choose a base-point y € S, y ¢ Supp(@). We can choose small counterclockwise
loops 71, ...,7s in S around x1,...,xs and paths [3; joining y with the base-point
of 7; in such a way so that

BBt Byt =1

inm (S\{z1,...,2s},y); see Figure 18. Because 0., 5 only depends on the homotopy
type of v in (Mg x L)\ Sing(®), we obtain the equality

(5.18) 9@1 00, 00,00 0511 06, 065 =1d.

Here, we have dropped the D’s in the subscripts.
We now distinguish between two cases.

Case 1. The interstice (@, P) does not satisty @ € {P,Ps,...,P;}. Then
by Proposition 5.28, 6., = Id for each ~; which is a loop around a vertical joint
containing (@, P). On the other hand, modulo Ideal([), for ; around a horizontal
joint j;, by the induction hypothesis, f;, is of the form 1 + (---)][];c;ui. One
then checks 6,, necessarily commutes, modulo Ideal(]), with any element of Vy j.
This can easily be seen as in Example 5.24, using the fact that u; [[,c;u; = 0
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mod Ideal(]) for any j. Thus, in particular, 6,, commutes with 6z,. So (5.18)
becomes

H 0, =Id mod Ideal(])

where the product is over all ; around horizontal joints. Applying this identity to
a monomial z™ | we obtain

H fjin”’r(m,»zm/ = 2" mod Ideal(I),

m-l—m’

which, after expansion and reading off the coefficient of z , gives the identity

(519) Z<nji7r(m/)>ém7ji =0

for any m’ € Tx,. Now a monomial z™ can only appear in fj, if 7(m) is in fact
tangent to j;, so the only horizontal joints containing (Q, P) with ¢, ; # 0 are the
joints contained in the affine line (Q, P)+R(r(m),0). Let s be the number of joints
contained in this line and containing (@), P). Then either s = 0,1 or 2. If s = 0,
there is nothing to prove. If s = 1, with j; the only such joint, it follows from (5.19)
that ¢, j, = 0. If s = 2, let j;;,j;, be the two such joints. Then (5.19) implies that
Cm.j;, = Cm.j;,» assuming j;; and j;, are oriented in the same direction. This shows
that the 1-cycle condition holds at (Q, P).

Case 2. The interstice (Q, P) satisfies Q € {P, P, ..., P}, say Q = P;. We'll
write ¢ = 1 if Q = P. The argument is almost the same, but now there are two
vertical joints, say j; and jo with endpoint (Q, P), with ji,jo C {P;} x Lif i > 1
and j1,j2 C {(P',P")|P' € L} C Mg x L if i = 1. Without loss of generality we can
take the base-point y near x; and assume (3; is a constant path so that fg, = Id.
The argument will be the same as in Case 1 once we show that

(5.20) 9521 00,,003,00, =1d.

To do so, consider the scattering diagram (3, P/, Py, ..., P;) for P’ € L,
P’ near P but P’ # P. By Remark 5.29, the rays emanating from P; (P’ if
i =1)in D%, P, P,,...,P;) are in one-to-one correspondence with the terms
in Wi_1(P;; P') — yo, where Wi_1(P;; P') denotes Wy_1(P;) computed using the
marked points P’, ..., Pi_1, Piy1,... Py (or Py, ..., Py if i = 1). In particular, given
a term cz™ in Wy_1(P;; P') — yo, the corresponding ray carries the function 1 +
u;cw(m)z™, where w(m) is the index of r(m). Note that if v is a simple loop around
P;, then the contribution to 0, 5 (s p/p,,....p,) from such a ray is exp(+Xy,com).
Here the sign only depends on the orientation of v and the chosen identification of
/\2 M with Z. All automorphisms attached to the rays emanating from P; commute
by Example 5.24 because u? = 0, so

9%9(2,13/71327.“,13]&_) = Hexp(:l:Xuiczm) = exp(iXui(Wk71(Pi;P’)—yo))'

Here the product is over all terms cz™ appearing in Wy_1 (P;; P')—yo. Furthermore,
if P" € ma(j1) \ {P} and P” € ma(j2) \ {P}, then by (5.17) applied inductively to
k — 1 points if ¢ # 1, and by Theorem 5.35, if i = 1,

uikal(Pi; P”) = ui952 (Wk,1 (Pi; P/)).
It then follows from Lemma 5.21 that
iy —1
972 = (0,32 © 071 °© 0521) )
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the last inverse on the right since 7; and ~, are homotopic to loops in Mg x {P’}
and Mg x {P"} respectively with opposite orientations. This shows (5.20). We can
then finish as in Case 1.

This completes the proof of the subclaim. (I

To complete the proof of the claim, hence the theorem, we now note that the
cycle o given by j — €, j is in fact zero. Indeed, picking a given joint with ¢, ; # 0,
the fact that o is a cycle implies that the line containing j can be written as a union
of joints j* with orientation compatible with that on j, with ¢, j = ¢, ;. However,
there must be one joint j’ contained in this line which is unbounded in the direction
r(m). But none of the polyhedra of ® containing j’ can involve a monomial of the
form 2™, since a ray carrying a monomial z™ is unbounded only in the direction
—r(m). Thus 0 = &,, j» = Gn,j as desired. O

5.4.7. Independence of the integrals.

LEMMA 5.40. Let 0 € Vx i, (u,h) € /{/lvz,k x C* and suppose f is in the ideal
generated by uy, ..., ug in C[Ts] ®c Riyo].- Then for any cycle
E € Hy(k H(u),Re(Wy(Q)/h) < 0;C),
we have
/ cWo(@)+5) /gy / W@+ F)/hgy

PROOF. It is enough to show the lemma for 6 = exp(cz™° X, (;,,)) With mg €
T, r(mo) # 0 and ¢ = 0, as such elements generate V. ;.. Note that if Wy (Q)+f =
Do Cm2™, then

O(Wo(Q) + 1) =D em(=" + (Xogmg), r(m))e2" ")

and
O Wo(@)+F)/h e(Wo(Q)Jrf)/h(l + Z Aitee, (Xr(mo)» 7n(m)>zw"bo+rn).

Furthermore, d(2™ dlog(z"°)) = —(X, (), r(m))z™Q. Thus
(PWo(@-+1)/h _ ((Wo(Q+5)/h)q)

— Wo(@)+1)/h (h—l Z cem <Xr(m0)7 r(m)>ZMO+m) Q

= —d(cz W0<Q>+f>/ﬁ dlog(2™°)).

The result then follows from Stokes’ theorem and the fact that e(Wo(@+/% goeg
to zero rapidly on the unbounded part of =. (I

LEMMA 5.41. For Z € Ho((Xsx)n, Re(Wo(Q)/h) < 0), the integral

/ W (@)/h(

is independent of the choice of Q and Py, ..., Py.

Proor. This follows immediately from Theorems 5.35, 5.39, and Lemma 5.40.
O
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5.5. Evaluation of the period integrals

Our main goal in this section is the computation of the integrals
(5.21) / eWr(@Q)/hQ)

in the case of P2. In doing so, we will prove Theorems 5.15 and 5.18. We continue
with the notation X, 7%, ¢;, p; of Example 5.9 as well as m; = r(t;).

5.5.1. The raw integrals. As we shall see in this subsection, it is not at
all difficult to produce an actual expression for (5.21), provided one knows what
Wi (Q) is. This is only the first step, as it will take some effort to convert this explicit
expression into something which is useful for us. That will take the remainder of
the section to do.

LEMMA 5.42. Restricting to xox1x2 = 1, we have

2
ZO‘/ o(@otaia2)/hi

1=0 =
> ;—3d < p-3d 44
_ 3«
B (Z @3 30‘2 ()3 Z %
d=0 d=1 k=1
00 2 d
9 , = hsd (L1 11
G\ 2x) Tike

=:h73 Y 1% By(d) + aBi(d) + o’ By(d)),
d=0
where the last equality defines the numbers Bo(d), B1(d), B2(d).

PRrROOF. This is the expansion of the explicit expression given in Proposition
2.40. O

We can use this to compute (5.21) by writing
/ W(@)/hgy — guo/h / p(Eotar+a2) /B (Wi (Q) - Wo(Q) /gy

The factor eWs(@=Wo(@)/% can then be expanded in a Taylor series, noting that
in any term, each monomial in Wi (Q) — Wy(Q) can appear at most once, because
it has a coefficient of square zero; thus this expansion is quite easy and is finite.
Thus we only need to calculate, with zgzi2xe = €¥1,

2
§ :al/ e(onrlermz)/hxgox?lx;”Q.
=0 /=

LEMMA 5.43. With xoxi2xe = €Y7,

2 2
§ az/ e(mo+m1+w2)/hxgox;l1xng _ ﬁ73aeay1 § wi(n()a na, n2)a¢7
=0 =i =0
where
o0
Z —(8d—no—n1—n2) .d
¢i(n0;n1;n2) = Dl(d) nOvnlvnQ)ﬁ ( nomm n2)e v
d=0
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with D; given as follows. First,

L ifd >
Do(d, no, n1,ms) = @ roN @ m@=a)! if ,Ino,m,nz
0 otherwise.

Second, if d > ng,n1,nsa, then
d—n d—n d—n

D DY DY
(d — no)'(d — nl)'(d — n2)|

D1 (d, ng,n1,n2) =

while if ng,n1 < d < no, then

(—1)m2=4"(ny —d —1)!
(d —no)!(d —nq)!

Dl(da nOvnlvnQ) -

with similar expressions if instead d < ny or d < ny. If d is smaller than two of
no, N1, N2, then

Dl(da nOvnlvnQ) =0.
Third, if d > ng,ny,no, then
2
2 d—n 2 d—n
(Zz_o Dokt %) + 0 Dt &
2(d — no)!(d — n1)!(d — na)!

DQ(da nOvnlvnQ) =

while if ng,n1 < d < ng,

ng, N1, M (=) (g —d —1)! d_nol 1 1
Dy (d,ng,n1,m2) = (d—no)l(d—n)! (Z: +Z k+ ),

with similar expressions if instead d < ng or d < nyi. If ng < d < ni,ns, then

(—1)™*m2 () —d — 1)l(ng — d — 1)!
(d—no)! ’

DQ(d7 nOvnlvnQ) =

with similar expressions if instead nqy < d < ng,nz or ne < d < ng,n1. Finally, if
d < ng,ni,ne, then

Dg(d, no,nl,ng) =0.

ProOF. Consider the integral

Iz‘(a070«170«2):/ etorotaTItazra)

=

with ag,a1,as € C* and xgx1xe = 1. Then
ano+n1+n2

L aprotairitazxz,.n0 N1 .12
aagoaanl aa,gQ Iz - /_ € Ty Ty Ty Q.
1 =

Evaluate this at ag = a1 = as = eyl/g/h and make the change of variables z; —
z;e~¥/3 in the integral. Note that as Q = 9214922 gych g change of variables does

1T )
not affect Q. Then with xgzi122 = €¥* we obtain

ono +ni+nz

. _ (zot+z1+x2)/h ,—(no+ni+n2)yi/3 .10 N1 N2
day’dait dal? h _/ ‘ ‘ To' oy 4t
1

a;=e¥1/3 /R =9
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On the other hand, I; can be calculated by making the substitution
Ty (alag/ao)l/garo
z1 o~ (agaz/ai) Pz
vy (agar/a3)" P

in I; which gives

Iz'(ao,a1,a2):/ elaoaraz)'’(@otwr+aa) ()

i

(1

Thus we can compute Z?:o a'I;(ag, a1, az) by substituting in /i = (aoalag)_1/3 in

the formula of Lemma 5.42. To differentiate the resulting expression, note that

under this substitution, A~ (3**3%) becomes (apaas)*+? and
ano+n1+n2 atd
8&80(9&”18 n2 (a0a1a2) wimev1 /31
_ h7(3a+3d7n07n1 7n2)e(a+d7(no+n1+n2)/3)y1
no ni n2
JJe+d-k+D)JJ(a+d—k+1) [J(a+d—k+1)
k=1 k=1 k=1

_ ﬁ—(3a+3d—n0—n1—n2)e(a+d—(n,0+n,1+n,g)/3)y1
: (CO(d7 no, N1, n2) + OéCl (d; no, N1, n2) + 0[202(d, no, N1, TLQ)),

where the last equality defines Cyy, C; and C5. One then sees that

E E —(8d—no—n1—n2) .d
w no,nl,ng Bk Ci_ k d n07n17n2)h (3d—no—n1—n2) ,dy1
d=0 k=0

with the B;’s defined in Lemma 5.42. Furthermore, computing the C;’s, we see

(an®
Co(d, no,n1,m2) = {édno)!(dnl)!(dnz)!

if d > ng,n1,no

otherwise.
If d > ng,n1,ns, then
Cl (d7n0; ni, n2) -

(d1)? d “ “
(d_nO)!(d_nl)!(d_nz)!< Z +k:d;1+1g+ Z E>7

k=d—no+1 k=d—no+1

Bl

while if one of ng,ni,ns is larger than d, we have

d

d d
Ci(dno,mima) = [[ ® J[ * I *

k=d—no+1 k=d—ni+1 k=d—no+1
k£0 k0 k20

Otherwise
Cl (d, no, N1, ng) = 0
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If d > ng,n1,ns then

Ca(d,no,n1,n2) =
(d))? R 1 1\
2(d—n0)!(d—n1)!(d—n2)!<(k Dot 2 gt X E)
0 0 0
(X m X m Y ow))

k=d—mno+1 k=d—mn1+1 k=d—mno+1

If ni,ng < d< no, then
Co(d,no,n1,n2) =
d d d d
(d)? 1 1 1
k — — - .
( I1 )(d—nl)!(d—ng)! doopt X it X %
k=d—no+1 k=d—no+1 k=d—ni+1 k=d—ns+1
k#£0 k0

We have similar expressions if d < ny or d < ng. If two of ng,n; and no are larger
than d, then

d d d

Cg(d, no,nl,ng) = H k H k H k.

k=d—mno+1 k=d—mni+1 k=d—no+1
k#0 k#0 k#0

Finally, if ng,n1,ne > d, then
CQ (d, no, N1, TLQ) = 0

A laborious calculation now gives the forms given in the Lemma for the coefficients
D;. O

DEFINITION 5.44. For m € Ty, m = Z?:o n;t; with n; > 0 for all 7, define

Yi(m) = i(ng,n1,n2)
Dl(d, m) = Dl(d, no,nl,ng)
and
|m| :=ng + n1 + no.

5.5.2. What we need to show. If we have an explicit expression for Wy (Q),
the results of the previous subsection allow us to write down (5.21). In general,
the result (except for the integral over Zj, as we shall see), bears no immediate
resemblance to the desired form predicted by Theorem 5.18. Some massaging is
necessary before the integral begins to look correct.

First, though, we will start on our proof of Theorems 5.15 and 5.18 by making
precise which equality needs to be shown in terms of the integrals computed in the
previous subsection.

We make the following definition for keeping track of the terms which will
appear in (5.21).

DEFINITION 5.45. Fix Pi,..., Py general. For @ general, let Sy (or Si(Q) if
the dependence on @ needs to be emphasized) be a finite set of triples (¢, v, m) with
¢ € Ry a monomial, ¥ > 0 an integer, and m € Tx, such that

(5.22) (WHQ-Wo@)/n . § g m

(c,v,m)€ESk

3



226 5. PERIOD INTEGRALS

with each term ch™"z™ of the form A" [];_, Mono(h;) for hi,...,h, distinct
Maslov index two tropical disks with boundary Q.
Let

LE=1HQ):= > o B Di(d, m).

(¢,v,m)€S}K

We can now clarify what needs to be proved. The following lemma reduces
Theorems 5.15 and 5.18 to three equalities.

LEMMA 5.46. Let @ be chosen generally, and let L be the tropical line with
vertexr (). The three equalities

(523)  Li=doa+y, D, (PureesPau, o0 Qpush ¢
v>0 IC{1,....k}

I={i1,...;iza—v—2}
11 <-<03d—p—2

(524) Li=>" > (Piyseo s Piyy 0V LY Pughm )

v>0 IC{1,....k}
[;{il,...,?347u—1}
11 <-<t3d—v—1

(5.25) LY =yslidoa+ Y. > (Prvsoos Pryyy 0" M) Purh™
v>0 IC{1,...,k}

I={i1,....,i3q0— v }
1< <i3d—y

imply Theorems 5.15 and 5.18.

PROOF. Let us be precise about what needs to be shown to prove Theorems
5.15 and 5.18. If we write, for 0 < i < 2 and y = Zle Uu;,

3d+i—2—v
K§rop _ Z Z<T3d+i727u /ll)l/T27 ‘>troph—(u+2)edy1 Yo
1 2 9 t/0,d (3d+7,—2—l/)"

d>1v>0
then
T = eIy K),
trop _ _yo/hx—1 trop trop
JP = e (T (L + K P) + K°°P),

I h_2 2 I T I
Jirop _ eyo/ﬁ(—;’l (1+ KIOP) + 7 Ly KP4 By + K5P).

We wish to compare these expressions with the expressions obtained via period
integrals over Zy, =1 and Z5. Consider the ¢;’s defined in (5.5). Expanding the
integral in (5.5) by using Lemma 5.43 and e®¥! = 1 + yja + y7a?/2, the left-hand
side of (5.5) is
2
Z cevo/ = Batv) oy Z Yi(m)a’

(¢,v,m)€S} =0

5
_3a 1 —v Y i
= p3agyo/h E ch E —!wi,k(m)a .

(c,v,m)ESy 1=0 k=0
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Comparing this with the right-hand side of (5.5), we get

0o = e/t Z chVapo(m),

(e,v,m)ES)
o= S e (g (m) + (),
(e,v,m)E Sk
2
0y = e¥o/h Z ch*(””)(%d}o(m)+y1¢1(m)+¢2(m))~
(c,v,m)ES)

Thus to show ¢; = J;*°P, we need to show the following three equalities:

(5.26) Y. yo(m) = 14+ Kg"P,
(¢,v,m)ESy

(5.27) Y. i Vi(m) = BKYP,
(c,v,m)ESy

(5.28) > ehVa(m) = B2 (h ys + K5P).
(c,v,m)ESy

Then, using the expansion for v¢; in Lemma 5.43, (5.26), (5.27) and (5.28) are
equivalent, if we compare the coefficients of e®! on both sides, to:

3d—v—2
9 d — 5 3d—v=2 v ytrop Y2 = (v+2)
(5.29) 0 07d+u§>:0< 2 Y 2>0,d (3d— v —2)! )
d 3d_ 1 t yy ! (v41)
. L¢ = T3d—v— vptrtop 72 p— v+
(5 30) 1 ”;0< 2 ad} 1>0,d (3d—l/— 1)[ ’
3d—v
(5.31) L8 = yohido.q + S (T34 " To) P -2 pv.
e 04 (3d —v)!

Now suppose we have shown (5.23), (5.24) and (5.25). The left-hand sides of these
equations come from the period integrals, and hence are independent of the loca-
tions of @ and P4, ..., Py by Lemma 5.41. So the right-hand side is also independent
of the locations of @ and P,..., P,. So in particular, once we show (5.23), (5.24)
and (5.25), we find that the invariants <T23d+i727”,w”Tg_i>Br’3p are well-defined,
showing Theorem 5.15, and also showing (5.29), (5.30) and (5.31), as

Yooy
n! I
IC{1,....k}
#I=n

Also, this shows ¢; = Ji™P. In particular, ¢;; = y; for 0 < i < 2. This gives

K3

Theorem 5.18. O

We will now refine the expressions L¢ which we need to compute, splitting it
up into a number of terms which will yield contributions of different flavours.

DEFINITION 5.47. For each cone o € ¥, o is the image under r of a proper face
& of the cone K C T, ® R generated by to,t1, 12 (i.e., the first octant). For d > 0,



228 5. PERIOD INTEGRALS

denote by K4 C K the cube

2
Kdz{thl|0§m§d}
i=0
and for o € X, define
Gq:=(0+Kqg)\ U (T+ Ka).

TCo
TEYD

Here + denotes Minkowski sum.

ExaMPLE 5.48. We have the following examples of 64. Let m = Zl nit; € K.

e If o = {0}, then m € &4 if and only if d > max{ng,n1,n2}.
o If 0 = pg, then m € &4 if and only if ny,ne < d < nyg.
o If 0 = p1 + p2, then m € &4 if and only if ng < d < nqy,ns.

DEFINITION 5.49. For o € X, define
Li, =L Q)= >  chGHmmip,(d,m).

(c,v,m)eSy
megy

‘We then have the obvious
LEMMA 5.50. L¢ =Y« L¢

ocex Mio
5.5.3. The asymptotic behaviour of L;{W(Q). The main trick for under-
standing the terms L¢ (Q) for w # {0} (the case of {0} will be elementary) will be
to understand the asymptotic behaviour of L?,w (@) as @ heads off to infinity along
a ray inside w. In fact, the following lemma will show that this term is eventually

zero. We will then be able to compute sz (Q) for arbitrary @ by understanding
how it changes as () heads out along various rays.

LEMMA 5.51. Letw € 3, and let v € w be non-zero (hence ruling out w = {0}).
Then

(5.32) lim L¢ (Q + sv) = 0.
§—00 ’

PROOF. We first note that with w # {0},
(5.33) if m € Wq, then r(m) € Jo2. Int(o).
gEX

Next, for sufficiently large s, @+ sv lies in an unbounded connected component
C of Mg\ Supp(®), where ® =D(X, P1,..., P). By taking s sufficiently large, we
can assume C is the last component entered as s — oco. To show (5.32), it will be
enough to show that if Q + sv € C, there exists a convex cone K’ C Mg with

K'n ) Int(o) =0
oow
oex

such that Wi (Q + sv) — Wy (Q + sv) only contains monomials z™ with r(m) € K.
It then follows that all monomials 2™ in

exp((Wi(Q + sv) — Wo(Q + sv))/h)
satisfy r(m) € K’, and hence by (5.33), m & @4. This implies (5.32).
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So we study monomials z™ appearing in W (Q+sv)—Wy(Q+sv) and construct
a cone K’ with the desired properties. We will make use of the asymptotic cone to
the closure C of C, Asym(C), which is defined to be the Hausdorff limit lim,_.q €C.
Note that the connected components of Mg \ D(3, P;) are P; — Int(o) where o
runs over the maximal cones of 3. Since Supp(D (X, P1)) C Supp®, one sees that
Asym(C) is contained in some cone —o with o € ¥ maximal and (—o) Nw # {0}.
Note also that Asym(C) is a ray if the unbounded edges of C are parallel. Let 01,
9 denote the two unbounded edges of C.

Now for general s, a term ¢z in W (Q-+sv) corresponds to a broken line 8 with
given data —oco =ty < --- < t, =0, m? € Ty as in Definition 5.30, and m = mj.
If —r(m) € R-gv, then for s sufficiently large, with + denoting Minkowski sum,

Q + sv & Roo(—r(m)) + (9C \ (01 UD2)).

Indeed, OC \ (07 U 02) is bounded, so the asymptotic cone of the right-hand side is
R>o(—7r(m)), which does not contain v by assumption. Thus, taking a sufficiently
large s, we note that 3 cannot last enter C via OC \ (01 U 02) since the last line
segment of 3 is in the direction —r(m). So for sufficiently large s, 3 must enter C
by crossing one of 91 or 05. In what follows, we will not need to study the case
—r(m) € Rsgv as the cone K’ we construct will always contain —uv.

We can now assume that for large s, 8 enters C = C,, from another unbounded
connected component C,_1 of Mg \ Supp(®). Necessarily, the mf attached to 3
while 3 passes through C,_; satisfies —r(m? ) ¢ Asym(C,_1). Indeed, otherwise
[ could not hit an unbounded edge of C,_1. Again, for large enough s, one sees
similarly that 3 must enter C,,_; through the other unbounded edge of C,,_;, and we
can then continue this process inductively, with [ passing only through unbounded
edges via a sequence of unbounded components Cy,...,C,. When (3 bends, it then
always bends outward, as depicted in Figure 19. From this we make the following
two observations:

(C1) If the edges corresponding to 97 and 2 of Asym(C) are generated by v1, vo
respectively (possibly v1 = vg) and [ enters C by crossing 0;, then —r(m)
lies in a half-plane with boundary Ruv; containing Asym(C); otherwise, 3
cannot reach the interior of C.

(C2) For any j, 1 < j < p, —r(m) lies in the half-plane with boundary Rr(mf)
containing v; corresponding to the edge 0; that  crosses to enter C. This
follows from the behaviour described above about how [ bends.

Without loss of generality, let us assume for the ease of drawing pictures that

w = pg or p1+p2 and Asym(C) C —(po+p1). See Figure 20. Note that, as depicted
there, we must have ve € p1 + pa.

We analyze the possibilities for §: we have three cases, based on whether the
initial direction of § is —my, —ms, or —my.

Case 1. r(mf)) = mi. Then § must enter C via 02. By (C1), —r(m) lies in the

half-plane with boundary Rvy containing Asym(C), and by (C2), —r(m) lies in the

half-plane with boundary Rm; containing Asym(C). Thus
—r(m) € (~R>om1 + R>ov2).

Case 2. r(my) = ma. Then either R>ogms C Asym(C) or Asym(C) C p1 +

p2 since v € Asym(C). In the first case, § has no opportunity to bend, and so
corresponds to the monomial o, which doesn’t appear in Wy, (Q + sv) — Wy (Q + sv).
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FIGURE 19

FIGURE 20

In the second case, 8 bends at time t; as it crosses a ray 0 € ® with fo = 14+ 2™

with —r(my) € Int(py+p2). Now #(m?) = ma+r(my), so it follows that —r(mf) €

p1 + p2. (Here we use integrality of my and mo = (0,1).) Thus by (C1) and (C2),

_T(m) € (Rzoml + Rzovl).
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Case 3. r(mg ) = mgo. In this case § must enter C through the edge 9; since

Asym(C) € —(po + p1). Then one sees from (C1) and (C2) that
—r(m) € (R>o(—mo) + Rxov1).

We now see that if R>gma C Asym(C), (which always happens if v is propor-
tional to me, in particular when w = ps), then of these three cases, only cases 1
and 3 can occur, and in fact r(m), —v € pg + p1. Thus K’ = po + p1 is the desired
cone, proving the claim in this case.

If R>gmo ¢ Asym(C), then v is not proportional to ms and w = p1 + p2. In
this case, the above three cases show that —r(m) is always contained in the upper

half-plane. Thus K’ the lower half-plane is the desired cone, proving the claim in
this case. (]

5.5.4. Wall crossing for Lﬁw(Q). The next step is to explain how Lﬁw(Q)
depends on @ via a wall-crossing formula. Combining this formula with Lemma 5.51
allows us to describe L;{w (@) as a sum of contributions from various wall-crossings.

DEFINITION 5.52. Let ® = D(X, P1,...,Px). Let Cy, C2 be two connected
components of Mg \ Supp(®) with dimC; NCy = 1. Let Q; € C; be general points,
and let v be a path from @1 to Q2, passing through Supp(®) only at one time
to, with v(tp) & Sing(®). Let 0 € © be a ray with v(tg) € 9, and let ny € N be
a primitive vector which is orthogonal to 0 and satisfies (ny,~/(t0)) < 0. Writing
fo = 1+ cp2™, note that

0y 0(z™) = 2" 4 cp(na, r(m))zm e,

Now take a pair w C 7 with w,7 € ¥ and dim7 = dimw + 1. Note that there is
a unique index j € {0, 1,2} such that m; ¢ w but m; € 7; call this index j(w, 7).
Then define

Lo wmr = D (n0, M) CocDi(dym + mio + i py)h ¢ ImEmel),

(e,v,m)

where the sum is over all (¢,v, m) € Si(Q1) such that m 4+ my € g but m + my +
tiwr) € Ta. If (¢,v,m) € Si(Q1) satisfies this condition, then we say the term
ch™"z™ contributes to L

2,0,Y,w—T"
Define
d N d
Li,’y,w—m’ T Li,D,’y,w—n’v
0

where the sum is over all 0 € © with y(to) € 0.

For an arbitrary path v in Mg \ Sing(®) with v(0) = @, v(1) = @', choose
a partition of [0,1], 0 = to < t1 < --- < t, = 1, such that 7|;,_, 4] is a path of
the sort considered above, connecting endpoints in adjacent connected components.
Then define

n
d A d
Liv’)’a‘/—’—’T T Z Lia’”[tj_l.tj] ,W—T "
=1

Here then are the relevant wall-crossing formulas.
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LEMMA 5.53. Let P1,..., Py be general. Let v be a path in Mg \ Sing(®) with
v(0)=Q, v(1) =Q’'. Then fordimp=1, pe X,

(5.34) Lgp(Q/) - Lgp(Q) = LZ%{O}—’P - § : Lgmp%o
gEXN
p&o

while for dimo =2, 0 € X3,

(5.35) @) -, @@= > L, .

peEX

dim p=1
p&o
PROOF. It is enough to show this for v a short path connecting @ and @’ in two

adjacent components C; and Cy of Mg\ Supp(®) as in Definition 5.52. Suppose that
at time tg, y(to) €91 N--- N0, for rays 01,...,0, € . Of course, dimd; Nd; = 1.
We can then write, for ny = ny, for any i,

9%9 (Zm) = m Hfélnaﬂ’(m))

i=1

=2m H(l + ¢, (na, r(m)) 2™
i=1

=2"+ Z Co, (g, (m))z™ T,

Here the last equality follows from cp,co, = 0 for ¢ # j. This is the case by the
assumption that Pp,..., P, are general. Indeed, if cp,co; # 0, then the Maslov
index zero trees h; and h corresponding to 9; and d; would have I (hi) N I(hj) = 0.
However, a generic perturbatlon of the marked pomts with indices in I(h;) would
deform d; without deforming 9;, so that 9, N9; = 0.

Now

Wi(Q') = 05,2 (Wi(Q))
by Theorem 5.35. Using the expansion (5.22) and Wy(Q) = yo + Z?:o PR

exp (Wi (Q') — ( ))/ﬁ)
= exp (6,0 Wk Wo(@ ))/ﬁ)
= ty0 (exp(( — Wo(@))/h)) - exp (6,0 (Wo(Q)) — Wo(Q))/h)
( o >(1+f“ S o g )
=0, Co, (o, my)zmeeTh
: (e,m,)ESK(Q) (=1 j=0

exp ((W4(Q) — Wol(@)/4)
b (et (tnn e

(e,r,m)ESL(Q) £=1
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We interpret this as follows. For each (c,v,m) € S;(Q) and each ¢, look at the
four terms

2
Co, ™ ({ng, r(m)) 2" 00 £ H71Y " (ng,my) et
j=0

These four terms contribute the expression

2
CDgCh_(BdJrV_lm-i—mwl) (<n07 r(m»Di(d? m+ mﬁe) + <n0’ mj>Di(d7 m+my, + tj))
=0

J

to L(Q'). Ome can check that in fact this total contribution is zero, either by
direct but tedious checking from the formulas for D;, or by applying Lemma 5.40
with f=ch~ "Dz and 0§ = 0, 5.

Now if m +mp, and m +mp, +1;, 0 < j < 2, all lie in the same &g4, then these
terms produce no total contribution to LZT(Q’) for any 7 € 3, including 7 = w. On
the other hand, these four terms can contribute to different L{ (Q')’s if m + mo,
and m 4+ my, +t;, 7 = 0,1,2, don’t all lie in &4 for the same w € ¥. This can
happen only if m +my € @wg but m + mp +t; € 74 for some j with w C 7€ X
with dim 7 = dimw + 1 and m; € 7, m; ¢ w. In this case, L{ (Q') — L} (Q) has
a contribution of the form cco, (ny, m;)h~CHv=Im+me, D D, (d m + my, +t;). Thus
ng(Q’ ) — LZW(Q) must have a contribution coming from the same term, but with
opposite sign. This gives the lemma. O

We can now use the asymptotic behaviour of the expressions LZW(Q) and the
above wall-crossing formula to rewrite the needed expressions:

LEMMA 5.54. Let vy, be the straight line path joining Q with Q4+ sm; for s > 0.
Let v j+1 be the loop based at @ which passes linearly from Q to Q 4 sm;, then
takes a large circular arc to Q + smj41, and then proceeds linearly from @ + smjy1
to Q. Here we take j modulo 3, and v; 41 15 always a counterclockwise loop. Let
0jj+1 = Pj + pj+1, a two-dimensional cone in X. Then

2 2

d d d d
(5.36) Li(Q) = LL{O} (@Q) - Z Li7’)’_7‘7{0}—’/’_7‘ B Li7’v_7‘,.7‘+17P_1+1—><7j,.7‘+1'
=0 =0

PrOOF. By Lemma 5.51, LZU(Q +sm;) =0 for any 0 € ¥ with p; C 0. Thus
by (5.34) and (5.35), we have

d _ d d
Li,/)_j(Q) - _Liﬁj?{o}*ﬂj_'_ Z Lia’mﬂj*m
gEX
piGo
d _ d
Li,”j,.7‘+1(Q) - Z Lia’Yjvl’—"Tj,j-%—l'
peEXS
dim p=1
PSOj+1

Note we have broken symmetry for the second equation.
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Adding together contributions from the p;’s and o, ;,’s, we see from Lemma
5.50 that

2
d d d
LYQ) ~ Liy(@ = =D L, t0y-p,
§=0
d d
_(Li/)’oml—"fo,l - Li/)’hpl—’”o,l)
d d
_(Li7’71;P2*>01,2 B 7;7'72:P24’0'1.2)
_( d _7d )
1,%2,00 02,0 1,%0,p0—02,0/"
Again by Lemma 5.51, it follows that the contribution to L¢ 1Pty gy TOM
the large circular arc is zero. Hence
2 2
d d _ d d
LiQ) ~ Li (@) =~ Z Li; (01 —p; ~ Lins serpssa—os i
§=0 §=0
the desired result. O

5.5.5. The final steps. We have now finished massaging Lg(Q) into a us-
able form. We will find that each term in (5.36) has a geometric interpretation in
the equations (5.23)-(5.25): L?,{o} (Q) yields the contributions to the right-hand

sides of these equations coming from expressions of the form (- )fir?g} in the

‘ ‘ — d
senze of (5.4), Lmj’{o}ﬂpj

—L§.. i1 pss1—0,,., Will yield contributions coming from (---)
We first deal with the simplest term, Lf (0} The idea in this case is very simple:
the period integrals simply tell us all the ways of gluing together tropical disks with

boundary @ to obtain a tropical curve with a vertex of high valency mapping to Q.

will yield contributions coming from (- - - >z‘;€, and
trop

d,0j,j41°

LEMMA 5.55.
L{ 10,(Q)
= 50,d50,i+z Z (Piyyeos Prgy in 0 5>ff?8 w20
vi IC{1,....k}

I={i1,...,iza—24i—v}
1< <igd—2+i—v

where S = Q, L the tropical line with vertex @, or Mg in the cases i = 0,1 and 2.

PROOF. If d = 0, the only element (¢, v, m) € Sy which contributes to LZ{O} is
(1,0,0), corresponding to the constant term in eWr(Q)=Wo(Q))/h Thig contributes
1if i =0 and O otherwise, hence the term ¢ 4dg ;-

Now assume d # 0. Let (c,v,m) € S with m = E?:o nit;. Then (c,v,m)
contributes to LZ{O} only if ng, ni,ny < d. Write

m_ v ﬁMonO( =B HMult )220,

for h; : T, — Mg Maslov index two disks w1th boundary Q for 1 <i < wv. Let
I be the graph obtained by identifying the outgoing vertices Voug; of T'%,.... T,
to get a single vertex Vou and then adding (d — ng) + (d —n1) + (d — n2) + 1
additional unbounded edges with vertex Vo,;. We define h : I' — My to be h; on
each subgraph T, C T'. Furthermore, for 0 < ¢ < 2, h maps d — n; of the new



5.5. EVALUATION OF THE PERIOD INTEGRALS 235

unbounded edges to the ray (Q +R>¢m;. Finally, the last unbounded ray is labelled
with an x and is contracted by h.

I claim that A is now a balanced tropical curve. Indeed, the balancing condition
clearly holds at all vertices of I" except possibly at Vg,t. Consider the tangent vectors
to the various edges with endpoint Viyu. If mP"™(h;) is a primitive tangent vector
to the outgoing edge h(Eoyt,;) of I'; pointing away from @, then by summing the
balancing condition over all vertices of I'; not including Voyt,;, one obtains

r(A(h;)) = w(Eout,i)mprim(hi)'

There are then in addition d — n; edges with weight one attached to Vi, in the
direction m;. Now by assumption,

XV: A(hi) + Y (d—ny)t; = d(to +t1 + ta),

=0

so applying r we get

v 2
Z T(A(}h)) + Z(d — nj)mj =0.
=0

i=1

But this is precisely the balancing condition at V.
The contribution of this term chA™"z" to Lf (0} is then

fi— (Bd+v—no—ni—n2) ). (d, ng,n1,n2) HMult (hi)ur(n,)

ﬁ_(3d+l/—"°_m_m)u1(h Mult H Multy (h
verlo]
VZEy
comparing the definitions of Mult’ (k) and D;(d, ng,n1,ns). Note that the valency
Val(Vout) of the vertex Vot in his v+ 3d — (ng +n1 +mn2) + 1. Suppose that I(h) =
{i1,...,93d—2+4i—} for some /. Noting that h is obtained by gluing Val(Vy,t) — 1
Maslov index two disks, we see that
ST (AR~ #I(h)) + (d = n1) + (d = n2) + (d — n)
i=1
= 3d—(3d—2+i—V)=0 +2—1i.

Val(Vout) — 1

Then the curve h contributes precisely the correct contribution, as given by Defi-
nition 5.13, (1) (a), (2) (b), or (3) (d), to
(5.37) (Pivseeos Pryyyrr 07 ) oy b= 7279,

Conversely, given any curve h contributing to (5.37), it follows from Lemma
5.12, (3), that h is obtained by gluing together some collection of Maslov index two
disks with endpoint () in the manner described above. Now some of these Maslov
index two disks may not have any marked points: these are rays in the directions
mg, m1 and msy. There are at most d of these, so define the non-negative numbers
ng, n1 and ny so that d—n; is the number of rays appearing in the direction m;. The
remaining Maslov index two disks, hq,...,h,, all have marked points, and hence
there is a term A~" [[_; Mono(h;) appearing in exp((Wj(Q) — Wo(Q))/h). This
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term will make the same contribution to Lf_ (0} that the curve h makes to (5.37),

by the above argument. O
Next, the interpretation of —L¢ fy {01y
LEMMA 5.56.
d vg tr v i
_Lz',»yj,{o}epj = Z Z <Pi1a~~' P%sd 2+4i— ,,ad} > t;pu h~ (+2-9)
v>i—1 IC{1,....k}

I={i1,...,i3a—24i—v}
11 < <i3d—2+i—v

with S = Q,L or Mg for i = 0,1 and i = 2 respectively. Here, as usual, L is a
tropical line with vertex Q.

PRrOOF. This is vacuous for i = 0, as both sides are zero, so we assume i >
1. Without loss of generality, consider Ll o {0} —po- This quantity is a sum of
contributions from each point P € Q4+ (po \ {0}) which is the intersection of Q + pg
with aray 0 € © = D(%, Py, ..., Py). Write

Jo =1+ cp2™

Let us consider the contribution to L from a small segment v of vo which

,70,{0}—po
only crosses 0. Let « run from @i to Q2 Now 0 corresponds to a Maslov index
zero tree passing through P, and by cutting it at P, we obtain a Maslov index zero

disk h; : T} — Mg with boundary P. Then
fo=1+ wr (Eout,l) Mult(hl)zA(hl)uI(hl).

Furthermore a term cz™h™" in exp((Wy(Q1) — Wo(Q1))/h) arises from v distinct
Maslov index two disks with boundary Q1, say he, ..., h, 41 (each with at least one
marked point), and

v+1
Y =h H Mult(h;) 22w,y

In order for this term to contribute to L¢ {0} —pg VY = ZVH A(h;) must be
of the form dtg + nity + note with ny,no < d. Assume this is the case. The disks
ha,...,hy,+1 deform to disks with boundary at P, which we also call ho, ..., hy41.
Write these disks as h; : I, — Mg. Each I'}, 1 <4 < v+ 1, has a vertex Vout.;.

Using this data, we can construct an actual tropical curve as follows. Let I' be
the graph obtained by identifying all the outgoing vertices Viye,; in I'}, ..., T, 4,
to obtain a graph with a distinguished vertex Vy,¢, and then attaching

(d—n1)+(d—n2)+1

additional unbounded edges with vertex Vi,t. We then define h : I' — Mg to agree
with h; on I} C T'. In addition, h takes the first d — ny new unbounded edges to
P + R>omy; the second d — np new unbounded edges to P + Rx>gmo; and the last
unbounded edge is contracted and marked with the label x. Note I' has valency
at Vous given by Val(Vouy) = v+ 1+ (d — n1) + (d — na) + 1. Thus we obtain a
parameterized curve h : I' — Mg with h(z) = P. The balancing condition needs to
be checked at V¢, but as in the proof of Lemma 5.55, the fact that

v+1

Z A d nl)tl + (d — ng)tg = d(to +t1 + tg)
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shows that the balancing condition indeed holds at V.

5 3’81)‘he contribution of this term to —Lg’%{o}ﬂpo is

v+1
—<n0; m())uf(h)wp/l (Eout,l) < H Mult(hl)> Dl(d, d—+ 1,nq, n2)h*(l/+3d7(d+n1+n2)).
i=1

Note that ny is primitive, annihilates r(my), and must be positive on —mg. Fur-
thermore, the chosen isomorphism /\2 M = Z identifies w(E1 out)no, Up to sign,
with X,.(,,,). Thus setting m(h1) = r(ms) as in Definition 5.13, we see that

_<n07m0>wF’1 (Eout,l) = |m(h1) A m0|.

Thus (5.38) coincides with

|m(hq) /\m0|u1(h)Di(d,d—|—1,n1,n2)< H Multv(h))ﬁ—(Val(Vout)—Q)_

verlo]
VEE,

Now D;(d,d + 1,n1,n2) = Mult’ ' (h) as defined in Definition 5.13 via direct com-
parison with the definitions of the D;’s. Furthermore, if I(h) = {i1,...,i3d—2+i—0'}
for some v/, we see that, as h is obtained by gluing one Maslov index zero disk to
Val(Vout) — 2 Maslov index two disks, we have

v+1

Z(|A(hz)| _#I(hi)) +(d —n1) + (d —n2)
= 32l—(3d—2—|—i—u'):1/—|—2—i.

Val(Vout) -2

Thus, by Definition 5.13, the term under consideration contributes to — L
by exactly the same amount that the curve h contributes to

d
,70,{0} —po

(5.39) (Pivyo s Piyy e i 0 8) G Pupyh™ 270,
as desired.
Conversely, given any curve h contributing to (Pi,,..., Py, ... 9" S>Z‘;§

with h(E,) = P € Q + (po \ {0}), the procedure of Lemma 5.12, (2), shows that
h must arise in precisely the way described above. Indeed, that lemma shows that
h can be obtained by gluing together a number of Maslov index two disks and
one Maslov index zero disk with boundary P. By the condition of Definition 5.13,
(2), (a) or (3), (c), none of the unmarked Maslov index two disks can be parallel
to mg. Thus we can assume that h is obtained by gluing together Maslov index
two disks ha,...,h, 41, a Maslov index zero disk h;, d — nj rays in the direction
my and d — ng rays in the direction mg. Then A™" H;’;l Mono(h;) appears in
exp((Wi(Q1) — Wo(Q1))/h) for Q1 a point near P on @ + po, and so we see this
term makes the same contribution to — L that the curve h makes to (5.39),

_ 1,75, {0} —p;
as desired. 0O

. . . _ d
We now come to the most difficult case, interpreting Lmjﬁl’p”lﬂg““. The

first step is to localize the calculation to singular points of ® = D(X, P1,..., Py).

LEMMA 5.57. For each point P € Sing(D), let vp be a small counterclockwise
loop around P, small enough so it doesn’t go around any other point of Sing(D).
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Then

d _ d
651 P10 541 Z LYP P10 41
PeSing(D)N(Q+0;,5+1)

PROOF. If C; and Cy are closures of two connected components of Mg\ Supp ©
with dimCy N Ce = 1, and + is a short path from Int(C;) into Int(Cs) just cross-

ing Int(C; N Cq) once, then Lg’%pﬂlﬂgj e 18 independent of « and its endpoints.
Furthermore, reversing the direction of v changes the sign of L¢ Let

LYPj+1 05, 5+1 "
Z be the polyhedral decomposition of My induced by Supp(®), and let 2 be the
dual cell decomposition. This is obtained by taking a point v, to be the barycentre
of a maximal cell & of 2. Then & consists of the zero-cells {v, }, the one-cells with
endpoints v, and vy if dimoNo’ = 1, and two-cells having vertices {v, | P € o} for
P € Sing(®). We can take vp to be the counterclockwise boundary of the two-cell
in & corresponding to P. It then becomes clear that if we sum L%P?pﬁlém i
over all singular points P in () + 0; j4+1, the contribution from traversing an éage
with endpoints vy, v, of & appears twice with opposite signs provided ¢ N ¢’ is
contained in o j4+1. The only surviving contributions come from edges of a path
homotopic in Mg \ Sing(D) to 7;,j4+1, hence the result. O

LEMMA 5.58. Let P € Sing(®) N (Q + 0j,j+1), and suppose that
Pg{P,....P).

Then
d _ .
L priamopgen = 2 D Mult(hyurgh~ 270,
v>0 h
where the sum is over all curves h contributing to (P, ..., 137;30172“7”,1#”5%23”1

for various iy < -+ < i34—24i—y, such that h(E,) = P.

PROOF. Note that this is vacuous for ¢ = 0 or 1 as both sides are zero, so we
can assume ¢ = 2. To save on typing, we set

LP’J‘ = Lg

YYPHPj+1 705, 541"

Fix a base-point Q' near P. Consider a term c¢fi~?z™ in

exp((Wi(Q') — Wo(Q"))/h)
of the form
v+2
(5.40) ch™"z" =h"" H (Mult(hi)zA(h’?)ul(hi))
i=3
where the h;’s are Maslov index two disks with boundary @', but none of the h;’s
come from broken lines which bend near P. As a result, this term appears in
exp(Wr(Q") — Wo(Q))/h) for all Q" general in a small open neighbourhood of
P.
Suppose that such a term ch™ 2™ contributes to Lp; when yp crosses a ray
0 € ® with P € 9, P # Init(d). But vp crosses this ray ? twice, in opposite
directions, so ch™"z™ will contribute to Lp ; twice, but with opposite signs. Thus
these contributions cancel, and don’t contribute to the total in Lp ;.
Thus we only need analyze contributions arising when yp crosses a ray 0 with
Init(d) = P or contributions from monomials as in (5.40) where some of the h;’s
come from broken lines which do bend near P.
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Recall from the argument of Proposition 5.28 that we can assume we can de-
compose the set of rays of © passing through P as

{o1,..., 0.} U (D
j=1

where 01,...,0, do not have P as an initial point and correspond to trees h such
that I(h) NI(K') # @ for any Maslov index zero tree h’ with outgoing edge passing
through P. On the other hand, ©; has three elements consisting of two rays which
do not have P as an initial point and one ray which does, which corresponds to the
tree obtained by gluing the two trees corresponding to the other two rays. Finally,
if h corresponds to a ray in ©; and h’ corresponds to a ray in ©; for ¢ # j, then
I(h)yNI(h) #0.

As a consequence, to analyze the contributions to L, p.11—o; 541, the above
discussion shows we can assume that there are precisely three rays, 01, 02, 03 passing
through P, with Init(9;), Init(d2) # P and Init(d3) = P. Now 21,02 correspond to
Maslov index zero trees passing through P, and by cutting them, we obtain Maslov
index zero disks h; : ', — Mg, i = 1,2 with boundary P, and for i = 1, 2,

fo, =1+ wr, (Eout,i) Mult(hi)ZA(hi)U,[(hi).
We now analyze how additional terms ci™" 2™ which can contribute to Lp ;
may arise. In what follows, assume that c¢i~"z" is as in (5.40) in which none of
the broken lines corresponding to hs, ..., h,12 bend at 91, 02 or 03.

Write ,
m + A(hl) + A(hg) = Z njtj.
=0

We have the following possibilities of additional contributions:

(I) ch~¥2z™ may contribute to Lp; when yp crosses 03. This contribution
can only occur if nj12 <nj =d < njqq.

(IT) After crossing 91, new terms of the form (leaving off the coefficients)
2 AR and AR+ g — 01,2, may appear in exp((Wy, — Wo)/h).
Thus, when we cross 02, these new terms may contribute to Lp ;. Note
that zm+Aa(h1) only contributes when crossing 93 if nj12 <n; =d <nji1.
The term z™ T2+ only contributes if njte <d,nj=d—1and d <
nj+1. The term 2™ +A()++1 only contributes if njo < nj; =d < njiq.
The term z™+A()+ti+2 only contributes if njio < nj =d < nji1.

(III) After crossing 02, new terms of the form (leaving off the coefficients)
2 HA(R2) and pmtAR) Tl g — (1,2 may appear in exp((Wy, — Wo)/h).
Thus, when we cross 01, these new terms may contribute to Lp ;. Note
that z™+2(2) only contributes when crossing d; if Njto <nj=d<njq1.
The term 2™ +2(h2)+% only contributes if nji2 < d, n; =d—1 and d <
njr1. The term 222441 only contributes if njo < nj = d < njp.
The term z™+A(h2)+ti+2 only contributes if nji0 < nj =d < njp;.

There are now three cases when these additional contributions to Lp ; occur.

Case (a). njto < n; = d < njp1. In this case, (leaving off the coefficients),
2™ gives a contribution to Lp; of type (I) when vyp crosses 93, and Zmtahi)
pmH A F 1 op A Fz (if nyo e < d) may give contributions of type (IT)
or (IIT) when yp crosses 91 and 92. Now note that the total change to LZ%HI due to
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these monomials as we traverse the loop vp is the sum of the contributions of these
monomials to LZ,YR pj—c; i a0d LZ,YP’ pii1—o; .- HOwever, the total contribution
to the change of Lf’(,j‘jﬂ is necessarily zero, as yp is a loop, and because d < nj41,
none of these monomials contribute to any change of LZ’Y}% pi—ay e Hence the
total contribution of these monomials to L%P’pﬂlﬂgﬁjﬂ = Lp; is also zero.

Case (b). njye < d, nj = d—1,d < nji1. In this case only the terms
Zm AN+ = 1,2 may contribute. However, the same argument as in Case (a)
shows that the total contribution from these terms is zero.

Case (c). nj42 < nj =mnjp1 = d. In this case, contributions to Lp ; only arise
from terms of the form 2z +2(h)+t+1 Choose ny, so that at the first time 7; when
~vp passes through 9;, (ny,, vp(7)) < 0. By interchanging the labelling of 9; and 2
and choosing the base-point Q' appropriately, we can assume firstly that vp passes
initially through 0; and then 5, and secondly that (ny,,m;i1) > 0 for ¢ = 1,2.
Write fp, =14 ¢y, 20 for i =1,2.

Then the term

<n01 ) mj+1>CCU1 ﬁi(VJrl)szrA(hl)thjJrl
appears in exp (Wi (vp(t)) — Wo(vp(t)))/h) right after yp crosses 91 the first time
(and disappears when we cross 07 for the second time), and hence, when vp crosses
0 for the first time, we obtain a contribution to Lp ; of

<n02 ) mj><n01 ) mj+1>ccalcbz'

. DQ(d, m -+ A(hl) + A(hg) +t; + tj+1)ﬁ—(V+3d—\m+A(h1)+A(h2)\).

On the other hand, the term (ng,,mji1)cco,hi™ V1) zm+AM2) T appears after
vp crosses 09 for the first time (and disappears when we cross 02 for the second
time), and hence, when yp crosses 07 for the second time, we obtain a contribution
to Lp’j of

<_n31 ) mj><n32 ) mj+1>ccblcbz'

- Do(dym 4 A(Ry) + Alhg) 4 tj + tjq )i~ @ H3d-imEah)+aha)l),
Note that

(05, M) (Noy, Mj1) — (Moys M) N0y, Mjy1) = —|noy Ao,
= ) AP ()|

as Ny, , Mo, form a positively oriented basis of Ng, and m;, m;41 form a positively
oriented basis of Mp.

Now the Maslov index two disks hs, . .., h,to deform to disks with boundary P,
which we also call hs, ..., h,+2. We can then glue together the disks Ay, ..., hy1o
along with d — n; 2 copies of the Maslov index two disk with no marked points in
the direction m; ;2. These are glued at their respective outgoing vertices, yielding
a vertex Viout, and we add one additional unbounded edge E, with the label =z,
also attached to the vertex Vout. This yields a graph I', whose valency at Vi is
Val(Vout) = ¥+ 3+ d — njp2. Thus we obtain a parameterized curve h : I' = Mg
with h(z) = P. Again one easily checks the balancing condition at Vgy.
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Thus the total contribution arising in the ways analyzed from ch™ 2™ to —Lp;
is

[P (h) AmP (ha) | wry (Bout,1)wry (Eout,2)-

-Multg(h)( H Multv(h)>h(l/+3d(2d+nj+2))u1(h)

ver
VEZE,
= |m(h1)Am(h2)|Mu1tg(h)( 11 Multv(h)) e (VallVou)=8)q; .
verll
VEZE,
One sees that if I(h) = {i1,...,i34—.} for some v/, then since h is obtained by

gluing two Maslov index zero disks with Val(V;,) — 3 Maslov index two disks, we
have

v+2

> (AR = #I(hi) +d — 140

i=1

= 3d—(3d—V)="V.

Val(Vout) — 3

Thus we see that the coefficient of the contributions analyzed above from ch™"z™
to —Lp,; is precisely the contribution of i to

’

(5.41) (Pivseoos Py Me) g upgnyh™"

d,05,+1
as desired.
Conversely, given an h contributing to (5.41) with h(z) = P, one can cut it at
P, using Lemma 5.12, (1), decomposing it into tropical disks. Then we see that h
arises precisely as above, exactly as in the proofs of Lemmas 5.55 and 5.56. Thus
we see that —Lp ; is the contribution to (5.41) from maps with h(E,) = P. O

LEMMA 5.59. Let P € ;41 N Sing(®), and suppose that P = Py for some {.
Then

—LY ey = WehBa 002, + Y Y Mult(h)uryh” T,
v>0 h

where the sum is over all curves h contributing to (P, ..., 137;30172“7”,1#”5%2?”1
for various iy < -+ < i34—24i—y such that h(E,) = P.

PROOF. Again, we may assume ¢ = 2, and write

_7d
Lp;= L2,'vaﬂj+1*<7j,j+1'

Choose a basepoint Q" near Py. By Remark 5.29, there is a one-to-one correspon-
dence between rays in ® containing P, and Maslov index two disks with boundary
P, not having P, as a marked point. With Q' sufficiently near Py, these Maslov
index two disks deform to ones with boundary at @', so the Maslov index two disks
with boundary P; not having P, as a marked point are in one-to-one correspon-
dence with the Maslov index two disks with boundary @’ not having P, as a marked
point.

If we are interested in terms in exp((Wy(Q')—Wy(Q’))/k) which may contribute
to Lp, j, we only need to look at those terms in exp((W5(Q') — Wo(Q'))/k) which
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do not have uy as a factor, as any term that does will not produce any new terms
as we cross a ray through P,. So consider a term ch™"2™ of the form

(5.42) ch V2" =hY HMult Dun,),

where each of these disks h, with boundary Q' does not pass through Py, and hence
corresponds to a disk with boundary P, which we also write as h), : I‘; — Mpg.
By extending these disks to trees and marking Py, we obtain Maslov index zero
trees, corresponding to rays 0, in ® with initial point F,. In addition, we have
rays ¢, € ©, p = 0,1, 2, with initial point P, corresponding to the three Maslov
index two disks with boundary @’ with no marked points. These do not appear in
Wi (Q') — Wo(Q'), so are distinct from the 9,,’s

In what follows, we write m = Z;Zl A(hy) = Z?:o njt;, and take np, and
ne, to have their sign chosen so that they are negative on 75 when yp crosses
the corresponding ray. Note that as yp is counterclockwise, if we use the iden-
tification /\2M > 7 given by the standard orientation, i.e., my A mg — 1, then
wl—‘; (Eout,p)nbp = Ar(A(hy))- So

(543) Z'LUF’ out,p nDp = Xr(m)

On the other hand, (n 7+1,mj> = —land (n ,,m;) = 1.
We can now view this term ch™"z™ as giving rise to contributions to Lp; in
the following four ways:

(I) «vp crosses 9; for some 1 <1 < v. Then the term

f-(v—D H Mult(hp)zA(h”)ul(hp)

p=1
p#l

in exp((Wi(Q')—Wo(Q"))/h) contributes to Lp; if njio <n; =d < nji1,
in which case the contribution is

(o, , mj) < H Mult(h U[(h )>Usz; (Eout,1)D2(d, m + tj)ﬁ*(”ﬁd*‘ml*l).

Note that such a contribution requires v > 0.

(IT) ~vp crosses ¢;. If ch™"2™ contributes to Lp; when vp crosses cj, its
contribution would involve a factor of (n.,,m;) = 0, hence there is no
contribution.

(IIT) ~yp crosses ¢;+1. We get a contribution from ch™" 2™ if njyo < n; =d <
nj4+1, in which case the contribution is

nc7+1, <HMUMZ U'I(h )>u€D2(d m_|_t +tj+1)ﬁf(u+3d7|m\fl).

(IV) «vp crosses ¢j12. We get a contribution from ch ™2™ if njio < n; =d <
nj4+1, in which case we get

(N, 0rm < H Mult(h u[(h )>ueD2(d mt;+ tj+2)ﬁ—(u+3d—|m\—1).
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We now consider three cases.
Case (a). njyo < nj =d < nji1, v > 0. In this case, ignoring the common
factors

fi—(w+3d=lml=1), H Mult(hy)urn,),
p=1

the total contribution is, using (5.43) and the formula for Ds in Lemma 5.43,

)" wry (Bouwsa)no,,m;)Da(d,m + t5) — Da(d,m +t; +tj11)
=1
L Daldim At tien) njpe <d
0 Njy2 = d
(nj —d)!(njp1 —d—1)!

= r(m)A mj(—l)"jJ””“Jr1

(d—njp2)!
_(_1)nj+nj+1+2 (nj — d)!(anrl —ad)!
(d—njp2)!
nidnia 1 (g —d) i —d—1)!
O e (d_i:;ir?)! (d — njt2)

= ((njy2 = nj31) + (njp1 — d) + (d — njy2)) -
- d)!(anrl —d— ].)'
(d—njp2)!

_(_1)nj+nj+1 +1 (nj
= 0.

So there is no contribution to Lp ; from this case.

Case (b). njyo <mj =d=mnj41, v > 0. In this case we only get a contribution
from (III). In this case, we can glue together the disks hq, ..., h, along with d—mn ;4o
copies of the Maslov index two disk with no marked points in the direction m; .
These are glued at their respective outgoing vertices, yielding a vertex Vi,¢, and
we add two additional marked unbounded edges E, and E,, for some [ attached to
Vous- This yields a graph I', whose valency at Vo is Val(Vous) = v + (d — njya) +
2 = v+ 3d— |m|+ 2. Thus we obtain a parameterized curve h : I' — Mp with
h(Vout) = h(z) = h(p;) = P;. The contribution to —Lp; from (III) in this case is
then easily seen by inspection to be

(5.44) Multd(h) [ [ Multy (h) | wyh= Vo) =50,

verl]

VEE,
Suppose that I(h) = {i1,...,i34—,/} for some v/, recalling that ¢ € I(h) since
we added the marked edge FE, mapping to FP,. Since h is obtained by gluing
Val(Vout) — 2 Maslov index two disks, we have

v

> (AR = #I(hi)) +d — njs

i=1

3d—Bd—v' —1)=v+1.

Val(Vout) — 2
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Thus we see that (5.44) is precisely the contribution of A to
(Pivsoooy Pigy s Me)e? | uryh™

d,05,+1
from Definition 5.13 (3) (b). As in the other cases we have considered, conversely
any such curve h will give rise to the correct monomial chi™" 2™ by cutting the curve
at P.

Case (c). v =0. There is only one element (¢, v, m) € S, with v = 0, namely
(1,0,0) corresponding to the constant monomial 1. So ng = ny = ne = 0 and we
have no contribution unless d = 0. Again, this contribution to Lp ; only arises from
(ITI), and is

<ncj+1 , mj>ugD2 (0, t; + tj+1)ﬁ = —ush.
This gives the remaining claimed terms in —Lp ;. O

LEMMA 5.60.

d _ .
L srpisi—o g = Z ughdo,ad2,i+
{ s.t.
P[€Q+Uj‘j+1
} : } : v g\ trop —(v+2—i
+ <Pil7 R PiSd72+'i7V7w S>d,0’j‘j+1ulhj ( )
v>0 IC{1,....k}

I={i1,...;iza—24i—v }
11 <-<%3d—2+4i—v

for S=Q, L or Mg fori=0,1 and i = 2 respectively.

PRrROOF. This is just putting together the results of Lemmas 5.57, 5.58, and
5.59. 0

We finally have:

Proof of Theorems 5.15 and 5.18. By Lemma 5.46, it is enough to prove (5.23),
(5.24) and (5.25). However, these now follow from Lemmas 5.54, 5.55, 5.56, and
5.60. 0

5.6. References and further reading

The material of this section is drawn entirely from the paper [42]. The original
suggestion of using Maslov index two holomorphic disks to define the Landau-
Ginzburg potential was due to Cho and Oh in [16]; however, they only defined the
non-perturbed potential in this way. The work of Fukaya, Oh, Ohta and Ono [26]
and [23] pursued ideas analogous to the ideas presented here, using holomorphic
disks rather than tropical disks. The advantage of using holomorphic disks is that
one can apply this to all toric varieties, whereas tropical geometry has difficulty
seeing holomorphic curves on the boundary of a toric variety. On the other hand,
the cost is that one must make use of the immense work [24], [25] and it is very
difficult to make any computations. Chan and Leung in [14] introduced the idea of
using tropical geometry to study the Landau-Ginzburg potential; again, they only
worked with the unperturbed version. Finally, for a purely tropical, non-mirror-
symmetric, approach to gravitational descendent invariants for P2, see [77].



Part 3

The Gross-Siebert program






CHAPTER 6

The program and two-dimensional results

We have now seen how, at least for P2, tropical geometry gives a very satisfac-
tory explanation for the A- and B-models of mirror symmetry. In this chapter, we
will explore how similar ideas may be used to explain mirror symmetry for more
complicated varieties, especially for Calabi-Yau manifolds.

The ideas described here represent joint work with Bernd Siebert, in a program
we began in 2001 (see [47], [48], [40], [51], [49]). There are a number of expository
articles explaining aspects of this program already: see especially [41], which ex-
plores how this program grew out of a study of the Strominger-Yau-Zaslow (SYZ)
conjecture, and [3], Chapters 6 and 7, for a more thorough description of aspects
of the SYZ conjecture.

Here, we shall take the more ahistorical point of view, and describe the pro-
gram by way of analogy with the ideas already covered in this book. We begin by
explaining roughly the correspondence between the tropical manifolds introduced
in Chapter 1 and nice degenerating families of varieties with effective anti-canonical
class — this includes the Calabi-Yau case, the best known example of mirror sym-
metry. This brings us to the fundamental problem of reconstructing such a family
of varieties from a tropical manifold.

The next two sections of this chapter explain the solution to this problem given
by myself and Siebert in [49] for the simplest, two-dimensional case. A complete
argument is given, modulo results of [45]. The proof I give here is more of a hybrid
of the approach of Kontsevich and Soibelman [70], which only deals with the two-
dimensional case, and the approach of [49], which deals with all dimensions, but is
significantly harder.

6.1. The program

The main content of Chapter 4 was a correspondence theorem between tropical
curves with vertices in Mg and algebraic curves defined over the field k((¢)). We saw
there that a type of strong integrality for the tropical curves allowed us to conclude
that the algebraic curves were defined over k((t)), and not just over k((¢)).

In general, one may not wish to work with tropical curves whose vertices lie in
Mg, in which case one should work over the field

K = {Z ait”

K3

a; €k, r; € R a sequence with r; — oo} .

This field carries a valuation v : K* — R given by

v ( Z at) = min{r;}.

247
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Given a variety X C (K*)", we can then define the tropicalization of X, Trop(X),
as

Trop(X) = {(v(z1),...,v(xn)) | (x1,...,2,) € X} CR™

It turns out that Trop(X) is a type of tropical variety. We will not, however, define
precisely what we mean by this, but there is much discussion of the definition of
tropical varieties in the literature; see, for example, [96], [81]. Certainly tropical
varieties include the tropical curves already studied in this book.

One then asks the following natural question: when can a tropical variety in
R™ be realised as the tropicalization of a variety in (K*)"? In Chapter 4, we
essentially answered this question for tropical curves of genus zero in R?; in fact,
the same results are true for curves of any genus in R?, as shown by Mikhalkin
in [80]. However, in general, in R™ for n > 3, only tropical curves of genus zero
come from actual curves; in higher genus this need not be the case: see [106] for
some results in this direction. Very little is known for tropical varieties of higher
dimension.

Let us change our point of view a bit. In the previous paragraph, R™ was the
ambient space, the “tropicalization” of (K*)™, and we were interested in which
tropical subvarieties of R™ are tropicalizations of varieties in (K *)". Instead, let
us try to change the ambient space. Perhaps there are more interesting choices
which correspond to more interesting varieties. In particular, if we replace R™ with
a tropical affine manifold B in the sense of Definition 1.22, we obtain a larger set of
ambient varieties. As we saw in Chapter 1, tropical affine manifolds are precisely
the manifolds where one can still talk about tropical curves. The trouble is that
there are few interesting examples of compact tropical affine manifolds (R™/I" for
a lattice I" being one such example, corresponding to a complex torus), so we need
to allow tropical affine manifolds with singularities, or more precisely, what we call
a tropical manifold in Definition 1.27.

So let B be a tropical manifold. It now becomes natural to try to associate
to such a manifold a variety defined over the field K. It is not immediately clear
what the connection between this variety and the tropical object should be, and
we will in fact avoid this question, for to give a proper answer requires working in
the category of rigid analytic spaces (see [70]). However, we will be able to give
a sensibly motivated suggestion if we assume furthermore that B is integral. The
advantage of working with integral tropical manifolds is that we can hope that the
corresponding variety is then defined over the subfield k((¢)), as was the case in
Chapter 4.

Using the hints from Chapter 4, what we should in fact try to associate to
B is a scheme X defined over Speck[t]. The generic fibre A, will be the desired
variety over k((t)), while the fibre Xy over the closed point will be a degenerate
variety. This should be of a similar flavour to the situation in Chapter 4, when we
considered degenerations of P? or other toric surfaces. These degenerations arose
from polyhedral decompositions of R?. So, we should expect some choice involved
in Xy. By analogy, it is reasonable that we need to make use of the polyhedral
decomposition & of B, as in Definition 1.27. This is the basic context of the
Gross-Siebert program.

In the remainder of this section, we will sketch some basic ideas of the Gross-
Siebert program without giving any technical details.
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6.1.1. The fan picture, or the A-model. So, given (B, &), let’s first try
to guess the form of the central fibre X, of a degeneration X — Speck][t] we may
wish to associate to (B, £?). Again, taking guidance from Chapter 4, recall that
we considered pairs (Mg, &?). Each vertex v of & defined a fan ¥, defining a
toric variety D,, and X was a union of irreducible components Xo = J, D, with
v running over all vertices of &2. The irreducible components of Xy are glued
together in a way dictated by the combinatorics of &.

The point is that we have exactly the same structure from an integral tropical
manifold (B, Z?). For each cell 7 € &, we obtain a fan X, coming from the fan
structure on B. Corresponding to X, is a toric variety X, (we shall use X, now
instead of the D, we used in Chapter 4). In particular, for each vertex v € &, we
have a toric variety X,. Furthermore, if v, w are vertices of 7 € &, then ¥, can be
described as a quotient fan of both ¥, and ¥,,, so X, is naturally a toric stratum
of both X, and X,,. If 7 is the smallest cell of &2 containing v and w, then we glue
X, and X, along the two copies of X, C X,,, X; C X,,.

In this way, we build a variety Xo = Xo(B,<”) which is a union of toric
varieties. For example, applying this to Example 1.28, (3), with (B, &) given by
0Z3, one obtains a union of eight P?’s, glued together to form an octahedron.

In general, the situation is actually a bit more complex, as one has a choice
of identifications of X, C X, and X, C X, preserving the toric strata. This
gives some moduli of possible gluings, but there is always a canonical choice which
identifies the identity element of the big tori in the two copies of X,. We shall
always assume in this chapter that we have made this canonical choice of gluings
to avoid having to keep track of a lot of extra data.

Note that, so far, we have only made use of the fan structure on B, and made no
use of the fact that the cells of &2 themselves have the structure of lattice polytope.
On the other hand, in the situation in Chapter 4, it was very important to consider
Xy along with a log structure X(]; and a log morphism Xg — Speck', preferably
log smooth. In fact, the lattice polytope structure gives us a hint as to what the
log structure should be, by determining the ghost sheaf Mx,.

It is not difficult to see from the example of Chapter 4 what this ghost sheaf
should be. It is essentially entirely defined by its stalks at generic points of strata
of Xg. If n; is the generic point of X, C Xy, then in the case of the degeneration
in Chapter 4, built from (Mg, &), one has

(6.1) Mxy.q, = C(1)Y N (N @ 7).

In fact, in the general case of (B, £?), we can do the same thing. Given 7 € £, 7
is a lattice polytope, so we can identify it with a lattice polytope 7 C Mgr. Then
C(1)V N (N @ 2Z) still makes sense, and we require that (6.1) holds. We also require
that M, is constant on the big torus orbit of X, .

It turns out this information is enough to determine M x,, but it is much harder
to get an actual log structure. One does this by attempting to classify extensions

1—>O;<(0—>MXD—>MXO—>O

which yield log structures, along with sections p of Mx, defining a morphism to
Speck'. This classification was the main result of [48]. The chief difficulty is that in
fact such an extension does not exist globally, but only away from a codimension two
closed subset Z C X. As a consequence, [48] gives a description of log morphisms
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Xg — Speck! which are only log smooth off of a closed codimension two subset
Z C Xp.

ExXAMPLE 6.1. The existence of the bad set Z is fundamental to the theory.
Consider, for example, a variety X given by tfs+ o --23 = 0 in P3 x A!, where P3
has coordinates g, ..., x3, Al has coordinate ¢, and f4 is a general homogeneous
polynomial of degree 4 in the variables xg, ..., x3. Then the projection f: X — Al
is a degeneration of a quartic K3 surface to the union of coordinate planes in P3.
Set Xg = fﬁl(O)

Now note that X has singularities precisely at the 24 points

{t = fs = 0} N Sing(Xo).

For a general choice of f; these points are ordinary double points. Etale locally
near these double points, Xy C X looks like

V(t) C Speck[z,y, w,t]/(zxy — wt).

This inclusion was studied in Example 3.20. So if we take the log structure on X
induced by the divisorial log structure Xy C X, the log structure fails even to be
fine at the 24 points. These 24 points yield the bad set Z; clearly the induced map
Xg — Speck’ is not log smooth here.

One can see that the integral tropical manifold giving rise to such an X(J)r is
given by the construction of Example 1.28, (3), applied to the reflexive polytope

= = Conv{(-1,-1,-1),(1,0,0),(0,1,0), (0,0,1)}.
[

The final step is to realise X(J)r as the central fibre of a family X — Speck][t].
The log structure on X(J)r should be the pull-back of a divisorial log structure on X
induced by D U X, where D C X is some divisor whose restriction to each fibre is
an anti-canonical divisor (so in the Calabi-Yau case, D is empty).

This is essentially the problem solved in [49], and whose solution will be ex-
plained, in the two-dimensional case, in §6.2.

However, without having solved this problem, we can still ask about a cor-
respondence between tropical curves in B and curves in X, or more specifically,
curves in A}, where 7 is the generic point of Speck[t]. As suggested in Chapter 4,
to explore this correspondence, one should first consider a correspondence between
tropical curves in B and log curves in X(J)r. A properly defined notion of Gromov-
Witten invariants for Xg should then give the same Gromov-Witten invariants for
X5. In this way, one hopes to compute Gromov-Witten invariants of Xy via tropical
geometry.

This is currently the most undeveloped aspect of the program, though work in
progress with Siebert [46], as well as work of Parker [91], [92], [93], is developing
the theory of log Gromov-Witten invariants. We will only exhibit a very simple ex-
ample, demonstrating the role that the singularities of the affine and log structures
play.

EXAMPLE 6.2. Let us consider the surface (B, 2) discussed in Example 1.31,
(5) and Example 1.33. I claim first that this surface corresponds to a degeneration
of a cubic surface of the form X = V(tfs + x1ma23) C P2 x Al, where f3 is a
general homogeneous polynomial of degree 3. We have 7 : X — A, the projection,
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and the fibre Xy = 7=1(0). The log structure on X is the divisorial one given by
V(xo) U Xy C X, and this induces a log structure X(J)r.

To see that B does indeed correspond to X(J)r, let X{ = XO(B, ?)) be the variety
obtained from B by the construction described in this section. We first note that
2 has three vertices, and for each v € @, Y, is the fan for P2. So B gives
rise to three copies of P? glued together in precisely the way the three coordinate
planes in X, are glued together. So Xy = X/. To make sure that B also gives
the correct information about Mx,, we look at generic points of strata of Xg. For
example, at the stratum 2 = (1:0: 0 : 0) of Xo, My, = N3, as V(z9) U X, is
a divisor with normal crossings at . But the corresponding maximal cell of 2 is
the two-dimensional standard simplex o, and

C(o)Y NZ> = N3

Similarly, the point z = (0 : 1 : 0 : 0) is another stratum, which corresponds
to an infinite rectangle o in &2. Again, ﬂxw = N? as V(x) U Xg is a normal
crossings divisor at x with the irreducible components V' (x), V(z2) and V (z3) of
V(x0) U X passing through z. On the other hand, writing, say,

o = Conv{(0,0), (1,0)} + R>0(0, 1),
then C(co) is the cone generated by (0,0,1), (1,0,1) and (0,1,0). Thus
C(o)V NzZ® = N3,

Similarly, one checks that the stalks of Mx, along one- and two-dimensional strata
agree with the monoids defined using one- or zero-dimensional cells of 22, respec-
tively. This shows that the structure of the stalks of ﬂxo are indeed the stalks
specified by the data (B, 35) Note also that the total space of X has, for general
choice of f3, nine singularities at V' (f3) NSing(Ap). These nine singular points form
the bad set Z.

Next consider one of the tropical curves illustrated in Example 1.33. Based on
our experience in Chapter 4, we should look for a log curve mapping to a line in
one of the P? components of Xy, giving f : P! — X,. However, we also know from
Proposition 4.9 that there will be problems when a point of this P! is mapped into
Sing(Xp): Proposition 4.9 rules this out. However, there is one crucial difference
between the current situation and the situation in Chapter 4: namely, there is
the locus Z C Xy where the log structure Xg is not fine. The nine points of Z
correspond to the nine singular points in B. It turns out that the argument of
Proposition 4.9 breaks down precisely if every point p € P with f(p) € Sing(Xo)
satisfies f(p) € Z.

It is easy to count such curves. In each plane, there are precisely 3 x 3 = 9 lines
satisfying this property. Since there are three planes, this gives 27 possible choices.
Each of these choices deforms to give an actual line in 7=1(¢) for ¢ # 0, and this
accounts for the 27 lines on the cubic surface. Morally, these correspond to the
27 tropical curves described in Example 1.33. These tropical curves are allowed to
terminate at singular points of B, and this represents the fact that we can have log
curves f: CT — X(])L with irreducible components passing through points of Z with
no matching irreducible component on another irreducible component of Xy. [

While this description is very vague, it demonstrates the basic strategy for
A-model calculations: (B, ) gives rise to Xg , and tropical curve counting on
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(B, &) should be equivalent to computing log Gromov-Witten invariants on X(J)r,
which in turn should be equivalent to Gromov-Witten invariants on a smoothing
of X(];. Note, however, that one feature of this approach is that if the theory of
log Gromov-Witten invariants is properly set up, the comparison of log Gromov-
Witten invariants on X(]; with Gromov-Witten invariants on a smoothing should be
automatic, and we never need to know anything about the smoothing.

It is also natural to consider ample line bundles £ on Xj. In particular, when
we compute Gromov-Witten invariants, we might focus on curves of a given degree
on Xg. A choice of such a line bundle gives rise to extra data on B. Indeed, if
we restrict £ to any toric stratum X, of X, we obtain an ample line bundle on
the toric variety X, which is specified by a strictly convex integral PL function
or : |2;] — R, well-defined up to a linear function. It is then easy to check
that if 71 C 79, so that X,, C X, naturally, then ¢, differs by a linear function
from ¢, (72) as defined in Definition 1.10. (See the discussion in §3.1.2 concerning
restriction of line bundles to toric strata.)

If S, : U, — R* defines the fan structure along 7, then the collection ¢ =
{¢r 0 S;} defines a strictly convex multi-valued integral PL function on (B, Z7).
This gives a triple (B, £, ).

To summarize, the data (B, 2, ) corresponds, in the fan picture, to a pair
(Xg, L), where X(]; determines & and L determines . As mentioned previously,
there will in general be a whole moduli space of such pairs arising from choices of
gluing, but we shall ignore this here.

6.1.2. The cone picture, or the B-model. There is in fact another way to
interpret the pair (B, &), inspired by Example 3.6, the Mumford degeneration. The
Mumford degeneration coming from a lattice polytope A C Ng, with a polyhedral
decomposition & and strictly convex PL function ¢, is a degeneration of Px whose
central fibre is U, c 5 Po.

Let us generalise this, starting with the pair (B, #?). Each ¢ € & defines a
projective toric variety P,. In particular, if 01,09 € P . with 7 = o1 N oa, we
can glue together P,, and P,, along the common toric stratum P,. In this way one
builds a scheme X, = XO(B, ). Again, as in the fan picture, there is a choice
to this gluing, but we shall choose the canonical one, which identifies the identity
elements in the big tori of P,.

Each P, also carries an ample line bundle Op, (1). Again, one can glue together
these line bundles (though not necessarily for every choice of gluing of the com-
ponents of X;), to obtain an ample line bundle £ on Xj. So essentially the data
(B, Z) determines a pair (Xo, £). It does not, however, determine a log structure,
which requires the additional choice of a multi-valued strictly convex PL function
@ on B, in analogy with the Mumford dgeneration.

Given such a function, it determines the monoids MXo,r‘;T for n; the generic
point of a stratum P, for 7 € & as follows. Up to affine linear functions, ¢ is
determined in a neighbourhood of 7 by a PL function ¢, : |2;| — R, where X, is
the fan in R* determined by the fan structure along 7, with k the codimension of
7. Then

(6.2) MXmﬁT = {(m,r)|m € |Z;],7 >, (m)} N (Z" B Z).
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As in the fan picture, these stalks determine M %,» and then one follows the same
procedure for classifying extensions M —of MXD by (’);(0 yielding log structures.
So one sees the symmetry between the fan and cone pictures. In the fan picture,
2 determines M and ¢ determines £, and in the cone picture, & determines £
and ¢ determines M.

Now in the Calabi-Yau case, the B-model involves period integrals measuring
variation of complex structure. To even talk about this, we need a family X —
Speck[t] which has X(J)r as the central fibre. Thus it is not enough to obtain X(J)r,
but we need the entire family. This is the context in which we need to work:

QUESTION 6.3. Given (B, 2, ) yielding Xg, is there a family X — Speck]t]
with central fibre Xo, along with a family D C X of anti-canonical divisors inducing
a divisorial log structure DU Xo C X which restricts to the log structure Xg on the
central fibre?

The main result of [49] gives sufficient conditions on Xg for a positive solution
to this problem. Furthermore, this solution, as we shall see, has a very tropical
nature.

In §6.2, we will give most of the details of the argument for the construction of
the family X — Speck[t] in the case dim B = 2, the higher-dimensional case being
much harder.

6.1.3. Mirror symmetry and the discrete Legendre transform. To first
approximation, the previous two sections argue that to the data (B, &, @) one can
associate the log spaces Xo(B, Z)', coming from the construction in the fan picture,
and XO(B , )T, coming from the construction in the cone picture. As we saw, there
are choices of gluing and log structure, so there are really moduli spaces of such
structures, but for simplicity, we ignore this here.

The above discussion now suggests the following procedure for mirror symme-
try:

(1) Start with a degeneration 7 : X — Speck[t] which is “nice,” i.e., the
central fibre is a union of toric varieties and 7 is log smooth away from
some set Z. This set should be codimension two and not contain any
toric strata. There are a number of more technical conditions. We won’t
give the precise set of conditions here, but see [48], Definition 4.1 or [41],
Definition 7.1 for the full definition. In short, we want 7w to be what we
call a toric degeneration. Also, choose a relatively ample line bundle £ on
X.

(2) The log structure on Xy = 7~ (0) determines an integral tropical manifold
(B, &) with singularities with Xo = Xo(B, Z?) (in the fan picture), and
L determines a multi-valued integral PL strictly convex function ¢, giving
a triple (B, £, ).

(3) Now view (B, 2, ) in the cone picture, determining Xo(B, &) with a log
structure. Construct a family X — Speck[t] with central fibre Xo(B, ).
The families X', X — Speck[t] should be mirror.

Sometimes, we may wish to consider the A- and B-models on one side, say
for X — Speck[t]. As well as the triple (B, &, ¢) with X = Xo(B, Z?) and L
determining ¢, there is another triple (B, 2, @), for which Xg = Xo(B, 2).
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What is the relationship between (B, 2, ¢) and (B, 2,$)? The notation
should give this away: they are related by the discrete Legendre transform of §1.5.

Indeed, there is an inclusion reversing correspondence between &2 and 22, writ-
ten as 7 — 7, since both Z and & are in a one-to-one correspondence with strata
of Xy, i.e., X; = P;. The fan X is the normal fan to 7 precisely because X, = P;.
Furthermore, 7 is the Newton polyhedron of .. Also, ¥; supports the function ¢;
which determines the log structure on Xo(B, 2) via (6.2). Comparing (6.2) with
(6.1), we see that we need the two cones C(7) and {(m,r)|m € |X:|,r > ¢+(m)}
to be isomorphic. It is an easy exercise to check that this is the case if and only
if 7 is a translate of the Newton polyhedron of ¢:. Comparing with the construc-
tion of §1.5, one sees that (B, 2, @) is indeed the discrete Legendre transform of
(B, 2, ).

So, at one level, the discrete Legendre transform realises mirror symmetry.

EXAMPLE 6.4. Let us consider the mirror to P? from this point of view. P? x
Al — Al is a (trivial!) degeneration of P? to a single toric variety. (B, ) is
just (R% ¥p2), with Xp2 the fan for P2. Choosing an ample line bundle Op:(n) on
P2 determines (up to linear functions) an integral PL function ¢ : B — R whose
Newton polyhedron is, up to translation, Conv{(0,0), (n,0), (0,n)}. This Newton
polyhedron is B with & being the faces of B and ¢ being linear. Let us take n = 1.

Viewing (B, £, ) in the cone picture, we can simply construct the Mumford
degeneration. Here, we have

A = {(m,r)|m e R r > p(m)},

and

C(&) ={(sm,sr,s)|s>0,(m,r) € &}
={(m,r,s)|s>0,(m,r) € &},
since A is invariant under rescaling. Thus
CAN(Z?eZaZ)=(AN(Z*eZ))®N
and
Projk[(A N (Z* ® Z)) ® N] = Speck[A N (Z* & Z)).
Thus setting
P={(m,r)|meZ*r>pm)CZ?a7,
we get a natural map
Speck[P] — Speck[N] = A

induced by the natural inclusion N < P given by n + (0,0,n). Note that P = N3:
with the correct choice of ¢, we can take the generators of P to be (1,0,0), (0, 1,0)
and (—1,—1,1), and the map can be written as

Speck[zg, z1,x2] — Speck]x],
Rt T1X122.
This gives the mirror family to P? given in §2.2. This works for other toric varieties

too, but a variant of this construction to get multi-dimensional families is necessary
to get the mirror construction given in §5.1.1.
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FIGURE 1

6.2. From integral tropical manifolds to degenerations in dimension two

We will now fix for this section a triple (B, Z,¢) where

e (B,2) is an integral tropical manifold of dimension two, possibly with
boundary, and possibly non-compact.
e ¢ is a piecewise linear multi-valued strictly convex function with integral
slopes.
We need to make two further assumptions about the singularities of B, which
concern the monodromy of the local system A around each singular point. Recall
that A is the local system on By C B of integral vector fields determined by the
integral affine structure on By.

By construction, these singularities only occur on compact edges of & not
contained in the boundary of B. Let w € & be such an edge, contained in two
two-dimensional cells 0. € 2. Label the vertices of w as v, and v_. Let dy, € A,
be a primitive tangent vector to w at v, pointing towards v_. Let d, € A, . be
the unique integral cotangent vector which is primitive, annihilates d,, and takes
positive values on tangent vectors pointing into 0. We can also view d,, as selecting
which of the two vertices of w is vy and which is v_, and similarly can view d, as
specifying which cell is o4 and which cell is o_.

Now consider a loop v which is based at v, and successively passes through
o4, v—, o_, and back to vy, as in Figure 1. Then it is not difficult to see that the
monodromy of the local system A around ~, which is a linear transformation

T, : Ay, — A

V4
takes the form
T, (m) = m + ki (dy, m)d,
for some integer x,,. (See Example 1.28, (4) where this is worked out in an explicit

case.) Note that k,, is independent of choices: interchanging vy and v_ or oy and
o_ changes the sign of d,, or d,,, but also reverses the direction of ~.

DEFINITION 6.5. B is positive if k,, > 0 for all edges w € & which are compact
and not contained in dB. We say B is simple if x,, € {0,1} for all such edges w.
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Positivity is a necessity even for the existence of a log structure on Xo(B, 2); if
positivity fails, the log structure will be bad along an entire stratum of Xo(B, &),
and then there is no hope of a smoothing. Simplicity is not necessary, but will make
our arguments, well, simpler.

We shall henceforth assume (B, &) is positive and simple. Our goal now is to
construct an explicit smoothing of Xo(B, £). In particular, we shall give a proof
of the following formal statement:

THEOREM 6.6. Given (B, &) positive and simple with dim B = 2, and given a
multi-valued strictly convex integral PL function ¢ on (B, Z?) with integral slopes,
one can construct a formal flat smoothing X(B, £, p) — Spfk[t].

By formal, we mean that X(B, 2, ¢) is a formal scheme, with underlying topo-
logical space Xo(B, Z). The formal scheme Spf k[t] is the completion of the affine
line at the origin.

To get an actual flat deformation X (B, 2, @) over Speck[t], we need one more
ingredient. Provided that X (B, 2, ¢) — Spfk[t] is proper (which is the case if B
is compact) and there is a relatively ample line bundle £ on (B, 2, ¢), then the
Grothendieck existence theorem ([52], 5.4.5) tells us that X(B, &, ¢) is obtained by
the formal completion of some scheme X (B, 2, ) over Speck[t] along the central
fibre, isomorphic to Xo(B, ). The flat family X (B, 2, ) — Speck][t] is the
desired one.

As we mentioned earlier, XO(B , &) carries a natural ample line bundle, ob-
tained by gluing together the line bundles Op, (1) on the irreducible components
P, of XO(B, P), for 0 € Prax. One can in fact check that this extends to an
ample line bundle on X(B, 2, p); this is really just a technical point, but we shall
not do this here. Instead, we shall focus on the proof of Theorem 6.6, which is a
special case of the main result of [49].

6.2.1. Warmup: the Mumford degeneration. To explain the basic strat-
egy, we will first study the case of the Mumford degeneration in greater detail. We
start with B C Ny a lattice polyhedron, & a polyhedral decomposition of B into
lattice polytopes, and ¢ : B — R a convex piecewise linear function with integral
slopes. As we know from Example 3.6, this determines a polyhedron

A={(n,r)e Nn®R|n e B,r> ¢(n)}
which in turn defines a toric variety Px with a map
T Px — Al

Now the basic reason that this approach can’t work immediately for more interesting
B is that this construction is too global, and in particular requires an embedding
of B into Ng. In general, we only have local embeddings of B into Ng, away from
the singular points of B. Thus, before we can generalize this idea, we first need to
make this construction more local.

The first step is to consider infinitesimal versions of this. Letting

Oy, := Speck]t]/(t*+1),

consider
Tk :ch = Pz XAl Ok — Ok
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One reason this might be a reasonable thing to do is that we are only asking, in
general, for a degeneration over Speck[t], not over Al, and in general we don’t
expect any better (see Example 6.15). Thus we can try to build this deformation
order by order, and take a limit. This is precisely what we will do in the general
case.

The next step is to describe in detail an affine cover of Xj,. Let ¥ be the normal

fan to A, so that Px = Xg. Of course, Xy, has an affine cover indexed by cones of
Y. In particular, if 7 € & and

T:={(n,r)|ner,r=pn)}C A

is the corresponding horizontal face of A projecting to 7, denote by 7 the normal
cone Nx(7). Note that 7 determines an affine open subset of Xg, which we shall
write as U;. Then {U, |7 € &} form an open cover of Px. Indeed, while 7 does
not run over all cones in ¥ as 7 runs over cells of Z, all maximal cones of ¥ will
appear, being dual to zero-dimensional faces of A. Since the affine subsets of Xy,
corresponding to maximal cones of a fan 3 cover Xy, we see {U, |7 € &} covers
Px.
The open set U, can be described as follows, using the fact (1.3) that

(7)Y = (Nz(7)" = T:A.

(See also Remark 3.5.) We can describe T;z as follows. For o € Py, let m, € M
be the slope of ¢|,, i.e.,

me = d(p|s) € M.

Let ¢, : Ng — R be defined by
©r(n) := max{(mey,n) |7 C 0 € Pax}-
Then one easily checks that
T:A = {(n,r) € Nk ®R|r > ¢, (n)}.
Let
P.:=T:AN(N®Z)
={(n,r) ENBZ|r > p,(n)}.
Then by definition,
U, = Speck[P;].

Of course, 7 restricts to a map m : U, — Al given by the regular function
t = 2(®1 and we then make a base-change,

e UF = U, x40 O — Oy,

Describing the sets UF is now a more local problem on B. However, it is still
insufficiently local, as we shall see. To further refine this description, we note that
Uk and U? = 771(0) N U, have the same underlying topological spaces, and hence
the same irreducible components. We would like to describe UF by gluing together
the irreducible components of U¥.

Explicitly, this is done as follows. We first make the definition
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DEFINITION 6.7. Let p = (n,7) € Pr, and 7 C 0 € Pax. Then the order of p
along o is
ord,(p) =7 — (my,n).
This is precisely the order of vanishing of the monomial z? € k[P;] along the toric
divisor of U, specified by &.
Denote by 222 the set of cells of &2 contained in OB of dimension dim B — 1.

max

For 7 C o € 22, let m, € M be a primitive generator of the ray Na(c); note

that this is a ray both in the normal fan for A and in the normal fan for A. Then
define

ord,(p) = (Mg, n).
This is precisely the order of vanishing of the monomial z? € k[P;] along the toric
divisor specified by the maximal face {(n,r) € A|n € o} of A.
Given a pair w C 7 with w, 7 € &, set
R, :=Kk[P,].
Consider the monomial ideal If,ﬁ C P, defined by
I£7T ={p€P,|To € Ppax U 29 with 7 C o s.t. ordy(p) > k}.

max
I% _ then generates an ideal in R,,, which we also write as I/ _, and define

w,T?
RE = R,/Ik .

Note that by convexity of ¢,
IS’T =P, \{(n,r)|neT,r, r=p,(n)}.
So
RY), = k[(T,7) N N].

As T,7 = (N,(w)) by (1.3) and N,(w) is a cone in the normal fan ¥, of 7, in
fact Spec RY | can be viewed as the affine subset of P (a toric stratum of 7=*(0))
determined by the face w C 7. Thus Spec Rfm can be viewed as a kind of thickening
of the closed subset Spec R&T inside UL,,.

Given w C 71 C 7 with w, 71,7 € &, we have an inclusion Ifn - Iﬁm, and
hence a surjection

[ RF _ — RF

w,T2 W,T1"

ExAMPLE 6.8. In Figure 2, we depict a one-dimensional example. Here, B =
[0,4] € Ng = R, and the graph of ¢ is the lower part of A as depicted. We depict
¥, the normal fan to &, on the right. Figure 3 shows ¢, and P, for various choices
of w. Figure 4 shows the ideals If,ﬁ for various choices. O

Fixing w, the set of rings

(RS, lwC T}

along with the maps %, -,, now form an inverse system. We have

LEMMA 6.9.
lmRY = R, /(tF)

where t = zP for p=(0,1) € P,,.
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FIGURE 2

PROOF. An element of the inverse limit is a collection of elements (f;),c, with
fr e Rﬁ’T such that, whenever 7 C 75,

77[}71,7'2(.]87'2) = fn-
Since tF+1 € Iif,T for all 7 O w, we have natural surjections
Ur s Ry (1) - RE .
Then clearly the map
f= W (f))wcr

defines a homomorphism

¢ : R, /(t*1) — lim R*

W, T

and we just need to show it is an isomorphism.
For injectivity, suppose w(zp cpzP) = 0, where p runs over elements of

P\ ((k+1)p + Po).

This can only happen if ¢(2P) = 0 whenever ¢, # 0. But if ¢(2?) = 0, we have
€ IfJ for all 7 O w. In particular, if we take 7 = 0 € P.x, we must have
r > (my,n) + k if we write p = (n,r). Thus for all ¢ € P containing w,
r—(k+1) > (my,n), sor — (k+1) > p,(n). Hence p — (k+1)p € P,, i.e.,
2P € (t**1). This shows injectivity.
For surjectivity, consider (f-),c- in the inverse limit. Then we can write

fr= E Cp,rzp~
pEPLN\IE

Suppose that p € P, \If,f and p € P, \ Ifj;/ for two distinct 7, 7" D w. If we show
that ¢, ; = ¢, +, so that we can define ¢, = ¢, » independently of 7, we can then

define f € R, /(t**1) by
f= Z cp2?,

PGPw\ﬂT Ifm—

so that ¢¥(f) = (fr)wcr, showing surjectivity.
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w = {0}

FIGURE 3
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2
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F1GURE 4. The shaded areas indicate the points of the monoids in
the ideal.
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To show this independence, first note that if 7 C 0 € Py, 7 C 0’ € Pax,
then Iu’f’[, C If,T, Iﬁﬂ, C Ifw” SO Cpo = Cp,r and ¢p o = Cp . Thus it is enough
to show ¢, o = ¢p o provided p & Ifﬂ, Ik .

First consider the case that there is a codimension one cell p e P withono' =
p. Then Iﬁ,p =1k, U Iﬁ’g,, sop ¢ If,p. Thus ¢cp.o = cp,p = Cp,o-

For the general case, consider the Newton polyhedron A, C Mg (see Defi-
nition 1.8) of the function ¢,,. Then A, has vertices §,6" with 6 = —m, and
&' = —my. Suppose p = (n,r). So the fact that p & Ifyg U I‘ﬁ , says that

r+(—mg,n) <k+1, r+4+{(—my,n)<k+1,
i.e., both & and &' lie on the same side of the hyperplane in Mg defined by
(wn)y=k+1-r

Since A, is convex, one can find a sequence of vertices & = &1, 02,...,0, = ¢ all
on the same side of this hyperplane, such that &;_1 and ; are connected by an edge
pi of Ay, corresponding to a codimension one cell p; containing w. Then p ¢ Ifm
for 1 < i < n, while 0,1 No; = p;. Thus we are in the first case considered, with
Cp,o = Cp,gs ="+ = Cpo’, as desired. 0

Since
Uu’f = Spec Rw/(tk+1),

we see that the open sets UF can be reconstructed from the rings R

w,T?
coordinate rings of thickenings of affine subsets of strata of 7=1(0), for  : Px — Al
the usual projection. Of course, X} can then be reconstructed from the open sets
Uk, since if w1 C wy, we have a natural inclusion Ufg Cc Ulfl. These are induced by
the natural inclusions of rings

Ry /(") = Ry, /(1)

which are

induced by the inclusions P, C F,,,. In terms of the inverse systems, this can be
viewed as being induced by the natural inclusion Rfth C Rsz,r whenever w; C
wy C 7. At any rate, gluing together the open sets U via these natural inclusions,
one obtains the scheme Xj..

The main point is that while this construction of X seems rather more com-
plicated, we have now given a much more local description of X}, which can be used

in more general settings, as we explore next.

6.2.2. The global case: no singularities. The first step in generalizing the
above approach is to replace B with a general integral tropical manifold without
singularities (we still allow B to have boundary or be non-compact). So consider
such a B, or rather, a triple (B, %, ). Note that we now allow ¢ to be multi-
valued. This is important, since, first, we only really need local descriptions of ¢
defined up to a linear function, and second, there are in general no global strictly
convex single-valued piecewise linear functions.

ExXAMPLE 6.10. Let ' C N be a sublattice, and let B = Ng/T'. We choose
a polyhedral decomposition & and a multi-valued strictly convex piecewise linear
function with integral slopes. This data can, in this case, be viewed on the universal
cover Ny of B, in which case & should be viewed as a I'-periodic polyhedral
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decomposition of Ng and ¢ : Ng — R should be strictly convex, and satisfy for any
yel
oz +7) =p(r) + oy (z)
for some affine linear function o : Ng — R.
In fact, what we are about to say will apply even if B has singularities, so for

the moment, we consider the most general case of (B, 2, y) with B an integral
tropical manifold with singularities.

DEFINITION 6.11. Given (B, 2, ¢) as above, let {(U;, p;)} be a choice of rep-
resentatives for ¢ on an open cover {U;} of B. Define the sheaf P, on By as an
extension

0—-Z—->P,—A—=0

as follows. First,
Polv, 2 Z & Aly,.
Atz eU;n U; N By, we identify

(rm) € (Z® Alu,)s with (r + d(g; — ¢:)(m), m) € (Z® Aly, ).,

giving the gluing of Z & Aly, and Z & Aly, over U; N U; N By. Note that this
makes sense: @; — ; is an affine linear function with integral slope, so d(¢; — ¢;)
is naturally a section of AoverU;NU 7 N By, which can then be evaluated on m a
tangent vector.

For a section m of P, we denote its image in A under the projection P, — A
by m.

REMARK 6.12. In fact, the sheaf P, can be described as Aff (B, Z), the sheaf of
affine linear functions on B, the discrete Legendre transform of B, after making a
canonical identification of B and B. This description was used in [49]; here we will
use the above description to avoid too much use of the discrete Legendre transform.

We next generalize the notion of the monoids P, to this situation. Previously,
these lived in N @Z. Viewing N as the space of integral tangent vectors to Ng, it is
then natural to imagine that the correct global version of N & Z is some extension
of A by Z. In fact, P, is the correct extension.

DEFINITION 6.13. An exponent at a point x € By is an element of the stalk of
P, at x. We define, for any point « € By, a monoid

Pow © Py

with PSE, = Py ., as follows. Suppose x € U;. For each 0 € P, such that
reo,let g, € A, be the differential of ¢ilo- Let 3, be the fan (of not necessarily
strictly convex cones) in A, ®z R given by the tangent wedges

Yo ={Tyr|zeTe P}

Let ¢; 4 @ |2z] — R be the function which is given by ¢;, on the cone T,o for
0 € Prax. Define

P, :={(r,m)|me|Z], 7> piz(m)} C Py,

using the splitting P, , = Z & Aly,.
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The point of the sheaf P, is that the monoid P, , is independent of the choice
of open set U; used to define it. Indeed, note that
Pia = Pix + dl@; — @i).
So if m € |X,|, we have
(r,m) € P, , as defined in U;
&> pis(m)
12 pja(m) —de; —ei)(m)
e r+d(e; —ei)(m) 2 ¢ja(m)
< (r+d(e; —¢i)(m),m) € P, , as defined in Uj.
This shows that P, , is well-defined. Furthermore, the same argument shows that
the notion of order as defined in Definition 6.7 makes sense. If we use the splitting
defined using ¢; as above, and write p € P, , as (r,m) under this splitting, then
for o0 € Pax With x € o, we define
ordg(p) =1 = @i,s(m),

and one checks easily as above that this is well-defined independently of the choice
of splitting.

Similarly, for o € 29|
dim B — 1, we define, if x € o,

the set of cells of & contained in 0B of dimension

ord,(p) = (ne,m),

where ny, € A, is primitive, vanishes on T, o0, and is non-negative on |¥,|. This is
clearly independent of the splitting, depending only on m = p.

REMARK 6.14. Although in this subsection we will focus on the case where B
has no singularities, let’s describe the monodromy of P locally near a singular point
if dim B = 2 and B has positive singularities. Let p € B be such a singular point,
with p € w a one-dimensional face. Then using a representative g, on U,, the
open star of w, we get a splitting

Polu, =Z® Alu,.

So of course the monodromy of P, around the loop depicted in Figure 1 then splits
as

(r,m) |—>(r, m 4 ke (dy, m)dw)
= (r,m) + K (dy, m)(0,d,).

Now recall that the representative ¢, for a multi-valued piecewise linear function
is given by vy, = A+ p, 0 S, (Definition 1.30) where X is affine linear on Us,,.
However, the differential d\ is a section of A. One sees easily from the description
of monodromy of A that the action of the transpose monodromy on A is

n— n+ Ky(n, dw>dw.
Thus, in particular, if A is well-defined on U,,, d\ must be monodromy invariant. So
if K, # 0, then we must have (dX, d,,) = 0. Thus in particular ¢y, is constant on w
and for x € Int(w) \ {p}, v, . is zero along the tangent space to w, generated by
dy. Thus (0,d,) € 7ZD&N,, =P, ,, canin fact be interpreted as the unique element
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m_ of P, ,, such that m_ = d, and ord,, (m_) = 0. Then the monodromy on
Pow, is
m— m+ nw<Jw,m>m_,
and this description is now independent of the choice of splitting. O

Now for w C 7 C o with w, 7 € &, 0 € Pax, we will define a ring Rffjmg as
follows. Choose any point « € Int(w) N By; this gives us the monoid P, C Py 4.
We choose a short path from z that passes immediately into the interior of o with
endpoint y, see Figure 5. Via parallel transport in the local system P, we identify
Pow with P,y The monoid P, , C P, . then yields, via this identification, a
monoid we call P, , contained in P, ,. It is easy to see that this is defined
independently of the choice of z, since the sheaf P, has no monodromy on the
contractible set o N By.

The basic idea here is that we use o as a reference rather than x; this will turn
out to be better for bookkeeping later on.

Now we define an ideal

k
I C Poaw=Pouwo,

by
It ={p € P, |30 € Prax U P2, with 7 C o’ s.t. ord,(p) > k}.

w,T,o max

One checks easily that this is well-defined in P, , , independently of the choice of
. We then define

Rk = k[P@:W,U]/If,T,a'

w,T,0
This is completely analogous to the Mumford degeneration of the previous subsec-
tion.

So far, as we said, this works even when B has singularities. For the remainder
of this subsection, however, we need to assume B has no singularities.
In this case, given w C 7 C 0,0’ € Phax, there is a canonical isomorphism
Rl , =Rl

w,T,0 w,T,0’"

This is obtained by parallel transport in P, along a path joining y € o to ¥’ € o’
as in Figure 6. Thus these rings are defined independently of the reference cells, so
we just write them as R¥ _ as in the Mumford case.

W, T
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FI1GURE 6. Comparing rings with different reference cells.

We then build open sets
UP := Speclim RU’Z,T

using, for w C 771 C 79, the canonical surjections

[ RF R

w,T2 w,T1 "

Furthermore, for w; C wo, we have inclusions

Uk cu

k
w2 — Tw1

induced by the inclusions R¥ G Rszﬁ, and so we can glue the various open sets
Uk together using these identifications.

This gives a scheme Xy over Oy. If we take k = 0, it is not difficult to check
that Xo = XO(B, Z), i.e., X is obtained by gluing together the P, for 0 € P ax.
Indeed, consider ¢ € P .x. For w C o a face, let € Int(w) be a point, and

suppose x € U;, where ¢ is represented by ¢;, so
Py ={(r,m)|m € [Ea], 7 > pia(m)}.
Then, identifying this with P, ., », we see that

Ppwo \ 1 o0 ={(r,m)|m € [Sal, 7 > pin(m),r = ¢ie(m)}.

Thus (r,m) € Ppuo \ 1), if and only if m points into o and r = ¢; ,(m), by
strict convexity of ¢;,. So we can identify k[P, 5]/13 , , with k[(T,,0) N A,].
Identifying A, with A, for y € Int(o) a fixed point, we see that Spec k[(Two) NA,]
is the affine open subset of P, specified by the cone Nyw € X, the normal fan to
o. Furthermore, the inclusions Rghg - RB,Z’U whenever w; C wy C o, correspond
to the natural inclusions

k[(Tw,0) N Ay] C K[(Tw,0) N A,

which tells us that when we glue together the sets Spec R, , via these inclusions,

0 are the irreducible components of U2, we

w?

we obtain P,. Since the sets Spec R, ,
see that X is indeed the gluing of the toric varieties P, .

So this shows that the construction so far is local enough to deal with arbitrary
integral tropical manifolds without singularities.
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FIGURE 7. The polyhedron A.

EXAMPLE 6.15. Let B = R/dZ for d a positive integer,
P =A{li,i+1]|1<i<dyU{{i}|1<i<d}.
We can define ¢ globally on the universal cover R of B by
o(x) =iz — w for z € [i,i+ 1]

and then ¢ satisfies a periodicity condition
d(d—1)

5
In this case, X is a k-th order smoothing of a cycle of d rational curves. In fact,
we did not need to use this local description. There is a global construction of Xy

given by working on the universal cover of B, as follows.
Let

ol +d)=p(x)+d z+

A:={(n,r) eROR|r > p(n)},

as depicted in Figure 7. Let 23 be the normal fan to A. This is an infinite
fan, with rays generated by (¢,1), i € Z, and two-dimensional cones generated by
{(#,1), (i + 1,1)} for i € Z, see Figure 8.

FIGURE 8. The normal fan of A.

This defines a toric variety X := XEA which is not of finite type, along with
a regular function 7 : X — Al given by projection onto the second coordinate as
usual. This is just an infinite version of the Mumford construction, with 771(0) an
infinite chain of P'’s and the general fibre of 7 being a copy of G,,,. Note that the
group Z acts linearly on the fan XV?& by

Z>1— <(1) Cf) € GL2(Z).
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Thus Z acts on X, and this action, restricted to m=1(0), is given by shifting the
chain of P'’s d places.

Now ideally, one would like to divide out by this action, defining X /Z. However,
this quotient is not well-behaved. Indeed, one can see this by noting that if we take
t to be the coordinate on A', then with coordinates z1, zo on the big torus orbit of
X corresponding to the standard basis of RGR, 771(¢) is identified with a G, with
coordinate z; and zo = t. The action of 1 € Z in these coordinates is z; zlzg,
Zo +— 29, and hence the action on G, = 7T_1(t) is 21 — 21t%. This action has fixed
points when ¢ = 1. As a consequence, this quotient is not well-behaved and does
not exist even in the category of complex manifolds.

There are two ways to fix this. The easier way is to work complex analytically,
and note that 7=!(D)/Z does make sense, where D = {t||t| < 1} is the unit
disk. This gives us a fibration 7=(D)/Z whose general fibre is an elliptic curve
isomorphic to C/(1, # logt), and whose fibre over 0 is a cycle of d rational curves.
Note that this fibration does not extend to one over A'.

Alternatively, we can set

Xk =X XAl Ok,

and then X := Xk/Z does make sense. In fact, X} is precisely the k-th order
thickening of X(B, ) that we have constructed above. By taking the limit as
k — o0, one obtains a formal scheme defined over the formal spectrum of k[¢]. With
suitable care, one can then apply the Grothendieck existence theorem ([52], 5.4.5)
to show that this arises via the completion along the central fibre of a scheme
defined over Speck[t]. This is the best that we can, in general, achieve in the
algebro-geometric setting.

More generally, if B = R9/T for a lattice T' C Z9 C RY, the same procedure
works. This is Mumford’s construction of degenerations of abelian varieties, see [84]
and [2]; the one-dimensional case just discussed is usually called the Tate curve. So
in fact we don’t really get anything new with this construction until we introduce
singularities. O

6.2.3. Introducing singularities: The strategy. We now consider the case
when B is allowed to have singularities. At this point, we shall restrict to the case
dim B = 2, as this is the case we will cover here. Much of the complexity of [49]
is due to difficulties in higher dimensions. In dimension two, the method of [49]
can be described in much the same fashion as the argument of Kontsevich and
Soibelman in [70].

So let us consider a local situation where we have an edge w € & containing
a singularity, which we shall assume is positive and simple. With the labelling in
Figure 9, the monodromy of a loop 7 based at the point x passing clockwise around
the singularity takes the form

Ty(m) =m+ <dwa m)dy,
where d,, is a primitive tangent vector pointing from v; to v_ and d,, is primitive,

orthogonal to d,, and is positive on 0. Thus, if we take a basis for A, given by
e1 =d,, and es a primitive tangent vector pointing into o, we find that

T,(e1) =ex
T, (e2) = e1 + es.
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FIGURE 9

Furthermore, we can take a PL function ¢ to be 0 on o_ and to have slope e on
o, with e%, e} the dual basis of A,.

We now have rings Rﬁ,giﬁgi and R£’w7gi. Identifying A,, with A, via the
paths from y4 to z indicated in Figure 9, we can write, with Z3 = Z & A, = Py 4,

the generators of P, , to be (1,0,1), (0,0, —1), and (0,£1,0). Set

w= 210D = 00-1) o, (0,1,0)
so that
by oy = K[u,v, w0,
RS o o 2 k[u,v,w™]/ (@),
Rfj wos = k[u, v, wﬂ]/(ukﬂ, vkﬂ)
Now we have canonical surjections
Rf),o’+,a+ - Rf),w,(mrv
R{:,a,,o’ - Rf),w,a,v
and to obtain an inverse system, we need to identify RZZMJ_ and Rf,wﬂ .- However,

because of the singularity, we don’t have a canonical identification. There are in
fact two perfectly natural identifications: one, W, using parallel transport in P,
along the path from y, to y_ via z, as depicted in Figure 9, and the other, ¥’
coming from a similar path from y, to y_ via 2’
Because we identified A, and A, by passing through z already,
U RE — RE

W,w,o W,w,o —
is given by
U U, VU, W w.

On the other hand, the map from A,, to A,_ given by parallel transport through
' is just the inverse to T, i.e., €1 + €1, €2 — €3 — €1, SO
\I/l : Rf),w,a+ - Rf},w,a,

is given by

u»—>uw_1, VoW, W Ww.



270 6. THE PROGRAM AND TWO-DIMENSIONAL RESULTS

Now in these two cases, we can form the inverse limit. In this case, the inverse limit
is just the fibre product of rings,

k ._ pk k

Rw T Rw,z7+,a+ fojj,‘ng_ Rw,a_,a_
where the map R"f,7a+7”+ — Rfmﬂ_ is the composition of the natural surjection
k k “h e 1 k k fe i
R oy 0y = R w,o, with either U or U', and the map R, , — R, , 1isjust

the natural surjection. For the fibre product using ¥, we get
RE =K[U,V,W*! 1]/ (UV —t,t*T1)
with
U=(u,u), V=(0), W=(ww), t=/(uv,uw),
while using ¥’, we get
RE = K[U,V,W*! 1]/ (UV — tW,t*+1)
with
U= (uw,u), V=(ow), W= wuw), t=/(uv,uv).

There is no natural way of identifying these two rings, and this is a fundamental
problem which needs to be overcome.

The solution is to modify the rings R by localizing them at 1 +w™! (or
equivalently, 1+ w), and modifying the maps ¥ and ¥’ by composing each of these
with an automorphism of (R” J1tw-1. We take the new ¥ to be the old ¥

W,w,o —

composed with the automorphism

u—u(l4+w™t),

k

W,Ww,0+

vl 4w )T

w —w.
and the new ¥’ to be the old ¥’ composed with the automorphism
u—u(l 4+ w),
v—o(l+w) !
w —w.
These new maps ¥, ¥’ are given by
U:u—sul+w™), vesvl+w )™ wew
U u—uw (1 +w), veow(l4+w) ™, wew

Note that these two maps now actually coincide. So the fibre product is now well-
defined, and one can see (as will be shown in §6.2.6), using the above choice of ¥
or W', that

k

Rw,z7+,a+ X (RE o )iquw—1 Rw,n_,a_
is now the ring
RF =Kk[U,V,WEL 1]/(UV + (1 + W ht, th+1)
with
U= (u,u(l—l—w_l)), V= (U(1+w_1)7v)7 W= (’LU,’LU), t= (U’U,U’U).

Note that Speck[U,V,W*L ¢]/(UV + (1 + W~1)t) now defines a smoothing of
Speck[U, V, W*1]/(UV), but the total space of the smoothing is singular at U =
V =t =0, W = —1. This singularity reflects the singularity of the affine structure.
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This fix may seem rather ad hoc initially, but in fact it is fundamental. The
way to view this is as follows. Imagine two rays emanating from the singular point,
in opposite directions, along the edge w. Label the ray going to the right in Figure
9 with 14 w~! and the ray moving to the left with 1 4+ w. This instructs us that if
we need to cross one of these rays to compare two rings, we twist the map between
these two rings using an automorphism defined using the attached function.

In order to continue to glue consistently even away from w, we need to imagine
these rays extending indefinitely in B. However, these various rays intersect at
points, destroying compatibility of the gluing because the associated twistings of
the gluings don’t commute. The question of how to fix this was the crucial problem
solved by Kontsevich and Soibelman in [70]. The solution is to add new rays with
new attached functions emanating from the intersection points of the old rays in
such a way so that compatibility is restored. These in turn generate new collisions,
so more rays are added. In the end one obtains for each k a finite set of rays
describing the k-th order deformation. As k — oo, we normally expect the number
of rays to grow without bound.

In the next few sections, we shall make this whole procedure precise.

6.2.4. Structures. In this section we will formalize the data needed to specify
the modifications of the gluing sketched in the previous subsection. The data which
specifies a way of modifying the gluing is called a structure, and consists of a set
of rays. A ray is a geometric object, essentially a ray in B, which we call a naked
ray, along with a function, which will specify the gluing when we cross this ray. We
first define naked rays.

We fix in this section (B, £, ) with B an integral tropical manifold with
singularities. Furthermore, we assume that B is two-dimensional, positive, and
simple. We allow B to have a boundary or be non-compact. Let

i:By— B
be the inclusion, and let
A := B\ By.
DEFINITION 6.16. A naked ray 0 on B is a map
0: I, — B,

where the interval I is either [0,+00) or [0, Lp] for some Ly > 0, satisfying the
following properties:
(1) 01is a continuous immersion, i.e., locally on Iy, it is injective. Furthermore,
it is differentiable on 0=*(By).
(2) If9(0) € By, then 9(0) has rational coordinates with respect to an integral
affine coordinate chart.
(3) There exists a non-zero global section

My € T(I, 0 i A).
In particular, if x € 971(By), then the stalk of 9~%i, A at z is canonically
identified with the stalk of A at d(x), so this specifies a tangent vector

Mo o at 9(z). We then require that if ¢ is the coordinate on I, then for
any point x € 9~ !(By), we have

0.(8/t) = —o.g

at . So we can think of —m, , as specifying the velocity.
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(4) If ID = [O,LD], then D(LD) € 0B and 0([O,LD)) - B\@B If ID = [0,+OO),
then 9(l,) € B\ 0B. So in particular, if B has no boundary, then I, =
[0, 4+00).

Let us explore what this means. First, the condition that 0,(0/0t) = —ma 4
tells us that for any connected open set U C I, with 9(U) C By, the image of
U is locally a line segment with rational slope, since it has a locally constant and
integral tangent vector.

Second, the behaviour at points x € I, with d(x) € A is restricted. Recall
that in a loop based at a point y around a point p of A, the local system A has
monodromy 71" given in some basis e, ex of the stalk A, by T'(e1) = e, T'(e2) =
e1+ es. This means that if V' is a small open neighbourhood of p, then I'(V'\ A, A)
can be identified with the monodromy invariant elements of A, so

L(V\AA) = Ze.
Thus I'(V, i.A) = Zey by definition of the push-forward, and in particular
DU, 0 i) = Zey

for U a small open neighbourhood of x € I;. In particular, mg ,» must, for any
x' € U\ {z}, lie in the subgroup of Ay, invariant under the monodromy given by
parallel transport around a loop about p.

Thus, when the image of 0 passes through a singular point of B, it must pass
through in the unique invariant tangent direction. But we know exactly what these
invariant tangent directions are: they are given by the edges of &2 containing the
singular points. Indeed, we saw this explicitly in Example 1.28, (4). Summarizing,
the image of 0 is locally a line of rational slope, and when it passes through a
singular point, it coincides with the edge of & containing this singular point.

Note that it is also easy to construct naked rays. Choose a point y € By \ B
with rational coordinates in any (or equivalently all) integral affine coordinate charts
around y. Choose m € A,, and define 0 : [; — B as a solution to the differential
equation

' (x) = —1my,
where m, denotes the parallel transport of m along the path determined by 0.
In other words, we just extend 0 locally as a line of rational slope, completely
determined once the initial slope —m is given. We stop if we reach the boundary
of B.

There is one problem: what happens if we hit a singular point p of B? We
are fine if near p, 0 coincides with the edge of & passing through p; then we just
extend 0 through the singular point. However, we are not allowed to pass through
p in any other way. To prevent this, we make the following assumption:

ASSUMPTION 6.17. Forp € A, let w € & be the edge containing p. Note that
w s identified with a lattice line segment in R, so it makes sense to demand that p
be an irrational point in w. We assume that all such p are indeed irrational. Since
the choice of p inside w was arbitrary in Construction 1.25, we can always assume
this.

As a consequence of this assumption, we never have to worry about 0 passing
through singular points in an illegal way: since 9(0) is rational and ? has rational
slope, the image of 0 always intersects an edge w in a rational point, provided 0 is
transversal to w.
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If we want to define a naked ray ? with 9(0) € A, then we only have two
choices for the initial direction of 9: it must be tangent to the edge containing 9(0).
We can then build this ray as before. Even though 9(0) is not a rational point, it
will still only pass through singular points in the invariant directions, again by the
assumption.

We can now define a ray:

DEFINITION 6.18. A ray (9, f5) in B consists of two pieces of data:

e 0: I, — B a naked ray,

o fo =1+ cpz™ where ¢, € k and m is a section of I'(l;,07'i.P,) such
that m € I'(I, 0 ti.A) (see Definition 6.11) is proportional to m, with
a positive constant of proportionality. Furthermore, for each x € I such
that 0(z) € By, the germ m, of m in Py 3, lies in the monoid P 5.

Again, let’s examine this definition. We are attaching to a naked ray a polyno-
mial 1 + ¢,,2™, with m a section of I'(l,,071i,P,). Now if x € I, with d(x) € A,
let V' be a small neighbourhood of d(x). Then, by the definition of multi-valued
piecewise linear function, ¢ can be represented by a single-valued function on V.
Thus Py, locally on VN By, splits as Z® A, so a section of i,P, on V can be written
as (r,m), where m € I'(V N By, A) is tangent to the edge of & passing through the
singular point 0(x). Thus, similarly we can write m = (r,/m) in a neighbourhood
U C I, of . In particular, there are always liftings of m, at least locally, to a
section of 071, P,.

As a consequence, the section m can be specified simply by giving m € Py a4z
for some point z € I, with d(z) € By. We require that m should be positively
proportional to my at 9(z). Then by parallel transport, this choice of germ extends
to a section of D_li*Pw.

We do have the additional requirement, however, that m € P, () for all
x € 071(By). Since d maps I, to a ray or line segment which may wind itself around
B in some very complicated way, this condition may seem extremely strong. But
here is a very important point: As x € I increases, the order of m with respect to
the various maximal cells 0(z) is contained in increases. This is a consequence of
the fact that 9(x) moves in the direction —m, and is made precise by the following
lemma:

LEMMA 6.19. (1) Let x € By, m € Py, such that m points into a cell
0 € Pmax. If ordem >0 then m € P, ..
(2) Let x € By \ 0By, m € Pyo. Let 04 € Prmax be two cells containing
with the property that the tangent vector —m € A, points into o_ and m
points into o4. Then for any 0 € Pmax with x € o, we have

ords(m) — ord,, (m) > 0,
ord,_(m) — ord,(m) > 0.
Furthermore, if m is not tangent to o Noy, then
ord,(m) — ord,, (m) > 0.
ProOF. Choose a neighbourhood U of z and a representative ¢y of ¢ on U, and
for 0 € Prax with x € o, let 9y, € A, be the slope of py|s. Let ou g @ |2z = R

be defined as usual by ¢y . (m) = pu.(m) if m € Tyo. For (1), note that m pointing
into o implies m € |¥;|, and also ¢y (M) = pu,e(m). Thus ord,(m) > 0 implies,
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if m = (r,m) using the splitting of P, given by ¢y, that r > ¢y (M) = pu..(m).
Som € Py, ;.
For (2), note that since x & 0B, X, is a complete fan. Furthermore,

ord,(r,m) = r — pu..(m).

Then since m points into oy, by strict convexity of ¢y, we have ¢y (m) <
U0, (M) for all o € Pax containing z. Thus

ords(m) > ord,, (m).
Applying the same argument to —m gives pu (—m) < gy, (—m), or
ord,(m) < ord,_(m).

Finally, if 7, is not tangent to o N o, then by strict convexity of ¢y ., Yu,o (M) #
U0, (M), hence the last statement. O

DEFINITION 6.20. Let ? : I, — B be a naked ray, and let m € I'(I, 0~ 'i,P,) be
a section such that 7 is a positive multiple of my. Then define ord,, : 071 (By) — Z
by
ord,, (z) = sup{ord, (my) |9(z) € 0 € Pax}-
Lemma 6.19 implies that this is a step function which increases every time 0 enters
a new maximal cell.

We now see it is in fact easy to specify rays:

PROPOSITION 6.21. Letd : Iy — B be a naked ray. Ifo(0) € By, let m € P, 5o)
be such that m is a negative multiple of 9'(0) € Ayoy. If 9(0) € A, let € > 0 be
sufficiently small so that ([0, €]) is contained in the interior of one edge of &, and
let m € P, ) be such that m is a negative multiple of ' (€) € Ay(.). Then:

(1) m extends to a section m of I'(Iy, 0 i, P,) such that for all x € 0~ (By),
m defines a germ my € Py o) € Py o(a)-

(2) For every non-negative integer k, there exists an N > 0 such that if x €
[N, +00) N0~ Y(By), 7 € P the unique cell with 0(z) € Int(7), 0 € Pax
a cell containing T, then m, € Ik

T,7,0°

PROOF. The germ m extends to a section of I'(1;, D’li*Pw) via parallel trans-
port, the discussion after Definition 6.18 showing that this section extends across
points of 971(A) precisely because ? itself is already a naked ray.

The statement that mo € P,p0) (or me € P,y if 9(0) € A) implies
ord, mg > 0 for all o € P,.x containing 9(0) (or ord, me > 0 for all 0 € P ax
containing 9(¢)). But Lemma 6.19, (2) then tells us that this continues to hold, i.e.,
for all x € 971(By), ord,(m;) > 0 with 9(z) € 0 € Prax. Thus, by part (1) of the
same lemma, m, € P, () for all 2 € 971(By).

For (2), we just choose an N such that ord,,(z) > k for all > N. O

We are at last ready to define the notion of a structure.

DEFINITION 6.22. A structure . is a collection of rays satisfying the following
properties:
(1) For every integer k > 0, let .[k] be the set of rays (9,1 + ¢;,2™) in &
such that there exists an € 0~ !(By) with ord,,(z) < k. Then we require
that .[k] be finite for each k.
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(2) If w € £ is an edge containing a singular point p, then . contains two
rays 0, 1 such that 9, 1+ (0) = p, 9}, . (¢) = £m for € close to zero and m
a primitive tangent vector to w. Finally,

fap,i =1+ ZWI;’

where my € P, . for any z € Int(w) \ {p} is uniquely determined by
the requirement that m4 = £m and ord, m4 = 0 for o any maximal cell
containing w. Such a ray is called an initial ray. We write the set of initial
rays of . as Initial(.#). For 0 € Initial(.¥”) with 9(0) € w an edge, we
define Ii"* to be the largest subinterval [0, L] C I, such that ([0, L]) C w.

(3) If (0, fo) € .7 is not an initial ray, with f; = 1 + ¢;2™?, then for each
x € 07 1(By), ordpm, (x) > 0.

ExaMPLE 6.23. Consider the integral tropical manifold depicted in Figure 10.
There, the figure on the top depicts the embedding of B minus the depicted cuts into
R2, describing the affine structure away from the cuts. In addition, fan structures at
the vertices (—1,0) and (0, —1) are as depicted, specifying the affine structure across
these cuts. One can check easily that B is positive and simple. Take the function
© to have slopes (2,1) on o1, (1,2) on g, (0,2) on o3, (0,0) on o4, and (2,0) on
o5, and take value zero at the origin; one checks easily that this is strictly convex,
well-defined and continuous across the cuts. Figure 11 now depicts a structure .,
consisting of five rays of finite length. Writing elements of A as elements of Z2,
using the main chart depicted in Figure 10, and using the splitting of P, = Z ® A
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FIGURE 11

given by the above choice of ¢, we have two rays emanating from each singular
point, i.e., the initial rays, and one additional ray, starting from the origin and
heading diagonally northeast.

6.2.5. Compatible structures and gluing. We view a structure as giving
a set of data for gluing copies of the various rings lehma. We will now explain how
this is done. We will then define the necessary condition to guarantee this gluing
makes sense.

For this construction, we fix a structure .’ and an integer k£ > 0. While . may
contain an infinite number of rays, .#[k] is finite. Furthermore, for each 0 € .7[k],

let N¥ > 0 be the number promised by Proposition 6.21, (2).

DEFINITION 6.24. Let &k be a refinement of the polyhedral decomposition &
which satisfies the following properties:

(1) The elements of &), are convex polyhedra with rational vertices.
(2) For o € .7[k], 9([0, N¥]) is contained in a union of edges of & and d(N¥)

is a vertex of Z7,.
(3) For o € .[k] \ Initial(.#), 9(0) is a vertex of Py.

EXAMPLE 6.25. In Example 6.23, we can take &, = & for all k.

Having chosen &7, (our construction will not depend on the particular choice),
define Chambers(., k) to be the set of maximal cells of &?;. For each u €
Chambers(.7, k), there is a unique 0 € Ppax containing u, which we write as
Oy.

We now define a category Glue(, k) as follows:

e The objects of Glue(.7, k) are triples (w, 7,u) with

w, T € P, u € Chambers(S, k), and w C 7, wNu#0, 7 C oy.
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e There is at most one morphism between any two objects, and there is
precisely one morphism

(w,mu) — (W, 7",0)
if and only if w Cw’ and 7 D 7'.
Note that any morphism in this category decomposes into a composition of
morphisms of the following two basic types:
(1) wCW, 727, u=1 (change of strata).
(I) w=uw',7=7,dimunu =1, wnunu’ # 0 (change of chamber).
We wish to define a functor
Fk : %(y, k‘) — @gg

from Glue(.7, k) to the category of rings. For an arbitrary choice of structure .,
this functor will not be well-defined, but if .¥ satisfies a condition that we shall
call compatibility, the functor becomes well-defined, and we can use it to define the
desired modification of the gluing.

First, for any object (w,7,u) of Glue(., k), we associate a ring R
follows:

k

w,T,u? as

o If w =7 is an edge of & containing a singular point p € A, then we set

k o k
RE L= (RE ., )h .-

w,T,U W, T,0y

Here the subscript on the right denotes localization at the element f, . =
1+ 2™m*. Note that 2™+ is in fact invertible in Rfmﬁu, and fo,, =
2= fo, . Hence it does not matter whether we localize at f,, . or fo, _.

e If wis a vertex and 7 is an edge of & containing a singular point p € A,
and 0 € {0, 4,0, _} is chosen to be the ray such that w is the first vertex
of & encountered by that ray, then we set

RE = (RE )5

e Otherwise, we set
Rf),T,u = REJ,T,UU'
We define
Fr(w,1,u) := Rfjmu.
Note that RE _, is an Ry, = k[t]/(t**!)-algebra.

We now wish to associate to every morphism in Glue(.#, k) a homomorphism
of the corresponding rings. We shall do this first for the two basic cases: the change
of strata and change of chambers.

I) The change of strata maps. Suppose we have

(wa T, u) - (wl7 7—/7 u)
a morphism in Glue(., k). We then have a composition

RF — RF — RF

W,T,0y w, T, 0y W', T oy

of the canonical surjection induced by Iulfm[,u cI U’j,T,’Uu and the canonical injection
induced by Py w0, € Pp w0, This induces a map after the appropriate localiza-

tions, as we shall now check.
k

Indeed, consider the relevant localizations of the first map. Here, Rj . is a
localization at some element f = 1+ 2™+ of RfM’Uu if and only if 7 is an edge
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k

’
w,T,u

at the same element f. If 7/ is instead a vertex, then f is

containing a singularity. If 7 = 7/, then the ring R, can be written as a

localization of R®

;T 0w
easily checked to be invertible in Rf,J,JU. Indeed, in this case w must be a vertex.
If w ¢ OB, then by Lemma 6.19, (2), there is a 0 € Pax containing 7’ = w such
that ord, (m<) > 0. On the other hand, if w C 9B, there exists a o0 € 22 such

that ord,(m4) > 0, since m4 can’t be tangent to the boundary. Thus, in any
event, some power of z™* lies in I* so 1 + 2™#* is invertible. Thus the map

w, T o0
R¥ — Rk is defined.

W, T, U w,T’u

Next, consider the relevant localizations of the second map. If Rfj’T,’u is a local-
ization of RF then R* is a localization at the same element. Thus these

W, T oy w’, T

maps make sense after localizing, and this gives the Rj-algebra homomorphism

Do) oy P RE 2w — RE

w,T,u w’, T u
This is the change of strata map. O
IT) Change of chambers. Suppose that u,u’ € Chambers(.#, k) such that
dimunu =1and wNunu #0

and we have a morphism
(w) 7-) u) - (w’ 7-) ul)

in Glue(.7, k). Choose a point y € Int(uNu’) which lies in a connected component
of (uNu')\ A intersecting w. In particular, y is not a singular point of B. There
is a unique n € Ay which is primitive, annihilates the tangent space to uNu’, and
is negative on tangent vectors pointing into u’.

For each pair (0, ) such that 0 € .7[k] and = € [0, N¥] such that d(x) = y, we
obtain a polynomial

fow) =1+ oz

where my » € Py 5, is the stalk of mp at z. In fact, my . € Py oy, Indeed, by
the choice of y, there is an z’ € I near = such that ?(z’) € w, and myp , and My 4
agree under parallel transport. Since mp . € P,y by definition of a ray and

P, oy € Ppw.o, via parallel transport along 0, we see that mp » € Py w5, Thus

fom) € Rl
We now consider two cases, defining Rj-algebra homomorphisms 0, . ,,.

(1) oy = oy. We then define a homomorphism

Ouw y: RE_ — RE

W, T,u w,T,u’
by
by = 2™ T £

(2,2)
Note that this makes sense even if (n,m) < 0. Indeed, since o, = oy, we
must have u N N Int(oy) # O. Thus no (9, x) occurring in this product
satisfies 0 € Initial() and x € Ii"*. Thus ord,, (mo,) > 0 by Lemma
6.19, (2), if 0 is an initial ray and by Definition 6.22, (3) if 0 is not an
initial ray. From this it follows that each f( ,) appearing in this product
is invertible.
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FiGURE 12. The X marks the singular point p.

(2) oy # oy, so that oy, Noyw = p an edge. In this case, necessarily 7 C p.
We define

— Rk

w,T,u’

. pk
Ouwy R

w,T,U

as a composition of the map RY _ — R _, obtained by the identifica-
tion of Py, 0, and P, . » , via parallel transport through y and the map

Rfjmu, — Rfjmu, defined by

S | S
(@,2)
Again this makes sense, as f(y ) is always invertible. Indeed, if ? €
Initial(.") and x € I}, then f( ) is invertible, either by definition of
the ring Rfjmu, if 7 = p and by the argument given in the discussion of
the change of strata maps if 7 C p. Otherwise, if 0 ¢ Initial(.”), as y is
contained in precisely two maximal cells, o+, and my . is parallel to p,
we have ord,, mp . = ords_ mp ... It then follows as in the previous case

that ord,, mp » > 050 f 4 is invertible in RE,T,H,.

Note that a priori the map 6, ./, depends on the choice of point y. However, in
the first case, the product H(a,x) f,2) € k[P, 0.0,] is independent of the choice of
y, by Definition 6.24, (3). Thus the definition of 8, . , is independent of the choice
of y, and we can drop the subscript y.

In the second case, the same product depends on y if there is a singular point
p € p. In particular, 6, ./, would appear to depend on whether y € D,,.F(Ié‘;li) or
y €0, —(I""). However, in fact 0y, , is independent of y, as we shall now verify,
in essentially the same calculation as carried out in §6.2.3.

Suppose that p € uNu, and choose y+ € uNu' N Dni(lnt(léf:i)); see Figure
12. We use parallel transport from oy to o via y4 to identify P, ; », and Pyro.
With this identification, the identification of these two monoids via parallel trans-
port from oy to o via y_ is the monodromy in P, given by a counterclockwise
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loop about the singular point p. This monodromy on P, is given by
m = m 4 (dy,, m)ym_

by Remark 6.14, where d,, is primitive, annihilates the tangent space to w, and is
positive on oy. Thus the map 0, ., is given by

m (dw7m d R
z ap+ H f(D x)
(Dx
m d RiD)
(1+2m) e I f(v ) )
(0,x)

where the product is over all pairs (9, ) as usual excluding the pair (3, 4, x) with
S Ié’;‘)li such that 9, 4 (2) = y+. On the other hand the map 6, ., is given as a
composition

LN Zm+(dw,m>m
mA4(d,m)m_ my\{(de,m) (dw, 1)
-z (1+2m+) IT 762
(2,2)
(2,2)
keeping in mind m4 = —m_. Thus we see that in this case, once again 0y, is
independent of the choice of y, and we drop the y. O

We have not yet constructed a functor from the category Glue(.”, k) to the
category of rings. Rather, we have associated a ring to each object of Glue(., k),
and a ring homomorphism to each morphism which is either a change of strata or
change of chamber homomorphism. More generally, given the unique morphism

€ (wa T, u) - (wl7 7—/7 u/);

we would like to define

k k
( ) Rw-ru Rw’,r’,u"
We do this by choosing a sequence
U=1Up, Uy, ..., Uy, =1
such that
wNw £0, 7 Coy, for1<i<n
and

dimui_l nu; = 1 and u;—1 ﬁuiﬂw’ 7&@ for 2 S 1 S n.
We then get a sequence of change of chamber maps

Ou; 1, @ RE — RF,

w’, T u; w’ Ty

for 2 < i <n, and a change of strata map

Do) e BE ry = By
We take
Fi(e) =0, 1 u, 00 0u; 1, ©V(w,r),(w,7)
There is still a problem: this composition depends on the particular choice of the
sequence {u;}. In order for the gluing construction we shall give to work, we need
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Fy(e) to be defined independently of any choices. For this, we need to impose
another condition on the structures we consider, which we call compatibility.

DEFINITION 6.26. We denote by Joints(., k) the set of vertices of & not
contained in 0B, calling the elements of this set joints. For j a joint, oj denotes the
smallest cell of & containing j.

DEFINITION 6.27. Let j € Joints(-#, k) be a joint. The structure . is consis-

tent atj to order k if for any choice of cyclic ordering uy,...,u, of the chambers
containing j, the composition
. pk k
gu'ruul o gunflyun ©:--0 0u1;u2 . Raj,aj,ul - Raj,aj,ul

is the identity.
We say . is compatible to order k if it is consistent to order k at each joint
j € Joints(.7, k).
Compatibility is sufficient for proving the well-definedness of the morphisms
Fk(e).
THEOREM 6.28. Suppose . is compatible to order k.
(1) Given e : (w,m,u) — (W', 7', 1), the homomorphism F(e) is well-defined
independently of the choice of u=1uy,...,u, =u.
(2) Given e: (w,,u) — (W', 7, 0) and ¢ : (W', 7" 0) — (W', 7",u"),

Fr(¢' o¢) = Fi(e) o Fi(e).
Thus Fy, is a functor.
PROOF. Let
A := {u € Chambers(.%, k) |[w' Nu# 0,7 C oy}

Define ¥ to be the abstract two-dimensional cell complex with A as set of vertices,
edges connecting u,u’ € A if dimunNuw = 1, and a disk glued in for any cycle

of chambers uy,...,u, with a common joint. Note that if there is such a joint,
then w’ = 7/ = 0. An edge with vertices u,u’ defines a change of chamber map
Ou e Rfj,ﬁ,’u — Rfj,’T,’u,. Consistency says that the composition of these maps

following the boundary of a two-cell is the identity. Thus we obtain the desired
independence in (1) as long as ¥ is simply connected.
To see that ¥ is simply connected, we proceed as follows. Let

V= U Int(o)
ceP
7'Co
denote the open star of 7/ with respect to &?. Then for u € Chambers(., k),
the condition 7/ C o, is equivalent to Int(u) C V, and such chambers define a
decomposition of V' into polyhedra. Call this decomposition &2y. Since w’ = 7’ is
topologically a ball the cells of 2y, intersecting w’ form a polyhedral decomposition
P’ of a two-ball. Now X is the dual polyhedral decomposition of 2?’, which is thus
simply connected.
For (2), let uq,...,u, be a sequence of chambers used to compute FJ(e), and

u, =uj,...,u,, asequence of chambers used to compute F(¢’), so that

rm

Fp(¢) 0 Fi(e) = 0w wr 000y s 0 (e 71) (o)

o eunflyun 0--0 9“1:“2 o w(va)v(w,vT/)'
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One checks easily that ¥, /) (7 -y commutes with each of the Oy, , v, 2 <@ < n,
noting that 6, , ., can be interpreted also as a map

RL]::J”,T“,U/L'71 — RL]::J”,T“,IM
since
U;—1 ﬁuiﬂw' 75 (Z):>ui_1 ﬂuiﬂw” 75 0
/ "
T Coy, =7 Coy,.
Thus
/
Fio(e) 0 Fi(e) = Our, g, 0070 Oura © Yot ir), (0 r7) © Pleoim) (o)
= Hu:n_l,u;n ©---0 0111,112 © w(w,‘r),(w”,‘r”)
= Fk(e’ ¢} e),
as desired, using the sequence uy, ..., u, =uj,...,u, to define Fj (¢’ oe). O

To summarize, given a structure . which is compatible to order k, we have
constructed a functor

Fy, : Glue(, k) — Rings,
with
Fy(w,m,u) =RE .

In fact, Fy maps to the category of Ry-algebras.

EXAMPLE 6.29. Returning to Example 6.23, the structure . given there is
compatible to all orders. The only joint is at the origin, and taking u; = o;, one
computes

Ousuy © 0 Oy, (™)

= Ouguy O 0 Oy g (Zm(]_ + 2(0,71,71))<(1,71),m>)

=0Ouyuy © 0 0yyuy (Zm(l + Z(O,O,fl))<(1,0),m)'

2(0,—1,—1) \ ((1,=1),m)
B O e
(i) )

_ 5(0,0,—1) ((1,0),m)
= Hus,ul o 0114,115 (Zm(l + Z(O,—l,O))((071)7m> (1 4 ) )

1+ 20-10)

5(0,-1,-1) ((1,-1),m)
|1
(1+ G e ) )
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5(0,0,—1) ((1,0),m)

Z(O -1) ((1,—1),m)
14
1+ Z(O —1,0) + Z(OO -1)

m 1 + Z 0 0, 71))(( ) >(1 + Z(O’il’o)(l + Z(O,O,*l)))((o,l),’ﬁl)'

£(0,0,—1) ((1,0),m)
1*‘1+zm10x1+zwon)) '

Z(O )(1 + 2(0107*1)) <(1,71),’ﬁ1>
1+ 200,— )(1 + 2(0,0,— 1)) + 20,0, 1)) >

= Ous iy © Ouyous (zm(l + 2(O=L0) (0. 1),m) <1 +

- u07u1

1+

m 1 + Z 0 0, 71))(( ) >(1 + Z(valro) _|_ 2(0171771))«0:1)7777».

1+ 20,1, 0 (1 + 200, 71)) ((1,0),m)
1+ 2(0,-1,0) 4 5(0,—1,-1) > )

Z(O —1 —1) ((1,71),777,)
1+1+zm1®> )

m 1+Z 0,—1 0)+Z( 71:71))«0:1)7777').

- u5,u1

1+ 2(0.-1,0) ((1,0),m)
1+ 2(0,-1,0) 4 Z(o,1,1)> '
1+ 2(0.-1,0) 4 -(0,=1,-1) ((1,=1),m)

1+ 2(0,-1,0) ) )
= Oug o (2™(1 + 2O LOOL)m))

m

g
(-
L
g
b
(¢
g
(
(
(

=2z

Here, the extra diagonal ray in the scattering diagram over and above the initial
rays is crucial to guarantee consistency, as the automorphisms associated to the
two initial rays passing through this joint do not commute.

6.2.6. k-th order deformations from compatible structures. We fix a
structure . on B which is compatible to order k. This gives a functor

i« Glue(.”, k) — Rings.

We now want to define a k-th order deformation of Xo(B, 2?). We will do this
pretty much as we did in §6.2.2, but with maps given by F}.

First, fix w € &. We will define a scheme U* analogous to that defined in
§6.2.2. For each 7 € & containing w, choose u, € Chambers(.#, k) such that
u, Nw # B, 7 C oy, . Then given w C 71 C 75, we obtain a morphism

ery,my (wa TQauTz) - (wa Tl,u.,—l)
in Glue(.#, k), and hence a homomorphism

Fi(er, ) : R — RF

W, T2,Ury W, T1,lry °
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This gives an inverse system of rings: since Fj, is a functor, Fy(er, r,) 0 Fi(er, r,) =
Fr(er, ). We set

k . 1: k
Rw T IHII I%Lu,v',uT
TDw

and
UF .= Spec RE.

These definitions are in fact independent of the choice of the u.’s. Indeed, given
a different set of choices u’, for 7 2 w, giving maps ¢/, @ (w,7,u},)) — (w, 7,0} ),
there are unique maps

e (w,muy) — (w,7,ul)
with
Fk(efrl,-rg) © Fk(eTz) = Fk(eﬁ) o Fk(eTl,Tz)'

Furthermore, as F(e;) is given by a sequence of change of chamber maps, Fj/(e,)
is an isomorphism, and hence gives an isomorphism between the inverse systems
defined by the choice of the u, and the u’.

LEMMA 6.30. UY is isomorphic to Speck[P, ,]/(t) for z € Int(w) N By.

ProOOF. Note that we can take 2y = £, as .#[0] can be taken just to consist of
the initial rays of ., and for an initial ray 0, we can take NY so that [0, NJ] = Iinit.
Thus we can take Chambers(.,0) = Pax. Now fix w and = € Int(w) N By. Note
that for each (w, 7,u) € Glue(.#,0), Rg’T’Uu can be identified, via parallel transport
> Where I is the complement of
the face of P, , sitting over the tangent cone 7 in the fan X,. In particular, R&T?UU
is an integral domain, and Rgmu is a localization of R8)7T7Uu, SO Rgmau Cc Rgmu

(with equality unless dim7 = 1). A change of stratum map

from the interior of oy to z, with k[P, ,]/I{

[ (wa7-27u) - (valvu)

yields
F()(e) : Rg,TQ,u - Rg,n,uv
which is just the localization of the canonical surjection
K[Ppo) /15 7, 0 = K[Pp o] /15 7, -

On the other hand, the only possibly non-trivial change of chamber map is of the
form ¢ : (w,7,u) — (w,7,1) with dim7 = 1, and u,u’ the two different maximal
cells containing 7. But if 2™ € k[P%m]/IgyT’w is non-zero, then necessarily m is
tangent to 7 and hence by the definition of 6y ./, 04w (2™) = 2™. Hence this
change of chamber map is trivial.

From this, we conclude there is an inclusion of inverse systems

(k[PSO,ﬂC]/IBJ,T,a:)T - (RO )T

W, T, Uy
with the homomorphisms in the left-hand inverse system being the canonical ones
and the homomorphisms in the right-hand one being the ones defining R”. Further-
more, k[P, ,]/10 , , = R) _, unlessdim7 = 1. Since an element (f;) of the inverse
limit &nk[P%m]/IgyT’w is completely determined by those fr with 7 € Ppax, and
the same is true for lim R

., We see in fact the two inverse limits are isomorphic.
g
So

1

R, & k[P, ,]/10, ., = k[P, )/ (1),

the last isomorphism as in Lemma 6.9. (]
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We will now show that UF is a flat deformation of UY over Oy, = Speck][t]/(t*+1).

Before we get started, we will need the following observation. As all the rings Rﬁmu

are Ry = k[t]/(t**1)-algebras, R* is also a Rj-algebra. We then have a complex of
Ri-modules for each ¢ < k,

(6.3) 0— RO-LRE R 0,
Here the map R? — R’ is given by

liLnRg,'r,uT 5 (fr)r (tef'r)-r-

Since t’ annihilates any element 2™ € RfJ)T’uT with 2™ € IJ ., one sees that
(t'fr)r € liian.;,'r,uT' The map Rf.; - Rf.;_l is given by (f7)r — (fr mod Iﬁ,_rl,aw)-

A priori, (6.3) is not an exact sequence, only a complex.

LEMMA 6.31. Suppose that (6.3) is exact for each £ < k. Then UF is a flat
deformation of U2 over Oy,.

PrOOF. If (6.3) is exact, then inductively the map RY, — R? given by (f,),
(fr mod I&T’UUT ), is surjective. So in particular, the map R} — R’ given by
multiplication by t* maps into t*R’. However, it is clear in any event that the
image of this map contains t‘R’. Hence the image of R® in R’ under the map
given by multiplication by t¢ is * RY | so exactness of (6.3) implies R: ™ = R! /t'R.
Inductively, this shows that R® /tRF = RO. Furthermore, by [78], Theorem 22.3
(applying condition (4) of that theorem), R” is a flat Ry-algebra. Thus Uk is a flat
deformation of UJ over Oy,. O

In what follows, we will make use of the toric strata of U2 for w € £2. Given
T € &P with 7 D w, there is a toric stratum V, of U2 corresponding to 7. In fact,
V; = Spec R87T7GUT. Now define Z,, C U2 to be a subset of the one-dimensional
strata of Ug as follows. If 7 O w is a one-dimensional cell, we take Z, NV, to be
empty if TN A =0. If 7N A = {p}, then one of f, , can be viewed as an element
of RBJ’T’UUT, and hence generates an ideal. This ideal is the ideal of Z, N V. Of
course, given the explicit form of f5 ., Z, NV, consists of just one point. We then
take Z,, to be the union of these sets Z, NV, over all one-dimensional 7 containing
w.

We can now state the main result of this subsection.

THEOREM 6.32. UF is a flat deformation of UD over Oy. As a consequence,
the underlying topological spaces of UE and U are the same. In particular, suppose
y € UF is, as a point of US, contained in the stratum V, for some T containing
w but not in any Vyr C Vy. Then if y & Z,, UF is étale locally isomorphic in a
neighbourhood of y to Speck[P, ,]/(t**1), where x € Int(T) N Bo.

PROOF. We have 0 < dimw < 2, so we have three cases for dimw, and we will
deal with each case separately, going from the easiest to the hardest case.

dimw = 2: Then w € Pax, Oy, = w, SO Py oo, 18 isomorphic to A, x N for
x € Int(w). Thus

R o, = K[AL] @ Ry,
and so
UF =2 U0 xy Oy,

This is clearly a flat deformation of U2, isomorphic to Speck[P,, ,]/(t**1).
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dimw = 1. In this case, we have w = o4 No_ for two maximal cells o4, and

the inverse limit defining R” is in fact the fibre product
R Rf) Ko N O XRL’ij’uM Rf) U,

We shall compute this explicitly in the case that u,, and u,_ are chosen to be
adjacent, i.e., with dimu,, Nus_ =1, with us, and u,_ of course lying on opposite
sides of w. We can also take u,, = 1, . In this case, we can take a representative for
¢ which has slope 0 on o_ and has slope ed,, on o+, where e is a positive integer.
As usual d, € [\y for some y € u,, Nu,_ used to define the change of chamber
map. This element is primitive, zero on the tangent space of w, and is positive on
tangent vectors pointing into o,.. We can identify P, ., ,, with P, ,_ via parallel
transport through y. One sees easily that

Pap,w,cq_ = Aw S Sea

where A, C A, is the space of integral tangent vectors to w at y and S, is the
monoid defined in Example 3.28. We think of S, C Z? as the monoid generated by
(—1,0), (0,1) and (1,e), yielding elements of k[S,] given by

(-10) = L) 4o 00

u=z
with
ord,_ u=0, ord, v=e, ord, t=1
ord,, u=¢, ord,, v=0, ord, t=1
Writing
Ry =R, . . Bn:=Rl ..,
we have
R_ =Kk[A)[u, v, ]/ (uwv — t€, 05t | Be + v > k + 1),
Ry =Kk[A][u,v,t]/(uwv — t¢,u*tY |ae + v > k + 1),
R = (K[A][u, v, 1]/ (uv — t°, u®vPt" | max{a, B}e + v > k + D)fa, .-

Because we are taking u, = u,,, the map R, — Rn is the canonical surjection
followed by the localization. On the other hand, the map R_ — Rq is the canonical
surjection Rf,ﬁ — RF followed by localization and the change of chamber

o_,0_ W,w,o_—

map, which is given in these coordinates as
wuf,, vevfll tet,

where

w = H f(b,m)y

(0,2)

the product being over all (9, z) with ?(z) = y. We can think of f,, as living in the
ring k[A,][t].

LEMMA 6.33. Let
Ry = Kk[AJ[U, V,t]/(UV — fte t*Hh).
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Then
R, —R_ xp. R,
U —(u, fou)
Vi=(fov,v)
t—(t,t)
is an isomorphism of k[A,][t]-algebras.

PrOOF. Note that the rings R and R, are generated as k[A,][t]/(t**1)-
modules by 1,u’,v7 for i, > 0. Also, the submodules of R_ (Ry) generated
by u, i > 0 (v/, j > 0) are free direct summands. So for g+ € Ry, we can write
uniquely

g_ = Zaiui + h_(v,t)
i>0
gy = Y bjv) +hy(u,t)
j=0
with a;,b; € k[AL][t]/(t**!) and ho(0,t) = 0. So (g—,g+) € R_ xp, R4 if and
only if
ag =by, h_(v,t)= ijfivj, hy(u,t) = Zaifiui
§>0 i>0
as elements of Rn. But if this is the case then (g, g+) is the image of Y., a;U" +
> j>0bj V7 € Ry. This shows surjectivity. Injectivity follows easily after noting
that Ry is a free k[A,][t]/(t*T1)-module with basis U?, V7, i >0, > 0. O

As a consequence of this lemma, we see that R¥ = R, and it then easily follows
that (6.3) is exact. This shows U* is a flat deformation of U?. Furthermore, one
checks easily that away from Z,, which is the locus z = y = f,, =t = 0 in Spec Ry,
Uk takes the desired local form.

dimw = 0. This is the most difficult case, and we will deal with this in two
steps. Fix u,,, hence the monoid

P = Pﬂaa‘*}a”uw :

Then
U = Speck[P]/(t)

by Lemma 6.30.

It is helpful to work locally. To this end, we first define a rather strange object.

First, note that the reduced scheme associated to Spec Rfjmu is SpecR), _ ,
Y 7.0u- This, in turn, is a closed stratum of
UY. For a scheme X, denote by | X| the underlying topological space. We thus have
inclusions

which is an open subscheme of Spec R

iwr : | Spec RE | — |UY).

W, Ty U
Let
Of},‘r = 7;%‘I'*(OSpec RE .-
This is a sheaf of rings on |U?|. Note that the maps F (e, -,) : RE — RF

W, T2,Ury W, T1,Ury

induce maps OF  — OF _ defining an inverse system of sheaves ((’)577)7. Set

w,T2 w,T1
OF .= lim OF
—

w,T?
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and denote by V¥ the ringed space
Vi = (U3, 0F).

Completely analogously to the complex (6.3), one has the complex of sheaves on
|UY| for ¢ < k,
(6.4) 0—0° -~ 0l L0t
Since the inverse limit of sheaves lim F; is defined by U — lim 7;(U), in fact taking
global sections of (6.4) yields the complex (6.3): here, we use OY = Opo as follows
from the argument of Lemma 6.30. Since H'(|US|,Opo) = 0 as UJ is an affine
scheme, we get (6.3) exact if (6.4) is exact.

Now look at the open set |UY| C |UY| where 7 € & contains w and dim7 =
1. It is easily seen using properties of the inverse limit that the ringed space
(|U2|, O%|jpo)) is isomorphic to the affine scheme UF. We have already shown
Theorem 6.32 for UF, so this shows that (6.4) is exact on |J 2. |UY|.

dim 7=1

This set is almost all of |[UY[: it is just missing one point, z € |U?|, correspond-
ing to the maximal ideal mg in k[P]/(t) given by the monoid ideal P\ {0} C P.
Let my denote the maximal ideal in k[P]/(t*T1) given by the same monoid ideal

P\ {0}.
LEMMA 6.34. There is an isomorphism
W (K[P)/ (M), — OF .
PRrOOF. Taking a finite inverse limit and taking stalks commutes, so
Ok . = 1im(OF ).

w,z

Since Of;’T is supported on a closed subset in a neighbourhood of z, one sees that

(Ouk.:),T)Z = (Rtlz,‘r,u.,)mT = (Ri,r,aw )m77

where m; is the maximal ideal again generated by the monoid ideal P\ {0}. Here,
the last equality holds since RF is a localization of R” at an element not

W, T, Ur W, T, 0w r

in m,. To prevent the notation from becoming too dense, we introduce shorthand
R; = (Rf;,r,our )i, -
We now need to show there is an isomorphism
lim R, = (K[P]/(#*+"))m, .
The inverse system on the left is given by maps
Priyra t Rey = Rey

which are the localizations of Fj(er, -,). This is the composition of a change of
stratum map and a number of change of chamber maps. We can identify the
monoids P, ., » for various ¢ with P, ,, where w = {v}, by parallel transport in o
to v. This then yields canonical change of stratum maps

w’Tl,TQ : R’TQ - R’Tl)
so that ¢, 7, is a composition of v, ,, with a sequence of change of chamber maps
eun—l,n ©---0 9U17U2 : RTl - RTl

defined using points y near w (so that the singularities of B play no role here). Note
that the collection of rings { R, } with the maps ¢, -, is an inverse system as usual,
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and the same collection of rings with the maps v, ,, is also an inverse system. The
latter inverse system has inverse limit given by Lemma 6.9, namely (k[P]/(t**1))nm, -
Thus we just need to give an isomorphism between these two inverse systems, i.e.,
automorphisms v, : R — R, such that whenever w C 71 C 7o,

P
(6.5) R., —2 R,

Pry ’TQJ qu,fz

R,, —— R,
thry

is commutative.
To do so, first note that if u,u’ are adjacent chambers, we can write

Ouw (z™) =2" ézlﬁl)

for some n, and f, . can be viewed as the image of an element of k[P] completely
specified by the structure .. Furthermore, fy v & m,, so fy . can be viewed as
an element of RX for each 7. Hence we can define

o e — Ry
by
0 (27) = 2" £
Note that 1r, -, 00,2, = 07!, 0 Vr, r,.
Now for any 7 2O w, let u, = uy,us, ..., 1, = u, be the sequence of chambers

obtained by passing from u, to u,. If w € 0B, we insist that we do this in a
clockwise manner, so that this chain is well-defined. Then define

w_,_zg‘r O--'OQT

Up—1,Un Up,uz”’
One then checks easily that with this choice, (6.5) is commutative O

This lemma now shows that (6.4) is exact at z, and hence, as described above,
(6.3) is exact. Hence UF is a flat deformation of U2.

We only need to show it is étale isomorphic to k[P]/(t**1) at the point z. This
follows from the above lemma. The isomorphism given there induces a map

o K[P]/(E*) = (RE)m..
where m is the maximal ideal of the point z in R¥, and since P is finitely generated,
one can find an f € R¥ \ m, such that ¢(z™) € (RY); for each m € P. But then
we get a map

o K[P]/(t*) — (RE);
inducing an isomorphism after localizing at m; and m,, hence a map of schemes
V — Speck[P]/(t**1) which is étale at 2. By openness of the étale condition (see,
e.g., [83], Proposition 3.8), this gives the desired result. O

To construct X, the deformation of Xy = Xo(B, Z), we now glue along open
subsets. Indeed, if w; C wy, then we obtain U£2 - Ufl canonically. This canon-
ical inclusion is obtained as follows. In defining U£2, we need to choose reference
chambers ug for each 7 O wy. Similarly, we choose reference chambers ui for each
7 2D wy. Thus if 7 O we, we obtain a well-defined map
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which is a composition of change of chamber homomorphisms and a change of strata
homomorphism. This induces a map on inverse limits, and hence a map Ufz — Ufl
which is seen to be an inclusion of open sets. We leave the details of this to the
reader.

Having constructed these canonical inclusions, we can glue together the schemes
Uk along these common open sets, constructing Xj. Again we leave these straight-
forward details to the reader. We have thus proved

THEOREM 6.35. If . is a structure which is compatible to Vorder k, then there
is a scheme Xy (B, ) flat over Oy which is a deformation of Xo(B, Z).

EXAMPLE 6.36. Continuing with Example 6.23, we wish to describe the scheme
Uk for w the vertex at the origin. The reader may verify the following description
of R, using variables z1,..., 25 which should be viewed as lifts under the map
RF — RO of 2(21.0) BLL) 5201 50,-1.0) and 2(0.0:=1) yespectively. Here the
last two coordinates live in the stalk of A at w, and the first coordinate gives the
value of ¢,,. Then

Rf} %k[l‘l,...,$5,t]/(tk+l7,f1;---af5)7

where
f1=as30 — t(z +17)
fo =123 — t(xe +1°)
fs = woxy — t(axs +17)
fa=x3x5 — t3 (x4 + 1)
f5 = 24wy — t2(x5 +1).
To compactify this, rather than finding charts in neighbourhoods corresponding
to the five other vertices of &2, one can just projectize the above chart, adding a

variable and obtaining, in A' x P?, a degenerating family of del Pezzo surfaces given
by the equations

Tr5xo — t(x120 + t2x0

( 2
x1w3 — t(xemo + tgxg
xowy — t(xszo + t2x(2)
2

)=0
)=0
)=0
r3xs5 — t3 (2420 + 23) =0
)=0

2 2
x4w1 — t*(T520 + 2

6.3. Achieving compatibility: The tropical vertex group

All that remains to be done is to construct a compatible structure . to order
k, and then let k& — co. To do this, we need to understand what happens when
rays collide.

6.3.1. The argument of Kontsevich and Soibelman. We will first de-
scribe a fairly general setup and general result. This will provide the basic idea of
how to produce compatible structures. The definition here is only a slight general-
ization of the definitions seen in §§5.4.2 and 5.4.3, so should look familiar.
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Fix a lattice M = Z2 N = Homg(M,Z) as usual, and suppose we are given a
toric monoid P equipped with a map

r: P — M.

For this chapter, the typical example is P = P, , for x € By, and r: P, , — M is
the projection P, , — A, given by m +— m. We then define the module of (relative)
log derivations of k[P] to be the module

O(k[P]) := Homgz (M, k[P]) = k[P] ®z N.
An element f ® n is written as f0,, and acts as a derivation on k[P] by

fon(z") = f{n,r(m))z".

Now denote by m both the ideal P\ P* (where P* denotes the group of units in
P) and the monomial ideal generated by this monoid ideal in k[P]. For example, if
P = M ®N, with r the projection onto M, then P* = M @0. Let I be a monomial
ideal in k[P] whose radical is m; we shall call such an ideal an m-primary ideal.
Then given £ € mO(k[P]), we obtain an element

exp(£) € Aut(k[P]/I)

via exponentiation of the derivation &, i.e.,
o
_ §'(a)
exp(©)@) =a+ 3
P

This is a finite sum, since there is some integer n such that m™ C I.

One can check, for example, that if f € m can be written as f =) ¢ cnz™
with {r(m)|m € S} lying in a rank one sublattice of M, and n € N annihilates
this sublattice, then

exp(fOn)(z™) = exp(f) ™MD zm,

In general, however, it is difficult to compute the exponential of a vector field.
There is a natural Lie bracket defined on the module of log derivations:

[z O, zm’an,] = zm+m/(<n,r(m’)>8n/ — <n’,r(m)>8n)

= Zm-{—m 8(n,r(m/))n’7(n’,r(7n)>n-
Now let
vi= P "ker(m)t COK[PI).

mem

r(m)#0
This is the k-vector space of linear combinations of vector fields 29,, with m € m,
r(m) # 0, and (n,r(m)) = 0. Via exactly the same argument as in §5.4.2, v is

closed under Lie bracket. For each m-primary ideal I, we then get a subgroup of
Aut(k[P]/I) defined by

Vi = {exp(§) | £ € v}
Just as in §5.4.2, we can express elements of this group as Hamiltonian symplecto-

morphisms. However, this will not be important for us in this chapter.
We will sometimes want to work with power series in a complete situation. Let

—

k[P] := limk[P]/m"
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be the completion of k[P] at the ideal m. We can then also define
V= 1lim Vi,

a pro-nilpotent subgroup of Aut(ﬂqﬁ]).
Just as in §5.4.3, we can define the notion of a scattering diagram, with essen-
tially the identical definition.

DEFINITION 6.37. Let r: P — M be given, and I be an m-primary ideal.
(1) A ray or line is a pair (9, f5) such that
e 0 C Mp is given by
0= m6 - Rzomo
if 0 is a ray and
o =my — Rmyg
if 9 is a line, for some my, € Mg and mo € M \ {0}. The set ? is
called the support of the line or ray. If d is a ray, my is called the

initial point of the ray, written as Init(9).
e For mgy € M \ {0}, let

P, :={m € P|r(m) = Cmg for some rational C' > 0}.

Then f, € k[P] satisfies
fo=1+ Z cmz™.

me Py
e fy =1 mod m.

(2) A scattering diagram © over k[P]/I is a finite collection of lines and rays
such that for each (9, f5) € D, f» € k[P]. A scattering diagram ® over
k[P] is a countable collection of lines and rays such that for each k > 1,
there are only a finite number of lines or rays (0, f) € © with f, £ 1
mod m”.

We then have the same notions of the sets Supp(®), Sing(®D) as defined in
§5.4.3, and given a smooth immersion v : [0,1] — Mg \ Sing(®), if one fixes an
m-primary ideal I, one obtains exactly as in §5.4.3 an automorphism

9%@ e Vy.
Indeed, one needs to check that each automorphism 6., 5, arising when crossing a ray
0, makes sense; this is defined by 6, 5, (™) = széf’r(m» as usual for some n € N.
This makes sense, as f,, = 1 mod m, so that f5, is invertible in k[P]/I. Thus
we obtain, as before, the automorphism 6., » which only depends on the homotopy
type of the path v in Mg \ Sing(D).

Furthermore, if ® is a scattering diagram over llq.l;], then 6, o similarly makes
sense: computing 6, o modulo m* makes sense for any k > 0, since this involves
only a finite number of compositions. One then takes the limit to get

0%@ S i\f

In §5.4.3, we constructed an explicit scattering diagram ® derived from the
set of all Maslov index zero disks. We found that the automorphisms 6, » for
loops around certain singular points of © were the identity. In this section, we
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will proceed in quite the opposite fashion, first showing how, using an argument
of Kontsevich and Soibelman [70], we can always achieve this condition by adding
rays.

THEOREM 6.38. Fix an m-primary ideal I. Let ® be a scattering diagram
over k[P]/I. Then there exists a scattering diagram S;(®) containing © such that
S1(®)\ D consists only of rays, and such that 0. s, (o) = Id € V1 for any closed
loop v for which 0 s, (o) is defined.

—

Similarly, if © 14s a scattering diagram over K[P], then there is a scattering
diagram S(®) containing © such that S(D)\'D consists only of rays, and such that

0y sy =1d €V for any closed loop «y for which 0., 5oy is defined.

PRrROOF. We proceed inductively on k, showing that there exists a ©y such that
0,0, =Id mod m"!

for all closed loops « for which 6, o, is defined. In the case where we are working
over k[P]/I, since I is m-primary, there is some k such that m**! C I, and then
we are done, taking S;(®) = Dj. Otherwise we continue indefinitely, taking S(D)
to be the (non-disjoint) union of the Dj.

We take g = ®. To obtain ®j from Dy 1, we proceed as follows. Let
D)., consist of those rays and lines 0 in ©,_1 with fy Z1 mod mFtLl. Note that
Sing(Dj},_,) is a finite set. Let p € Sing(®)_,). Let 7, be a closed simple loop
around p, small enough so it contains no other points of Sing(®),_;). Certainly,

1

_ k+
g'Yp;Dk—l = 0%,@;_1 mod m .

By the inductive assumption we can write uniquely

S
0%’9;@_1 = exp < E cizm'iam> mod mF+!
i=1

with m; € m*, r(m;) # 0, n; € r(m;)* primitive and ¢; € k. Let
Dpl = {(p —Rxor(mi), 1 £eiz™)i=1,...,s}.

The sign is chosen in each ray so that its contribution to 0., o) is exp(—c;z"0y,)
k+1 Since [¢;2™10y,;,¢] = 0 mod m**! for any log derivation ¢ € v,

k41 with any

modulo m
an automorphism associated to any ray in D[p] commutes modulo m
automorphism associated to a ray in ®;_;. Thus we have

0., . suofp =1d mod m*t1.

Furthermore
Dy =Di—1 U| D]
P
now has the desired properties. Indeed, let p € Sing(Dy). The only rays which
contribute to 0%,9,@. mod m?”l WhiCh- were not in ®y_y U D[p] are i.n Uprzp @91,
and these rays contribute twice, but with inverse automorphisms which cancel. [

REMARK 6.39. The process described in the proof of the above lemma is very
simple, and can be implemented easily on a computer. It is also easy to see that
the result is essentially unique. The only non-uniqueness arises because there may
be a number of distinct rays or lines with the same support. Given rays or lines
(01, fo,)s -+ s (On, fo,,) with Supp(91) = - - - = Supp(?,,), we can replace these rays or
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lines with (9, [[;—, fo,), with support @ = Supp(?;). If one applies this procedure
to every set of such rays or lines in a scattering diagram %, one obtains a new
diagram @’ such that no two elements have the same support, yet nevertheless the
automorphisms 6, » coincide with 6, o, for any path for which 6, 5 is defined.
This then leads to the following definition:

DEFINITION 6.40. Two scattering diagrams © and ®’ are equivalent over k[P]/I

or K[P]) if o =20,9 in V; (or V) for every path ~ for which both 6, » and
( s %, v 7,
0. o/ are defined.

The correct uniqueness result then says that S;(D) (or S(®)) is unique up to
equivalence.

EXAMPLE 6.41. The structure of S(®) can be very complicated, even for very
simple choices of ®. We will discuss three examples here, and the reader can consult
[44] for more details.

We will take in these examples P = M @ N, writing 2 = 2(10:0) ¢ = (0 and
t = 2(001) 5o that k[P] = k[z*!,y*!,#] and m = (). Then k[P] = k[z**, y*!][¢t].

Consider the scattering diagram

D = {(R(1,0), (1 +ta~ 1)), (R(0, 1), (1 + ty 1))}
for various #1, ¢y > 0. If £ = {5 = 1, then it can be easily checked by hand that
S@)\D = {(R(1,1), 1+ >z~ 'y~ 1)}

Indeed, this is the same calculation carried out in Example 6.29. One only needs
one extra ray. But if /1 = {5 = 2, one already needs an infinite number of rays:

SO\ D = {(R(n+1,n), (1 + >z FDy=m2)p ¢ 7. n > 1}
U{(R(n,n+1), (1 + > Flgy= N2 e Z.n > 1}
U{(R(1,1), (1 =27y~ 1) ™)}

For ¢1 = {5 = 3, the situation is much more complicated. One finds a certain
symmetry, first noticed by Kontsevich:

(R>o(my,ma), f(t™ T2~ My~™2)) € §(D)

,1,0)

if and only if
(R>0(3my —ma,my), f(H1m 7 m2gMm2=3my=m) € §(D),
provided that my, ma and 3my — mo are all positive. In addition, S(®) contains
rays
(R>0(3,1), (1 +t*2z73y=1)3) and (R>o(1,3), (1 + ttz~1y=3)3)
and hence by the above symmetry, there are also rays with support

Rs0(8,3), R50(21,8), ... and Rso(3,8), Rx0(8,21), ...
which converge to the rays of slope (3 4 v/5)/2, corresponding to the two distinct

3 —
1 0

know what the functions attached to these rays are. On the other hand, inside the

cone generated by the rays of slope (3 + \/5) /2, every rational slope occurs, and the

functions attached to these rays appear to be very complicated. The only known

eigenspaces of the linear transformation ) . Note that by the symmetry, we
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case is the function attached to the line of slope 1 (and the slopes obtained from
this one by symmetry), which was proved by Reineke in [95] to be

9
- 1 4dn 2n  —n . —
tn n n .
(Z?m—!—l(n) vy )

n=0

While these scattering diagrams are very complicated, note that modulo ¢* for
any fixed k, there are only a finite number of f; occuring with f, # 1.

6.3.2. The enumerative interpretation. In Chapter 5, we saw a relation-
ship between the condition that 6,5 = Id for a loop v around a singular point
and gluing of Maslov index zero disks to create new Maslov index zero disks. The
scattering diagrams we consider here are far more complicated, but in fact there is
still a similar interpretation, due to myself, Pandharipande and Siebert, given in
[45]. While I will give the precise statement here, as we shall need one aspect of
the result, I will not give any details of the proof. Thus this section is essentially
the only part of the argument of this chapter which is not entirely self-contained.

We consider the following situation. Let ¢1,...,¢, > 0 be p positive integers,
and let £ = >°7_  £;. Set P = M @ N*. We denote the monomials in k[P] corre-
sponding to the generators of N¢ as tij, 1 <i<p,1<5<4. Letmy,...,mp €M
be distinct primitive elements. Let © be the scattering diagram

£
(6.6) D = {(Rmi, [J(1 +t;27™)) |1 <i < p}.
j=1
The ideal m is generated by the variables ¢;;. We can study the infinite scattering

—

diagram S(®) over k[P], i.e., we can work over the ring k[M]|[{¢;;}]. This will,
in particular, after reducing modulo any m-primary ideal I, yield S;(®). Indeed,
given S(®), we can obtain a finite scattering diagram over k[P]/I by throwing out
those rays (0, f) € S(D) such that f, =1 mod I, and for each (9, f5) € S(D) with
fo Z1 mod I, we truncate f, by removing any monomials in I, to ensure that fj
is a polynomial rather than a power series.

We would like to interpret elements of S(®) \ ©. Let us assume that S(D) is
chosen so that no two rays have the same support, and let (9, f) € S(D)\D. More
specifically, we will interpret f,. So assume that 9 is now fixed in the discussion.

Let 35 be a complete fan in My defining a non-singular toric surface X, with
the property that ¥, contains, amongst its set of one-dimensional rays,

Rzoml, PN ,Rzomp and 0.
(Note that 9 may coincide with one of the other rays). The precise choice of the
fan ¥, will turn out to be irrelevant.
Let Di,..., D, be the toric divisors of X; corresponding to the rays
Rzoml, ey Rzomp,
and let Doyt correspond to the ray 0 (possibly D; = Dgyt for some ). Choose
general points {z;1, ...,z } C D;. Let
)28 )?0 — XD
be the blow-up of X at the set of points {x;;}. Let 51, ey ﬁp, 5out be the proper

transforms of the corresponding toric divisors, and let £;; be the exceptional divisor
over the point x;;.
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Now introduce the additional data of P = (Py,...,P,), where P, denotes
a sequence (p1,...,pir,) of ¢; non-negative numbers. We will use the notation
P; =pin+- - +pie,, and call P; an ordered partition. We call p;1, ..., pie, the parts
of P;. Define

L
|Pi| = Zpij,
j=1
and restrict to those P such that

P
(6.7) =3 [Pi|m; = kpma,

i=1
where my € M is a primitive generator of 0 and kp is a positive integer.

Given this data, consider the class 8 € Ho(Xy,7Z) specified by the requirement
that, if D is a toric divisor of X, with D & {D;,...,D,, Doy}, then D - 8 = 0; if
Dot ¢ {Dlv'-'vDP}7

Di'ﬂ:|Pi|7 Dout'ﬂ:kP

while if Doy = D; for some j, then

D, G P iF ]
! |P;|+kp i=j

That such a class exists follows from (6.7) and Proposition 4.2. We can then define
p 4
=" pislEy) € Hy(X,, Z).

=1 j=1

This is, roughly speaking, the class of the proper transform of a curve in )~(D which
passes through the point x;; transversally to D; p;; times and intersects Doyt at kp
points, counted with multiplicity. Finally, let X§ be obtained from X, by removmg
all zero-dimensional torus orbits, and let X" = y_l(X") Let Dgut = Doyt N X

We now consider, somewhat informally, the moduli space of relative stable maps
of genus zero representing the class fp,

M(XS/DSy) € M(Xo/ Dout),

out
in which we impose maximal tangency with Doy. Roughly, ﬁ()? o/ lN)out) is the
moduli space of stable maps f: C — X, with the following properties:

(1) C is genus zero.

(2) f represents the class Op.

(3) There is a unique point p € C such that f(p) € 5out, and if x is a local

equation for Doyt near f(p), then f*(x) has a zero of order kp.
In general, this isn’t quite accurate, because the space of such maps is not compact.
To define this moduli space correctly, one must allow bubbling-off phenomena to
occur not just to the curve C' but also to the space )?a- This was done in the
algebro-geometric context by Jun Li in [72] and [73]. See [35] for a summary
of this construction. The reader unfamiliar with this concept, however, need not
worry too much about it, as we shall not need the details of the construction here.
We then define M(X¢/D2,,) to be the > open subspace consisting of those rela-

tive stable maps with image contained in X 2 rather than Xa While DJT(XD / Dout)
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is compact because the target space )~(D is compact, it turns out that the open sub-
set im(X o/ Dout) is also compact: such curves cannot converge to curves passing
through one of the deleted points. This is proved in [45], Proposition 5.1. Further-
more, the space M(X2/DC,,) (generally a Deligne-Mumford stack) has expected
dimension zero, and a virtual fundamental class. We then define the number

Np = / ~ 1.
M(X3)/ Dy )]V

Informally, this is the number of rational curves in the class Sp which are maximally
tangent to 5out. Of course, these numbers can be more subtle, involving the usual
sorts of virtual counts which appear in Gromov-Witten theory: multiple covers and
stacky phenomena can produce fractional numbers.

With these definitions, we can now state the main theorem of [45]:

THEOREM 6.42.
log fr = kaNpth*kP"“,
P

where the sum is over all P satisfying (6.7) and t¥ denotes the monomial I tf’;’,

EXAMPLES 6.43. (1) Let’s consider the case p = 2, m; = (1,0), ma = (0, 1); this
is essentially the case considered in Example 6.41, but with the variable ¢ replaced
with variables t11,...,t14,, to1,...,t20,. First, with ¢; = ¢» = 1, we have one
output ray, (R>o(1,1),1+ t11ta1z~y~1). (To get the original 1 + t2z =1y~ given
in Example 6.41, just substitute ¢ = ¢t11 = t12.) The rays R>¢(—1,0), R>0(0,—1)
and R>o(1,1) are the one-dimensional cones in a fan defining P?, and the three
toric divisors, D1, Do and Dy, are the three coordinate axes. Fixing one point on
D1 and one point on Do, there is precisely one line going through these two points,
and taking P = (1,1), we thus see Np = 1. Note, on the other hand, that
S1o1y s (CDR

10g(1 +t11to1x Yy ) = Z T
k=1
Thus we see that Ny, = (—1)FT1/k% For k = 1, this is just the single line
counted above; all other contributions come from multiple covers of this line totally
ramified at the point of intersection between the line and Dgy;.

(2) Next consider the case that {1 = 5 = 2, and consider the output ray

(R>0(1,1), (1 — 2z~ 1y=1)~*) in S(D) as described in Example 6.41. Note

log(1 — t* - _4Zk —t2k y*.

Since we have substituted ¢ for the four Varlables tij, 1 < 4,7 < 2, each coeffi-
cient represents a sum over various P. In particular, N(140,140) + No+1,140) +

k 4k ,.—k, —k
kt11t21x Yy .

Na40,041) + No+1,041) = 4 is the coefficient of t2xz~'y~!. This is the count of
lines passing through two points, one of which is chosen to be in {x11, 212}, and
the other chosen to be in {za1,722}. The coefficient of t*z=2y~2 is 1, which is
N(1+171+1) + N(2+072+0) + -+ N(0+270+2). Here invariants of the form N(2+071+1)
are easily seen to be zero, and the ones of the form N1 210 just yield the mul-
tiple cover contribution from lines, which is —1/4 for each of the four lines. Thus
N@141,141) = 2, which accounts for the number of conics passing through the four
points {z;;} and tangent to Doyt.
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(3) Finally, let’s look at the case ¢; = {2 = 3, again looking at the ray of slope
1, with attached function f,. Then from the explicit formula given in Example
6.41, one calculates

63
log fo = 922ty L + 2. Zt4x_2y_2 +3-55t5: 3y 1 ...

The accounting is as follows. The first coefficient, 9, counts the number of lines
passing through one point of {11,212, 213} and one point of {xay, z22,32}. The
second coefficient, 63/4, accounts for the double covers of these lines, for a total of
—9/4, and the number of conics passing through two points of each of these two
sets, and tangent to Dyyut, for a total of 3 x 3 x 2 = 18. Note 18 — 9/4 = 63/4.
The accounting for cubics, as can be checked by computing the scattering diagram
not using the single variable ¢ but using the variables ¢;;, is as follows. One has
Nati41,14141) = 18. This is the count of nodal cubics passing through all six
points {x;;}, and triply tangent to Dou. The number Nioi140,14141) = 3: this
is the number of nodal cubics triply tangent to Dy, whose node coincides with
211 and which pass through all of the six points except for x13. Note there are
2 x 3 x 2 =12 choices of P of this type, so that the total count from genuine cubics
is 18 + 36 = 54. On the other hand, we also have triple covers of the 9 lines, each
contributing 1/9, hence a total of 54 + 1 = 55. O

In fact [45] gives formulas for more general scattering diagrams. Suppose we
are given for each 1 <14 < p a positive integer p; and non-negative integers ¢;; for
each 1 < j < p;. Consider

pi Lij
(6.8) D = {(Rm;, [T JTQ +tinz"7m)) |1 <i < p}.
j=1k=1
As before, my,...,m, € M are distinct primitive elements. Again, we consider

S(®) over k[M][{t;;x}], and interpret rays (9, fo) € S(D).

We define a graded partition to be a finite sequence G = (P, ..., Pg) of ordered
partitions with each part of P; being divisible by i. We write |G| = E?Zl |Pg|. Let
G = (Gy,...,Gp) be a p-tuple of graded partitions, with each P;;, the j-th piece
of G;, being of the form p;j1 + -+ + pije,;. Restrict to those G such that

P
(6.9) = " |Gilmi = kamy
i=1
for some positive integer kg. Given this data, consider the class § € Ha(Xy,Z)
specified by the requirement that, if D ¢ {D1,...,Dp, Doy}, then D - 3 = 0; if
Dot ¢ {Dlv'-'vDP}7
Dzﬁ:|G7|; Dout'ﬁsz;

while if Dyt = D; for some j, then

Di-f= |G P F ]
! |Gi|+kg i=]

Pick general points i, € D;, for 1 < i < p, 1 <7 <p;, 1 <k < 4. We
will now be slightly less precise than we were before. Define Ng to be the virtual
number of rational curves which have tangency to order kg with Dy, at precisely
one point, and have p;;i/j branches of the curve tangent to order j with D; at
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each point x;;,. This latter incidence condition is obtained as before by blowing up
each point x;;1, but performing an orbifold blow-up instead of an ordinary blow-up
of the point x;;r whenever j > 1, see [45], §5.5 for details. Then we have the
analogous theorem from [45], §5.7:

THEOREM 6.44.
log f>o = Z kgNgtCzkeme

Dijk/J

where the sum is over all G satisfying (6.9) and tS denotes the monomial || tiik

REMARK 6.45. Relative stable maps in SJT(X °/D2,..) can be fairly complicated
objects, involving maps f : C' — X g where X ¢ is a reducible scheme. However, this
reducible scheme comes with a map X 2 — Xg , and composing f with this map,
we get a map f : C' = X,. It follows from the arguments of Lemmas 4.1 and 4.2 of
[44] that the image of f only intersects the proper transform of the toric boundary
under the blow-up map v : Xy — X, at D°,. Here v is the ordinary blow-up of
X, at the points z;; in the case considered in Theorem 6.42, and is the weighted
blow-up of points z;; in the case considered in Theorem 6.44.

We can also compose f with the blow-down v, in which case we obtain a map
f : C — X,. Note that neither f nor f needs to be stable. The domain C' may
have many different components, on some of which f may be constant. However,
from the above observation that the image of f is disjoint from D;, and the fact
that f (C) is a divisor in the class Sp (or a similarly defined class B in the more
general case), it follows that the intersection multiplicity of the divisor f.(C) on
Xo with D; at the point z;; is precisely p;; (or at the point ;i is precisely p;jx).
Furthermore, while f.(C) may have a number of irreducible components, there is
a point ¢ € Doy such that

f(O)NOXy ={qtU{zij |1 <i<p1<j<l}

(or
F(C)N0Xo = {a} U{miji |1 <i<p, 1 <j<pi,1 <k <ly)).

There is also a constraint on this point ¢, which we describe in the more general
case. Indeed, f,(C) is a divisor representing 3 € Ha(X,,Z) = H*(X,,Z) = Pic X,,
as X, is two-dimensional and rational, and restricting this element to 90X, gives a
well-defined element of Pic(0X,). Since f,(C) is in the linear system defined by (3,
f«(C)|ax, is in the linear equivalence class given by 3|sx,. Note that

f(O)lox, = Zpijkxijk + kaq.
ij.k
As 0X, is a (singular) elliptic curve, for fixed choices of x;;, there are only a finite
number of choices of ¢ for which this divisor is in the linear equivalence class given

by ﬁ|axa-

REMARK 6.46. While the scattering diagram (6.8) may still look rather special,
it in fact can be used to give the results of Theorem 6.38 for essentially any scattering
diagram. Let us explain this process here in the case that we have some given P,
r: P — M as usual, and a scattering diagram

D = {Rr(mi), fi)}
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with f; = 14+ ¢;z7™, ¢; € k and m; € P with r(m;) # 0. We wish to describe
S7(®) for an m-primary ideal I.

First, ® may have a number of overlapping lines, so replace ® with an equiv-
alent scattering diagram which we describe as follows, after renaming the m;.
There are my,...,m, € M distinct primitive vectors, positive integers p; for each
1 <4 < p, and positive integers £;; for each 1 <¢ <p, 1 < j < p;, such that

pi Lij

D = {(Rig, [T T (1 +cijezm)) [1 < i < p}

j=1k=1

where 7(m;ji;) is positively proportional to m; and the index of r(myj;i) is j. Let
t=73%"; i, and set

to be the scattering diagram over the ring k[M][{t;;x }]; this is the scattering dia-
gram considered in (6.8). Thus the rays of S(®’) are given by Theorem 6.44.
Let Q C M @ Nf be the submonoid freely generated by

{(=r(mijr), ein)}
where e;;, € N¢ corresponds to t;;z. Then D’ is in fact defined over the subring
k[Q] of k|M @& N*]. Define a ring homomorphism

¢ :k[Q] — Kk[P]

tijsz’r‘(’ﬂwjk) N cijszmi_jk

Let I’ = o~ 1(I). We obtain a scattering diagram S;/(®’), over k[Q]/I’, which by
uniqueness can be taken to be obtained from S(®D’) by reduction modulo I’.

Applying ¢ to the function attached to each element of S;/ (D), we get a
scattering diagram ¢(Sy/(®D’)) defined over k[P]. Furthermore, 6. (s, (o)) = Id
mod I for v a loop around the origin, as 0, s , (/) is the identity in k[Q]/I’. Thus,
by uniqueness, in fact ¢(S;/(D’)) must be equivalent to S;(®). In this sense, S(D’)
is a universal scattering diagram.

Note that the particular process described in the proof of Theorem 6.38 pro-
duces new rays whose attached functions are binomials 1 + ¢32"°. We can achieve
this here: given a ray (9, fy) € ¢(Sp(®')), we can factor f, in k[P]/I uniquely
into a product of such terms using the following mechanism. Suppose that we have
factored

d
fo= H(l +¢;zP")  mod mF.
i=1
Then modulo m*F+1,
d
fo— H(l + ¢ 2P) = Zdqu-f,
i=1 j

with 2% € m® \ m**1. Then modulo m**!, we can write

d
fo= <H(1 —|—cizp’i)> [ +d;=9)

i=1 j
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We continue like this until we reach a k such that m* C I. Thus we can replace the
single ray (9, f,) with the collection of rays {(9,1 4+ ¢;2P)}. This new scattering
diagram satisfies the conclusions of Theorem 6.38, and in fact is the scattering
diagram produced by the algorithm given there.

We need one technical observation that comes easily from Theorem 6.42.

PROPOSITION 6.47. Let D be the scattering diagram given in (6.8). Let J be a
monomial ideal in R = k[{tix | (i, 7,k) # (1,1,1)}] such that R/J is Artinian. Also
denoting by J the ideal generated by J in kM| @y k[{tijr}], let I. = (t§1,) + J be
the monomial ideal in this latter ring, so that I, is an m-primary ideal. Let ©. be
the scattering diagram Sy, (D), obtained via the algorithm of the proof of Theorem
6.38, such that Sy (D) contains no elements of the form (v, fy) withd =1 mod 1.
Note that by construction, we then have ©, C D.11. Then the sequence ©1,Da, . ..
stabilizes.

PRrOOF. Consider the set I' consisting of collections of graded partitions G =
(G1,...,Gp) with

[T &7 e
ik
(6,4, k) #1

and p;j, > 0 for some (4, j, k) # (1,1,1). Since R/J is Artinian, for any given choice
of pi11, there are a finite number of G € I' with this p111, but I' itself is infinite
as there is no bound on pi11. In particular, if G € I', then all p;;; are bounded
by some number N except for p111. We will first show that there are only a finite
number of G € I" such that Ng # 0.

Suppose G € T with Ng # 0. There is a primitive my € M such that (6.9)
holds, and hence a ray (0, f5) in the scattering diagram ©. for some e with support
0 = Rx>¢my. Let 33 be as usual. We can always refine ¥5, and can thus assume that
Y, contains both the ray R>q(—m1) and the ray R>o(m1), so that the projection
Mg — Mg/Rm; gives a toric morphism 7w : X5 — P!. The morphism 7 has a
section given by the divisor D; corresponding to R>qm;.

By Remark 6.45, the fact that Ng # 0 means that there is a map f: C — X,
such that the divisor f.(C) has intersection multiplicity pijy1 with Dy at 11;.
Also, we can assume that the fibre 771(7(2111)) is not contained in the image
of f. Indeed, this fibre intersects X, at another point other than 111, and by
assuming the points x;;, are generally chosen, we can assume this point does not
coincide with any of the z;;;’s. Hence, in the notation of Remark 6.45, we can
call this point q. Now by that remark, the divisor class of the divisor on 90X,
given by > pijkijk + kaq is determined completely by G. However, there is some
(¢,7,k) # (1,1,1) with p;jr # 0, so by varying that z;;, and keeping all other points
fixed, we obtain a contradiction. Thus for general choice of this i, f«(C) cannot
contain 7~ (m(x111)).

Now f,(C) represents the class 3, and f.(C) represents a class 8g = v*(8) —
p111E111 — - -+ . Since the total transform of the fibre 7=!(m(x111)) consists of two
irreducible components, one being Fy11, and F111 - B¢ = p111, we must have the
intersection multiplicity of 771 (7 (2111)) with f.(C) being at least p11;. From this,
we conclude that the intersection number (G- F', where F' is the class of a fibre of
m, is at least p111.
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Next observe that at least one of 771(0) and 7 !(cc) does not contain the
divisor Dgyy; assume it is 7~2(0). Then the proper transform of 7—1(0) in X,
is disjoint from f(C). Thus § -7~ (0) is completely determined by Ga,..., G,
and hence is bounded. Since 771(0) is linearly equivalent to F, we see that pi1;
is bounded. This argument did not depend on 0, so we see that p;;; is bounded
independently of 9. Hence the set {G € I'| Ng # 0} is finite.

In particular, by Theorem 6.44 and (6.9), one sees that at most a finite number
of distinct directions for rays d can occur in |J, De.

Suppose now we have taken ®. not to have more than one ray with any given
support, so that for a ray (9, f5) € De, log f, is given by Theorem 6.44. Consider a
ray (9, f) which appears in ©. for some e. Since this is a ray, any coefficient must
involve some t;;;, for (4, j, k) # 1; otherwise, it would have to arise when computing
S({(Rmq,14+t11127™1)}), but there are no rays in this diagram. Thus in particular,
the above argument shows that there are only a finite number of terms in log f5
modulo J which can appear, and since every coefficient in log f, involves some
tijr with tf}’k € J, fo = exp(log f) only has a finite number of terms modulo J.
Thus there is some bound on the number of terms in f; independent of e. Finally,
applying the factorization process given in Remark 6.46, we can replace each ray
(0, fo) with a finite number of rays (9, fo) with f; having the form 1 + ¢z™. This
shows the desired result. O

REMARK 6.48. The above proposition can be interpreted as follows. The scat-
tering diagram

s@) = ) s1.()

can be viewed as a scattering diagram for the ring

o~

A =k[M] @ (k[{tie | (45, k) # (1, 1,1)}/ )t
and in this ring 6, s(p) = Id. However, A contains as a subring the ring
A = (K[M] @k k[{tijn}/I)1410,2-m1 5

and 6, » makes sense as an automorphism of A. The fact that S(®D) is finite means
that 0., sp) also makes sense as an automorphism of A, and is of course still the
identity. This tells us that the Kontsevich-Soibelman lemma (Theorem 6.38) makes
sense over the localized ring A in this particular case.

6.3.3. Making structures compatible. We can now construct a compatible
structure. Start with (B, &2, ¢) as usual: B is an integral tropical manifold of
dimension two with positive and simple singularities. We will construct a sequence
of structures .7y, .71, ... with .¥}; compatible to order k.

We start with .%5: we have no choice here but to set

S0 = {Dp,i |p S A},

where 0, + denotes the two rays associated to the singular point p required by the
definition of structure. It is easy to see that .7 is compatible to order 0. Let us
check this. First, for 9, 4, we can take ng,j:’ the number promised by Proposition
6.21, (2), to coincide with the non-zero endpoint of the interval I, , defined in

Definition 6.22, (2). As a consequence, we can take &y = &2. Thus the only joints
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are the vertices of Z. If v is a vertex, then f;, =1 mod Igﬂ),n for any 0 € .79, so
compatibility is trivial.

We now wish to construct .} inductively, so assume that we have constructed
Y%—1 compatible to order k£ — 1. We will add new rays to obtain .#}, compatible to
order k. For this purpose, we use the results of the previous two subsections. In
particular, the argument is purely local, in that at each joint we add a collection of
rays dictated by the argument of Kontsevich and Soibelman.

For a given joint j, take M = A;j, the stalk of A at the point j, and take
P =P,s0 for some o € P, containing j. Let I = I[’ijajya. Note that I is
always m-primary, where m = P\ P*.

Construct a scattering diagram ©; as follows. The elements of ®; are in one-
to-one correspondence with pairs (9,z) with 0 € .%;_; such that = € [0, N}] and
o(z) =j. Given such a pair (9,x), we associate to it an element of ©; of the form

(R0 (2), 1+ cpz™>=) =0
(RO (z),1 + cpz™o) x#0

Here d'(x) € Ay(y) = Aj denotes the tangent vector to ? at 2. We now need to
consider two cases.

dimo; = 2 and dimoj = 0: In this case, ©; is actually a scattering diagram
over k[P]/I. All the conditions are obvious from the definition of a ray in a struc-
ture except for the requirement that f; = 1 mod m for 0 € ©;. However, if 0
corresponds to a pair (9,z) and dimoj = 2, then 9 cannot be an initial ray, and
hence ord,, m; , > 0 by Definition 6.22, (3). Thus 1+¢;2™%+ =1 mod m. On the
other hand, if dimoj = 0, and 9 corresponds to (9, x), then there is some 0 € Pax
containing j with ord, ms , > 0, either by Definition 6.22, (3) if ? is not an initial
ray, and by Lemma 6.19, (2), if 0 is an initial ray (noting that a joint never lies in
0B). So again 1 4 ¢5z™?= =1 mod m.

Thus we get a finite scattering diagram S;(®;). Note that the particular con-
struction of S;(®;) given in Theorem 6.38 always added rays (9, f5) with f, of the
form 1+ cp2"°, and we can assume that my € Iffj‘};j}a for each added ray. Indeed,
the fact that .7}, _1 is compatible implies

010, =Id mod Ikt

0j,04,0
for a loop v around the origin.

Now for each (0,14 ¢p2™) € S;(D;) \ Dj, let (9, f5) be the ray on B obtained
by taking 9(0) = j, 0'(0) = —ma, and f3 = 1 + 2™, where mj; is obtained by
parallel transport of my. It follows from Proposition 6.21 that this is a ray. Set

(6.10) 1 ={0, f3) 10 € S1(D5) \ D}

dim o = 1: If the edge o contains a singular point, then, without loss of gen-
erality, we can assume j € Dp,Jr(Ié‘;i’i) (as opposed to Op,,(Ié‘;ft_ )). Then for any o
containing oy, orde m— = 0, so f,, , # 1 mod m. However, this is the only ray
which causes any problem. In particular, given a path v in Mg, 0, o, does not
make sense in the ring k[P]/I because f,, , is not invertible. It only makes sense in
the ring (k[P]/I)fbp#, but we haven’t proved a version of Theorem 6.38 over this
ring. Nevertheless, we can interpret ®; in a different way to make sense of this,
using Remark 6.46 and Proposition 6.47.
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In particular, apply the construction of Remark 6.46 to the scattering diagram
D; = {0 €D;|0is a line}.
We replace it as in the remark with an equivalent scattering diagram

pi Lij

Dy = {®mi, [T [T+ iz},

j=1k=1

where we can assume that 1 + cy1127™11 = 1 4 2™~ is the term causing trouble
for us. We then follow the procedure of Remark 6.46, obtaining S(®’). The only
subtlety is that t1112~"("™111) now maps under ¢ to z™~, which does not lie in m.
Nevertheless, it then follows from Proposition 6.47 that if / C P is an m-primary
ideal, then »(S(®’)), modulo I, only contains a finite number of rays. However, it is
still true that 0., ,(s(o)) =1Id mod I, but now in the localized ring (k[P]/I) 4.,
where this automorphism makes sense, as in Remark 6.48.

Now define S;(®;) to be obtained by factorizing all the rays in ¢(S(®’)) as in
Remark 6.46. This is a unique procedure, and all rays in this scattering diagram
which are not trivial modulo 7, (’j;[}j’[, will inductively already appear in ®;. So as
before use (6.10) to define .%;. O

Let

S = L1 U U 5”,

jeJoints(._1,k)
THEOREM 6.49. % is compatible to order k.
PROOF. Let j € Joints(#%, k), and let
O = Oy 000y, RF — Rk

0j,0j5,U1 Tj,0j5,U41
be the automorphism which must be the identity modulo I = I (’jj’[,j!%l in order
to achieve compatibility. By assumption, 6; = Id mod I[’fj_’;jygul, since all rays
0 € S/(D;) \ D satisfy fo =1 mod I[’fj_!;jyaul. (If j & Joints(-#%, k — 1), then we

take S;(Dj) \ Dj to be empty.) Furthermore, by construction of S;(®j), 6; can only
fail to be the identity modulo I if there is some ray 0 € .} such that d(x) = j for
some z # 0 and the pair (9,z) did not appear in the construction of ;.

There are two reasons why the pair (9,x) would fail to appear in the con-
struction. First, it could be that ¢ [0, N¥], in which case 2™ € I[’fj’(,j’[,ul and
thus (9,2) does not contribute to ;. Second, it could be that » € . \ .%;_1, in
which case 2™+ € [ fj;[}j’gw. We now analyze the situation based on the possible
dimensions of ;.

dimoj = 2: In this case, Igjm’% -If;iha” - Iﬁjm,aul' Thus the automor-
phism induced by any such ray commutes with the automorphisms associated with
all the other rays passing through j, modulo I fjj PAP Since 0 contributes twice to

0;, but with inverse automorphisms, in fact d does not affect §; = Id mod I(’jj PP

dim o = 1: In this case, either 9 is parallel to the edge oj, or it is transversal
to this edge. In the first case the automorphism associated to @ commutes with the
automorphism associated to 0, +, where p € oj is the singular point, if there is one.
This is because 0 is parallel to 0, +. On the other hand, let o4+ be the maximal cells
containing oj. Writing f(5 ) = 1 + ¢2™, one sees that we must have ord,, m = k.
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Thus the automorphism associated to 9 commutes with any other automorphism
contributing to #; modulo Ifjj 05wy

In the second case, suppose without loss of generality that 0 passes say, from
the maximal cell o4 into the maximal cell o_. By construction, we must have
ordg, (Mo ;) > k and thus ord,_(mo ) > k, by Lemma 6.19. So the automorphism

associated to this ray is trivial modulo I* and has no impact on 6;.

i593,0uq

dim gj = 0: In this case, ? passes from a maximal cell 0, containing j to a cell
o_ containing j. By the same argument, ord,, (mo ) > k and ord,_(mo.) > K,
and again 9 has no impact on 6. O

Proof of Theorem 6.6. The above construction produces, by Theorem 6.49,
a structure ., compatible to order k. By Theorem 6.35, this gives a scheme
Xi(B, 2) flat over Oy. Furthermore, by construction, Xx(B, ?) xpg, Ri_1 =
X)_1(B, 2). Hence we can take the limit of schemes X, (B, 2) over all k, getting
a formal scheme X(B, &) flat over Spfk[t], as desired. O

6.4. Remarks and generalizations

The argument given in the previous two sections has a lot in common with the
original argument given by Kontsevich and Soibelman. They did not work with
a polyhedral decomposition, however, and instead of constructing a degenerating
family of varieties, they constructed a rigid analytic space via a similar gluing
construction. The data controlling the two gluing constructions are very similar. A
key difference, though, is that Kontsevich and Soibelman work in what we would
call the fan picture. As a result, rays are not straight, but have to be taken to
be gradient flow lines of certain functions with respect to a special metric. Thus
their construction looks less tropical than the one given here, where the union of all
rays looks like a union of tropical trees. Ignoring the discrete data of a polyhedral
decomposition also makes it easier to describe the construction, since there are
no case-by-case analyses to conduct. Despite this, there is one unpleasant aspect
of their argument: they need to construct a choice of metric so that none of the
gradient flow lines returns to a small neighbourhood of the singular points. This is
needed to guarantee convergence of the construction.

This issue causes pain here too, but is all subsumed in Proposition 6.47. While
the argument here is simple, it is of course using the full strength of [45]. In [49], we
give a different, longer but more elementary argument to deal with this case. In any
event, it seems to be impossible to avoid some technical issues about convergence
caused by singularities.

The paper [49] gives results in all dimensions. The approach taken in this
chapter can be viewed as a hybrid of Kontsevich and Soibelman’s version and the
approach of [49]. There, in general, instead of considering rays, one considers
codimension one walls emanating from the singular locus, with attached functions
determining gluings. Such objects can be topologically very complicated, so it
proved much easier to build walls out of building blocks, order by order, replacing
objects of possibly infinite extent with walls sitting inside cells of &2. This already
makes [49] somewhat more difficult to read. Now, joints are codimension two
polyhedra, and one adds new walls at each joint.

Far more subtle are the issues of convergence that arise from order 0 terms on
walls coming directly out of the singular locus. In particular, the arguments that
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guarantee suitable versions of Theorem 6.38 for joints contained in codimension one
and codimension two cells of & are very difficult, and run to about 40 pages. It is
hopeful that, with a better enumerative understanding of the higher dimensional
case, these arguments might become more conceptual, if not easier. On the other
hand, I know of no way of generalizing Kontsevich and Soibelman’s approach to
higher dimensions; the convergence issues seem even harder. Another issue which
arises is that codimension three polyhedra where different joints intersect play a
role. Such polyhedra are called interstices. Fortunately, the algorithm takes care of
the interplay between various joints meeting at an interstice relatively easily; the
argument of the proof of Theorem 5.39 uses a very similar idea.

That being said, what can we hope to accomplish with this construction? The
main point is that we have a description of degenerations of varieties determined
by (B, Z, ) in terms of what are essentially Maslov index zero tropical disks.
Rational tropical curves can then be obtained by gluing together such tropical
disks, very much as was carried out in Chapter 5. One needs to perform a more
general version of the period calculations done in Chapter 5 to see how these period
calculations extract all ways of gluing together these disks. Once this is done, one
should have a precise tropical interpretation for the B-model period calculations in
general. Coupling this with a calculation of Gromov-Witten invariants using the
theory of log Gromov-Witten invariants currently under development, in the spirit
of Chapter 4, one can then hope to prove mirror symmetry. At the time of writing,
there remains much to be done in this direction.

6.5. References and further reading

The material in this section is drawn from joint work of myself and Siebert,
except for the material of §6.3.2, which recounts work carried out in [45]; see also
[44] for a survey. To learn more about the details of the Gross-Siebert program,
the papers [47], [41], and [50] are intended as expository papers.

The technical details of the program itself have been developed in [48], [51],
and [49]. The latter paper, giving the smoothing result, should be accessible after
reading this chapter without reading [48].

As mentioned earlier, the argument given in this chapter can be viewed as a
variation of the original argument given in the rigid analytic situation by Kontsevich
and Soibelman in [70]. Since the latter paper was written, the authors have found
applications of the group of symplectomorphisms which arose originally in [70] (here
called the tropical vertex group) to wall-crossing formulas: see [71]. Furthermore,
scattering diagrams as discussed here also have an interpretation in terms of Euler
characteristics of moduli spaces of quiver representations: see the work of Reineke
in [94] and [95]. See also related work of Gaiotto, Moore and Neitzke, [29], [30].
The ideas described in this chapter have also been used recently in joint forthcoming
work of myself with Paul Hacking and Sean Keel to prove a conjecture of Looijenga
on the smoothability of cusp singularities and to construct canonical theta functions
for K3 surfaces.
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