
MATH 170B HOMEWORK 1 SOLUTIONS

§3.1: Questions 4, 5, 7

Chapter 3

Solution of Nonlinear Equations

3.1 Bisection Method

1. f(x) = (x− 2 sinx)2 = 0 ⇒ x− 2 sinx = 0 ⇒ x/2 = sinx. Line x/2 intersects curve sinx near 2 so
begin with [1.5, 2]. f(1.5) = −0.4950, f(2.0) = 0.1814 and c0 = (2+1.5)/2 = 1.75; f(1.75) = −0.2180
and c1 = (2+1.75)/2 = 1.875; f(1.875) = −0.332 and c2 = (2+1.875)/2 = 1.9375; f(1.9375) = 0.0705
and c3 = (1.875 + 1.9375)/2 = 1.90625. We want root accurate to two significant figures. So the
error must be (bn − an)/2 < 0.05 or (bn − an) < 0.1. This happens for n = 3 so we should stop, thus
illustrating correct use of the error formula. Hence, root is 1.9.

Note: (x− 2 sinx)2 = 0 so there is a double root at 1.89549.

2. a. a0 = 1.5, b0 = 3.5 : |bn − an| = 2−n|b0 − a0| = 2−n+1 = width of interval at the nth step.

b. |r − an| ≤ 2−(n+1)(b0 − c0) = 2−n.

3. No! The root is in the interval [128, 129] and so it must have the form r = 128. . The Marc-32
has 6-figure accuracy, so only 3 figures after the decimal point remain in this case. Hence, we cannot
reach 10−6. The point of this problem is that 7 bits in the answer are used up, since it must be at
least 27 = 128. We already know three decimals at the start, since c0 = 128.5.

4. By theorem, |r − cn| ≤ 2−(n+1)(b0 − a0) ≤ ε. So, −(n+ 1) log 2 + log(b0 − a0) ≤ log ε⇒ −(n+ 1) ≤
[log ε− log(b0 − a0)]/ log 2.
Hence, n > [log(b0 − a0)− log ε]/(log 2)− 1.

5. Relative precision = |r − cn|/|r| ≤ ε. Since r ≥ a0 > 0, we require

|r − cn|/a0 ≤ ε, 2−(n+1)(b0 − a0)/a0 ≤ ε, −(n+ 1) ≤ log[(εa0)/(b0 − a0)]/ log 2,

n ≥ log[(b0 − a0)/(εa0)]/(log 2)− 1 = [log(b0 − a0)− log ε− log a0]/(log 2)− 1

6. In this case there is no longer a lower bound on |r| in the relative precision. Following the same
steps as in the previous problem, we have n ≥ log[(b0 − a0)/(ε|r|)] log 2− 1. So the number of steps
depends on the magnitude of r. As r → 0, n→∞.

7. By Problem 3.1.4, |r−cn| ≤ ε after n ≥ [log(b0−a0)−log ε]/(log 2)−1. Here n ≥ 6/(log 2)−1 = 18.93.
So in 19 steps, we obtain 10−6 absolute accuracy. On MARC-32, machine precision 2−24 is obtained
in n > (24 log 2)/(log 2)− 1 = 23 steps for absolute accuracy to full precision.

By Problem 3.1.5, relative precision |r−cn|/|r| ≤ ε requires n ≥ [log(b0−a0)−log ε−log a0)]/(log 2)−1.
Here n ≥ [6−log 2]/(log 2)−1 = [6/ log 2]−2 = 17.93. So in 18 steps, we obtain 10−6 relative accuracy.
On the MARC-32, we have n ≥ [24 log 2− log 2]/(log 2)− 1 = 24− 2 = 22 steps for relative accuracy
to full precision.
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15. Suppose f(a) < 0 and f(b) > 0. Equation of line segment through (a,−1) and (b,+1) is y =
−1 + 2(x− a)/(b− a). Thus, at x = (a+ b)/2, we have y = −1 + 2[(a+ b)/2− a]/(b− a) = 0. Similar
argument holds for f(a) > 0 and f(b) < 0.

16. |an − bn| ≤ λn|an−1 − bn−1| ≤ λnλn−1 . . . λ2λ1|a0 − b0| ≤ λn|a0 − b0|.

3.1 Computer Problems

1. a. 0.86033 b. 0.64119 c. 1.82938 d. 0.11788

3.2 Newton’s Method

1. If x1 = −x0, then the iterations cycle. Suppose x1 = −x0. For n = 0, x1 = x0 − (1 + x2
0) tan−1 x0

⇒ −x0 = x0 − (1 + x2
0) tan−1 x0 ⇒ x0 = tan[2x0/(1 + x2

0)]. Thus, for any x ≥ x0, Newton’s method
diverges. Solving, we get x0 = 1.39174 52002 7

2. Now f(x) = x2 − q, f ′(x) = 2x, f ′′(x) = 2. So xn+1 = xn − (x2
n − q)/(2xn) = (x2

n + q)/(2nx)
and en+1 = e2

nf
′′(ξn)/[2f ′(xn)] = e2

n/(2xn). If xn has k correct digits then: |en| ≤ (1/2) × 10−k.
So |en+1| ≤ (1/4)10−2k · [1/(2xn)] = (10−2k/8) · (1/xn). Now,

√
q ≤ xn + |en| ⇒ xn ≥ √q − |en|

by hypotheses q > 0.006 and k ≥ 1, so xn ≥
√
.006 − (1/20) ≥ .027. Hence, |en+1| ≤ (10−2k/8) ·

(1/0.027) ≤ 5× 10−2k = (1/2)× 10−2k+1. Then xn+1 has 2k − 1 correct digits.

3. Formula (3) is en+1 = e2
n · f ′′(ξn)/[2f ′(xn)], where ξn is between xn and r. Hence, en+1e

−2
n =

f ′′(ξn)/[2f ′(xn)]. If we are in the region of convergence, then limxn = r, lim en = 0, lim f ′′(ξn) =
f ′′(r) and lim f ′(xn) = f ′(r). Hence, lim[en+1e

−2
n ] = f ′′(r)/[2f ′(r)]. After Newton’s method has been

used to get r, we have x1, x2, x3, . . . , xn, where xn = r to machine precision. Hence, the sequence
e1, e2, . . . , en can be computed from the definition ek = xk − r. Then the quantities ek+1/e

2
k can be

computed. They should converge to f ′′(r)/[2f ′(r)].

4. We have xn+1 = xn − f(xn)/g(xn), where g(x) = [f(x+ f(x))− f(x)]/f(x). Consider Taylor series
f(x+h) = f(x)+hf ′(x)+(h2/2)f ′′(x)+· · · and f(x+f(x)) = f(x)+f(x)f ′(x)+([f(x)]2f ′′(x)/2)+· · · .
Now [f(x+f(x))−f(x)/f(x)] = f ′(x)+[f(x)f ′′(x)/2]+· · · . Hence, [f(x+f(x))−f(x)/f(x)] ≈ f ′(x)
if f(x) is small. Consequently, g(x) ≈ f ′(x). Consider en+1 = xn+1 − r = en − (f/g) = (eng − f)/g,
0 = f(r) = f(xn − en) = f(xn) − enf ′(xn) + (1/2)e2

nf
′′(ξn), and f − eng = −(1/2)e2

nf
′′. Therefore,

en+1 = (1/2)e2
n(f ′′/g) and quadratic convergence.

5. Let limn→∞ xn = r, then r = 2r − r2y ⇒ r = 1/y. So the purpose of the formula is to compute
1/y. Now xn+1 = 2xn − x2

ny = xn + (xn − x2
ny) = xn + x2

n(1/xn − y) = xn + (x−1
n − y)/x−2

n . So
xn+1 = xn − (x−1

n − y)/(−x−2
n ). Thus, it is Newton’s iteration for f(x) = x−1 − y.

Alternative Solution: xn+1 = 2xn−x2
ny = xn−f(xn)/f ′(xn). Change y to a and f(x) to y. Solve

x − ax2 = −y/y′. Now (log y)′ = y′/y = 1/[x(ax − 1)] = A/x + B/(ax − 1) implies A = −1 and
B = a. So (log y)′ = −1/x + a/(ax − 1) or log y = − log x + log(ax − 1) = log[(ax − 1)/x] implies
y = a− 1/x. Hence, original problem to solve f(x) = y − 1/x.

6. f(x) = x−1 −R. xn+1 = xn − f(xn)/f ′(xn) = xn − (x−1
n −R)/(−x−2

n ) = xn(2−Rxn).

Algorithm (assuming R > 1):

x0 ← 0.1 (or some better guess)
for k = 1, 2, . . . ,until convergence

xk+1 = xk(2−Rxk)
end

If R > 1 then the starting point x0 should be close to 0 but smaller than 1/R.

3.2 Newton’s Method 25

7. f(x) = tanx − 1 ⇒ f ′(x) = sec2 x. Thus, the formula is an application of Newton’s method to
find a zero of tanx − 1. The root can be found analytically as x = tan−1 1 = 0.785398. Thus,
limn→∞ xn = 0.785398.

8. p(−1) = −3; p′(−1) = 16. Thus, x1 = −1 + 3/16 = −0.8125. p(−0.8125) = −0.4658; p′(−0.8125) =
11.1719. Thus, x2 = −0.8125 + 0.4658/11.1719 = −0.7708. p(−0.7708) = −0.0201; p′(−0.7708) =
10.2128. Thus, x3 = −0.7708 + 0.0201/10.2128 = −0.7688. p(−0.7688) = 0.0003; p′(−0.7688) =
10.1678. Thus, x4 = −0.7688− 0.0003/10.1678 = −0.7688.

9. f(1) = −1, f ′(1) = 3: x1 = 1 + 1/3 = 1.3333. f(1.3333) = 0.3702, f ′(1.3333) = 5.3331: Thus,
x2 = 1.3333− 0.3702/5.3331 = 1.2639.

10. f(x) = x3 − R; f ′(x) = 3x2. Thus, the Newton’s iteration formula for computing 3
√
R is: xn+1 =

xn − (x3
n − R)/3x2

n = (2xn + R/x2
n)/3. For x > 0, f ′(x) > 0 and f ′′(x) > 0. Then by Theorem 2

the Newton iteration will converge from any point > 0. For x < 0, Newton method will not always
converge since one of the iterates could not be the origin. A quick calculation shows that if we start
with the point x = 3

√
−R/2, then the first iterate will be the point x1 = 0 where f ′(x1) = 0 and

x2 =∞. So the method fails in this case. Hence, it converges for all x > 0.

11. f(x) = x5 − R, f ′(x) = 5x4. So x − f(x)/f ′(x) = x − (x5 − R)/(5x4) = (4x5 + R)/(5x4). Hence,
Newton’s algorithm is xn+1 = (4xn +R/x4

n)/5.

12. There is no real starting point. There are complex starting points.

13. Now we restart Newton’s method, knowing that e0 < 1. So we use the better estimate en+1 =
e2
n/[2(en + 1)] < e2

n/2. Then e1 < e2
0/2 ≤ 1/2, e2 < e2

1/2 ≤ 1/23, e3 < e2
2/2 ≤ 1/27; etc. In general

en < 1/22n−1. Now we want en < 10−8. n = 6 works since 226−1 = 263 = 9× 1018. Hence, a total of
40 steps suffices.

14. en = xn − r ⇒ f(xn) = f(en + r). By Taylor’s theorem, f(xn) = f(r) + enf
′(r) + e2

nf
′′(r)/2 +

O(e3
n) = e2

nf
′′(r)/2 + O(e3

n). Moreover, f ′(xn) = f ′(r) + enf
′′(r) + O(e2

n) = enf
′′(r) + O(e2

n). Now
en+1 = xn+1 − r = xn − f(xn)/f ′(xn)− r +O(e2

n) = xn − en/2− r +O(e2
n) = en/2 +O(e2

n) ≈ en/2.

15. en+1 = en − f(xn)/f ′(x0). Also 0 = f(r) = f(xn − en) = f(xn) − enf ′(ξn) ⇒ f(xn) = enf
′(ξn).

Hence, en+1 = en(1− f ′(ξn)/f ′(x0)) ⇒ s = 1, C = 1− f ′(ξn)/f ′(x0).

16. Both functions have no real roots.

17. b.

18. en+1 = xn+1 − r = xn − αf(xn)− r = en − αf(xn). Also, 0 = f(r) = f(xn − en) = f(xn)− enf ′(ξ).
Thus, en+1 = en(1−αf ′(ξ))⇒ |en+1| = |en|·|1−αf ′(ξ)|. Linear convergence requires |1− αf ′(ξ)| < 1
⇒ −1 < 1− αf ′(ξ) < 1⇒ −2 < −αf ′(ξ) < 0⇒ 0 < αf ′(ξ) < 2.

19. f(r) = f ′(r) = · · · = f (k−1)(r) = 0 6= f (k)(r).
f(xn) = f(r+en) = f(r)+enf ′(r)+· · ·+e(k−1)

n f (k−1)(r)/(k−1)!+eknf
(k)(r)/k! +ek+1

n f (k+1)(ξn)/(k+
1)!⇒ f(xn) = eknf

(k)(r)/k! + ek+1
n f (k+1)(ξn)/(k + 1)!.

Similarly, f ′(xn) = ek−1
n fk(r)/(k − 1)! + eknf

(k+1)(ηn)/k!. Then en+1 = xn+1 − r = xn − r −
kf(xn)/f ′(xn) = en − [eknf

(k)(r)/(k − 1)! +ek+1
n f (k+1)(ξn)/(k + 1)(k − 1)!]/[ek−1

n f (k)(r)/(k − 1)! +
eknf

(k+1)(ηn)/k!] = e2
n[f (k+1)(ηn)/k!− f (k+1)(ξn)/(k+ 1)(k− 1)!]/[f (k)(r)/(k− 1)! + enf

(k+1)(ηn)/k!],
implying quadratic convergence.
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3.2 Newton’s Method 25

7. f(x) = tanx − 1 ⇒ f ′(x) = sec2 x. Thus, the formula is an application of Newton’s method to
find a zero of tanx − 1. The root can be found analytically as x = tan−1 1 = 0.785398. Thus,
limn→∞ xn = 0.785398.

8. p(−1) = −3; p′(−1) = 16. Thus, x1 = −1 + 3/16 = −0.8125. p(−0.8125) = −0.4658; p′(−0.8125) =
11.1719. Thus, x2 = −0.8125 + 0.4658/11.1719 = −0.7708. p(−0.7708) = −0.0201; p′(−0.7708) =
10.2128. Thus, x3 = −0.7708 + 0.0201/10.2128 = −0.7688. p(−0.7688) = 0.0003; p′(−0.7688) =
10.1678. Thus, x4 = −0.7688− 0.0003/10.1678 = −0.7688.

9. f(1) = −1, f ′(1) = 3: x1 = 1 + 1/3 = 1.3333. f(1.3333) = 0.3702, f ′(1.3333) = 5.3331: Thus,
x2 = 1.3333− 0.3702/5.3331 = 1.2639.

10. f(x) = x3 − R; f ′(x) = 3x2. Thus, the Newton’s iteration formula for computing 3
√
R is: xn+1 =

xn − (x3
n − R)/3x2

n = (2xn + R/x2
n)/3. For x > 0, f ′(x) > 0 and f ′′(x) > 0. Then by Theorem 2

the Newton iteration will converge from any point > 0. For x < 0, Newton method will not always
converge since one of the iterates could not be the origin. A quick calculation shows that if we start
with the point x = 3

√
−R/2, then the first iterate will be the point x1 = 0 where f ′(x1) = 0 and

x2 =∞. So the method fails in this case. Hence, it converges for all x > 0.

11. f(x) = x5 − R, f ′(x) = 5x4. So x − f(x)/f ′(x) = x − (x5 − R)/(5x4) = (4x5 + R)/(5x4). Hence,
Newton’s algorithm is xn+1 = (4xn +R/x4

n)/5.

12. There is no real starting point. There are complex starting points.

13. Now we restart Newton’s method, knowing that e0 < 1. So we use the better estimate en+1 =
e2
n/[2(en + 1)] < e2

n/2. Then e1 < e2
0/2 ≤ 1/2, e2 < e2

1/2 ≤ 1/23, e3 < e2
2/2 ≤ 1/27; etc. In general

en < 1/22n−1. Now we want en < 10−8. n = 6 works since 226−1 = 263 = 9× 1018. Hence, a total of
40 steps suffices.

14. en = xn − r ⇒ f(xn) = f(en + r). By Taylor’s theorem, f(xn) = f(r) + enf
′(r) + e2

nf
′′(r)/2 +

O(e3
n) = e2

nf
′′(r)/2 + O(e3

n). Moreover, f ′(xn) = f ′(r) + enf
′′(r) + O(e2

n) = enf
′′(r) + O(e2

n). Now
en+1 = xn+1 − r = xn − f(xn)/f ′(xn)− r +O(e2

n) = xn − en/2− r +O(e2
n) = en/2 +O(e2

n) ≈ en/2.

15. en+1 = en − f(xn)/f ′(x0). Also 0 = f(r) = f(xn − en) = f(xn) − enf ′(ξn) ⇒ f(xn) = enf
′(ξn).

Hence, en+1 = en(1− f ′(ξn)/f ′(x0)) ⇒ s = 1, C = 1− f ′(ξn)/f ′(x0).

16. Both functions have no real roots.

17. b.

18. en+1 = xn+1 − r = xn − αf(xn)− r = en − αf(xn). Also, 0 = f(r) = f(xn − en) = f(xn)− enf ′(ξ).
Thus, en+1 = en(1−αf ′(ξ))⇒ |en+1| = |en|·|1−αf ′(ξ)|. Linear convergence requires |1− αf ′(ξ)| < 1
⇒ −1 < 1− αf ′(ξ) < 1⇒ −2 < −αf ′(ξ) < 0⇒ 0 < αf ′(ξ) < 2.

19. f(r) = f ′(r) = · · · = f (k−1)(r) = 0 6= f (k)(r).
f(xn) = f(r+en) = f(r)+enf ′(r)+· · ·+e(k−1)

n f (k−1)(r)/(k−1)!+eknf
(k)(r)/k! +ek+1

n f (k+1)(ξn)/(k+
1)!⇒ f(xn) = eknf

(k)(r)/k! + ek+1
n f (k+1)(ξn)/(k + 1)!.

Similarly, f ′(xn) = ek−1
n fk(r)/(k − 1)! + eknf

(k+1)(ηn)/k!. Then en+1 = xn+1 − r = xn − r −
kf(xn)/f ′(xn) = en − [eknf

(k)(r)/(k − 1)! +ek+1
n f (k+1)(ξn)/(k + 1)(k − 1)!]/[ek−1

n f (k)(r)/(k − 1)! +
eknf

(k+1)(ηn)/k!] = e2
n[f (k+1)(ηn)/k!− f (k+1)(ξn)/(k+ 1)(k− 1)!]/[f (k)(r)/(k− 1)! + enf

(k+1)(ηn)/k!],
implying quadratic convergence.26 Chapter 3 Solution of Nonlinear Equations

Alternative Solution: f (j)(r) = 0 for 0 ≤ j ≤ m − 1 and f (m)(r) 6= 0. So the Taylor formula
gives f(r + h) = f(r) + hf ′(r) + · · · + [hm−1/(m − 1)!]f (m−1)(r) + [hm/m!]f (m)(r) + · · · . Then
f(xn) = f(r + en) = [emn /m!]f (m)(r) + em+1

n A where A ≡ f (m+1)(ξn)/(m+ 1)!.

Similarly, f ′(xn) = [em−1
n /(m− 1)!]f (m)(r) + emn B where B ≡ f (m+1)(ηn)/m!.

Now en+1 = xn+1−r = xn−r−mf(xn)/f ′(xn) = en−mf(xn)/f ′(xn) = [enf ′(xn)−mf(xn)]/f ′(xn)
= {en[em−1

n f (m)(r)/(m− 1)! + emn B]−m[emn f
(m)(r)/m! + em+1)A]}/ {em−1

n f (m)(r)/(m− 1)! + emn B}
= [em+1

n B −mem+1
n A]/[em−1f (m)(r)/(m − 1)! + emn B] = e2

n{(B −mA)/[f (m)(r)/(m − 1)! + enB].
We need to assume f, f ′, . . . , f (m+1) are continuous and that f (m+1)(r) 6= 0.

20. The convergence to points which are multiple zeros will not be quadratic.

23. a. J =
[

8x1 −2x2

4x2
2 − 1 8x1x1

]
. So J(0, 1) =

[
0 −2
3 0

]
and J−1(0, 1) = (1/6)

[
0 2
−3 0

]
.

Thus,

[
h

(1)
1

h
(1)
2

]
= −(1/6)
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0 2
−3 0

] [
−1
−1

]
=
[

1/3
−1/2

]
. So
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x

(1)
1

x
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2
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=
[

1/3
1/2

]
.
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1

h
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= −(1/6)
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−3 0
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1/3
−1

]
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[

1/3
1/6

]
.

Thus,

[
x

(2)
1

x
(2)
2

]
=
[

1/3
−1/2

]
+
[

1/3
1/6

]
=
[

2/3
−1/3

]
.

b. J =
[

y2 + 2xy + 4x3 2xy + x2

3x2y5 − 10x4y − 2x 5x3y4 − 2x5

]
. J(1, 1) =

[
7 3
−9 3

]
, J−1(1, 1) = (1/48)

[
3 −3
9 7

]
.

[
h

(1)
1

h
(1)
2

]
= −(1/48)

[
3 −3
9 7
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0
0

]
=
[

0
0

]
. So

[
x

(1)
1

x
(1)
2

]
=
[

1
1

]
. Thus,

[
x

(2)
1

x
(2)
2

]
=
[

1
1

]
.

3.2 Computer Problems

2. f ′(x) = x−2 sec2 x − 2x−3 tanx. f ′′(x) = 2x−2 sec2 x tanx − 2x−3 sec2 x − 2x−3 sec2 x + 6x−4 tanx.
Using Newton’s method, zero of f ′(x) is 0.94774 71335 16991.

10. Let F = f/
√
f ′. Then F ′ = [

√
f ′ f ′ − (ff ′′))/(2

√
f ′ )]/f ′. Thus, Newton’s method for F gives

x−F (x)/F ′(x) = x− [(f/
√
f ′ )f ′]/[

√
f ′ f ′− (ff ′′)/(2

√
f ′ )] = x− [f

√
f ′ ]/[(f ′)3/2− (ff ′′)/2

√
f ′ )] =

x− (ff ′)/[(f ′)2 − (ff ′′)/2].

11. J =




y x −2z
yz − 2x xz + 2y xy
ex −ey 1


. So J(0, 0, 1) =




0 0 −2
0 0 0
1 −1 1


 singular!

13. From Computer Problem 3.2.11, we note that f(z) = 1+z2 +ez = 1+(x+iy)2 +ex+iy = 1+x2−y2 +
2ixy+ exeiy = (1 + x2− y2) + i(2xy) + ex(cos +i sin y) = (1 + x2− y2 + ex cos y) + i(2xy+ ex sin y) =
f1(x, y) + if2(x, y). So it is the same problem as in Computer Problem 3.2.11.

3.3 Secant Method

1. Factoring out enen−1, we get en+1 = {[f(xn)/en − f(xn−1)/en−1]/[f(xn)− f(xn−1)]}enen−1

= {[xn − xn−1]/[f(xn)− f(xn−1)]}{[f(xn)/en − f(xn−1)/en−1]/[xn − xn−1]}enen−1 by inserting
(xn − xn−1)/(xn − xn−1).
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§3.3: Question 7

3.3 Secant Method 27

2. limn→∞(f(xn)− f(xn−1))/(xn − xn−1) = f ′(q) and limn→∞ xn+1 = limn→∞ xn = q.
Thus, xn+1 = xn − f(xn){[xn − xn−1]/[f(xn)− f(xn−1)]} ⇒ q = q − f(q)/f ′(q).
Since f ′(q) 6= 0, f(q) = 0.

3. f(x+h) = f(x)+hf ′(x)+O(h2)⇒ f ′(x) ≈ (f(x+h)−f(x)]/h. Thus, kf ′(x) ≈ k[f(x+h)−f(x)]/h.
Similarly, hf ′(x) ≈ h[f(x+ k)− f(x)]/k.
Thus, we obtain kf ′(x) − hf ′(x) ≈ [k2f(x + h) − h2f(x + k) + (h2 − k2)f(x)]/(kh) ⇒ f ′(x) ≈
[k2f(x+ h)− h2f(x+ k) + (h2 − k2)f(x)]/[(k − h)kh].

4. x2 = x1 − f(x1)[(x1 − x0)/(f(x1)− f(x0))] = 1− (−1)[1/(−1 + 2)] = 2.

5. x2 = x1 − f(x1)[(x1 − x0)/(f(x1)− f(x0))] = 2− (1.5)[1/(−0.5)] = 5.

6. limn→∞(xn/yn) = 1, limn→∞(un/vn) = 1.

a. limn→∞(cxn/cyn) = limn→∞(xn/yn) = 1.
b. limn→∞(xcn/y

c
n) = limn→∞(xn/yn)c = [limn→∞(xn/yn)]c = 1.

c. limn→∞[(xnun)/(ynvn)] = limn→∞[(xn/yn) · (un/vn)] = limn→∞(xn/yn) · limn→∞(un/vn) = 1.
d. If yn ∼ un then limn→∞(yn/un) = 1. So limn→∞(xn/vn) = limn→∞[(xn/vn) · (yn/un) · (un/yn)]

= limn→∞[(xn/yn) · (yn/un) · (un/vn)] = limn→∞(xn/yn) · limn→∞(yn/un) · limn→∞(un/vn) = 1.
e. limn→∞(yn/xn) = limn→∞[1/(xn/yn)] = 1/[limn→∞(xn/yn)] = 1

7. xn+1 = xn − f(xn)[(xn − xn−1)/(f(xn)− f(xn−1))]

= [xnf(xn)− xnf(xn−1)− xnf(xn) + xn−1f(xn)]/[f(xn)− f(xn−1)]

= [f(xn)xn−1−xnf(xn−1)]/[f(xn)−f(xn−1)]. This is inferior to Eqn. (3) because as xn → xn+1 ≈ r,
f(xn)→ f(xn+1) ≈ f(r) resulting in ≈ [f(r)r− rf(r)]/[f(r)− f(r)] “catastrophic cancellation” with
a loss of precision while Eqn. (3) produces ≈ r − f(r)[(r − r)/(f(r)− f(r))] ≈ r.

8. V1 = a1, V2 = V1x+ a2 = a1x+ a2, V3 = V2x+ a3 = (a1x+ a2)x+ a3 = a1x
2 + a2x+ a3, and so on.

Thus, Vn = a1x
n−1 + a2x

n−2 + · · ·+ an =
∑n

i=1 aix
n−i.

9. First Saver: U ≡ 1000(1 + r)6 + 1000(1 + 5)5 + · · ·+ 1000(1 + r). Payment made Jan. 1 and value
computed on Dec. 31 of 6th year. First saver after 44 years has U(1 + r)38.

Second Saver: 1000(1 + r) + 1000(1 + r)2 + · · ·+ 1000(1 + r)38 = 1000
∑38

n=1(1 + r)n =
1000(1+r)

∑37
n=0(1+r)n. Use

∑m
n=0 λ

n = [(λm+1−1)/(λ−1)], we have
∑37

n=0(1+r)n = [(1+r)38−1]/r.

1000(1 + r)[(1 + r)38 − 1]/r and U = 1000
∑6

n=1(1 + r)n = 1000(1 + r)
∑5

n=0(1 + r)n =
1000(1 + r)[(1 + r)6 − 1]/r. So U(1 + r)38 = 1000(1 + r)39[(1 + r)6 − 1]/r.
Equation 1000(1+r)39[(1+r)6−1]/r = 1000(1+r)[(1+r)38−1]/r or (1+r)38[(1+r)6−1] = (1+r)38−1
or (1 + r)44 − (1 + r)38 = (1 + r)38 − 1 or q44 − 2q38 + 1 = 0 where q = 1 + r.

We have to solve v = 1 + r. Value1 ≡ (v6 + v5 + · · ·+ v)v38 = v38 + v37 + · · ·+ v1 ≡ Value2. Cancel
v. So (v5 + v4 + · · · + 1)v38 = v37 + v36 + · · · + 1 or [(v6 − 1)/(v − 1)] = [(v38 − 1)/(v − 1)] implies
v44 − v38 = v38 − 1 implies v44 − 2v38 + 1 = 0. Hence, v ≈ 1.12, r ≈ 12%,

Value = v[(v38 − 1)/(v − 1)] ≈ $683, 010.

3.3. Computer Problems

1. a 3.14157 b 1.30632694 c 0.4515443

3. a Three roots 0, ±1.391745200271.

6. Secant method gives 1.010188. The monthly rate is 0.010188. (The annual rate is 0.122256 or
12.2256%).


