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§1.3: Questions 11, 14, 27

8 Chapter 1 Mathematical Preliminaries

Moreover, F has both a left and right inverse defined by (F−1
L )n = xn+1 and (F−1

R )n = xn+1 since
(F−1

L Fx)n = xn and (FF−1
R x)n = xn.

Note: EF (x1, x2, . . .) =E(0, x1, x2, . . .) = (x1, x2, . . .) so EF = I. So F has E for a left inverse and
E has F for a right inverse.

5. Since E[x1, x2, . . .] = [x2, x3, . . .], Ex = λx implies x2 = λx1, x3 = λx2, . . .. Let x = [c, λc, λ2c, . . .]
where c is any constant. Here c and λ can be any scalars, i.e., any complex numbers.

6. v(n) = [0, . . . , 0, 1, 0, . . .], where 1 is in the nth coordinate position. x = [x1, x2, . . .]. The equation
x =

∑∞
n=1 xnv

(n) is true for each coordinate. That is, for any k, we have xk =
∑∞

n=1 xnv
(n)
k . To see

that this is correct, just observe that v(n)
k = 0 except when k = n. So in the series, only the term

corresponding to n = k is present. Hence,
∑∞

n=1 xnv
(n)
k = xkv

(k)
k = xk.

7. We have (as in Problem 1.3.6), x =
∑∞

n=1 xnv
(n). Hence, formally Eix =

∑∞
n=1 xnE

iv(n). Notice
that Ev(n) = 0 if n = 1 and Ev(n) = v(n−1) if n ≥ 2. The matrix corresponding to E, with respect
to the given basis, is 



0 1 0 0 · · · 0
0 0 1 0 · · · 0
0 0 0 1 · · · 0
...

...
...

...
. . .

...
0 0 0 0 · · · 1
0 0 0 0 · · · 0




Since E can be represented by an infinite matrix, the same is true of Ei, ciEi, and
∑m

i=0 ciE
i.

8. Let L1 =
∑m

i=0 ciE
i and L2 =

∑n
j=0 djE

j . So [L1(L2x)]k =
∑m

i=0 ciE
i[
∑n

j=0 djE
jxk]

=
∑m

i=0 ciE
i[
∑n

j=0 djxk+j ] = c0
∑n

j=0 djxk+j + c1
∑n

j=0 djxk+j+1 + · · ·+ cm
∑n

j=0 djxk+j+m

= d0
∑m

i=0 cixk+i + d1
∑m

i=0 cixk+i+1 + · · ·+ dn
∑m

i=0 cixk+i+n

= d0
∑m

i=0 ciE
ixk + d1

∑m
i=0 ciE

i+1xk + · · ·+ dn
∑m

i=0 ciE
i+nxk

=
∑n

j=0 djE
j [
∑m

i=0 ciE
ixk] = [L2(L1x)]k.

9. By the previous problem, L1 and L2 commute with each other. Hence, L1L2x = L2(L1x) = 0 since
L1x = 0.

10. The null space of Er consists of sequences x = [x1, x2, . . .] in which xi = 0 for i > r. The null space
has dimension r.

11. a. Characteristic equation: x3 − 3x2 + 4 = 0. Roots: −1, 2 (double).
Basis: [−1, 1,−1, 1, . . . , (−1)n, . . .], [2, 4, 8, 16, . . . , 2n, . . . , . . .], [1, 4, 12, 32, . . . , n2n−1, . . .].

b. Characteristic equation: 3x2 − 2x+ 3 = 0. Roots: 1± i
√

2.
Basis: un = (1 + i

√
2 )n, vn = (1− i

√
2 )n.

c. Characteristic equation: 2x6−9x5 + 12x4−4x3 = 0. Roots: 0 (triple), 1/2 (simple), 2 (double).
Basis: x(1) = [1, 0, 0, . . .], x(2) = [0, 1, 0, . . .], x(3) = [0, 0, 1, . . .], x(4) = [1/2, 1/4, 1/8, . . .],
x(5) = [2, 4, 8, . . .], x(6) = [1, 4, 12, . . .]. Here the general term for x(6) is x(6)

n = n2n−1.

d. Characteristic equation: πx2 −
√

2x+ log 2 = 0. Roots: x1, x2 = (
√

2± i√4π log 2− 2)/(2π).
Basis: un = xn1 , vn = xn2 .

12. Let zk = ak + ibk where ak = real(zk) and bk = imaginary(zk). Now 0 = [p(E)z]k =
∑m

j=0 cjE
jzk =∑m

j=0 cjzj+k =
∑m

j=0 cjaj+k+i
∑m

j=0 cjbj+k =
∑m

j=0 cjE
jak+i

∑m
j=0 cjE

jbk. Clearly, ak and bk must
both be solutions. Moreover, the conjugate zk = ak − ibk must be a solution.

1.3 Difference Equations 9

13. Notice these are not polynomial difference operators. Solve by inspection for first few terms.

a. xn+1 = n!x1 b. xn+1 = (1/2)n(n+ 1) + x1 c. xn+1 = 2n+ x1

14. It is obvious that ∆ = E − I. If p is a polynomial of degree n, then by Taylor’s Theorem p(x) =∑n
j=0[p(j)(a)/j!](x− a)j . Put x = E and a = I to get p(E) =

∑n
j=0(1/j!)p(j)(I)∆j .

15. If x(λ) = [λ, λ2, λ3, . . .], one can verify easily that ∆nx(λ) = (E − I)nx(λ) = (λ− 1)nx(λ). It follows
that for any polynomial p, p(∆)x(λ) = p(λ − 1)x(λ). If λ − 1 is a zero of p, then x(λ) is a solution
of the difference equation p(∆)x = 0.

16. By the Binomial Series Theorem, (x+ y)n =
∑n

i=0

(
n
i

)
xn−iyi and (I − E)n =

∑n
i=0

(
n
i

)
(−E)i.

Since ∆ = E − I, we have ∆n = (E − I)n = (−1)n(I − E)n =

(−1)n
[(
n
0

)
E0 −

(
n
1

)
E1 +

(
n
2

)
E2 −

(
n
3

)
E3 + · · · (−1)n

(
n
n

)
En
]
.

18. If p(0) = 0, then p has the form p(λ) = λkq(λ) where q is a polynomial and q(0) 6= 0. Use N to
denote null space. Since E commutes with all its powers, x ∈ N(p(E))⇔ p(E)x = 0⇔ Ekq(E)x =
0 ⇔ q(E)Ekx = 0 ⇔ Ekx ∈ N(q(E)). The null space N(q(E)) is fully described by Theorem
1.3.2. So to get a general point in N(p(E)), take any x ∈ N(q(E)) and any vector v ∈ Rk. Then
[v1, . . . , vk, x1, x2, . . .] is in N(p(E)).

19. Suppose
∑m

i=1 cix(λi) = 0 and
∑m

i=1 |ci| > 0. By the definition of x(λi), this means
∑m

i=1 ciλ
k
i = 0

for k = 1, 2, 3, . . . ,m. This shows that the matrix
(
λki
)

is an m × m singular matrix. Hence,
there is a vector (b1, . . . , bm)T such that

∑m
k=1 bkλ

k
i = 0 with

∑m
k=1 |bk| > 0. Thus, the polynomial

p(λ) ≡∑m
k=1 bkλ

k has the m roots λ1, . . . , λm. It also has the root λ = 0, for a total of m+ 1 roots.
This is too many for a polynomial of degree m.

20. Use two principles: If x and y are solutions of a difference equation p(E)x = 0, then so are αx+ βy
and Ex. Now put x = [λ, λ2, λ3, . . .]. By the hypotheses, x, x′, x′′, . . . , x(k−1) are solutions of the
difference equation. (By Theorem 1.3.2.) The general term of u(1) is λn, so u(1) = x, and u(1) is a
solution of the difference equation. The general term of u(2) is nλn. Hence, u(2) = λx′, and by the
above principles, u(2) is a solution of the difference equation. The general term of u(3) is n2λn. Thus,
u(3) is λEx′′ − u(2), and by the above principles this is a solution. We proceed in this way. The next
case is u(4) = λE2x′′′ − 3u(3) − 2u(2).

Note: A proper inductive proof is tedious.

21. Note that |λ| < 1 and log |λ| < 0. Since n/ log n → +∞, we see that µ + log |λ|(n/ log n) → −∞.
Hence, (log n)[µ+ log |λ|(n/ log n)]→ −∞. Thus, µ log n+ n log |λ| → −∞. But this is log(nµ|λ|n),
and so nµ|λ|n → 0. Hence, we obtain nµλn → 0.

24. Assume limn→∞ xn = x. Now x = limn→∞(xn + 1/xn) = x + 1/x. So 1/x = 0 and xn → ∞ as
n→∞. Since x2

n+1 = x2
n + 2 + x−2

n ≈ x2
n + 2, we have xn ≈

√
c+ 2n.

25. Characteristic equation: λ2 − λ− 1 = 0. Roots: (1±
√

5 )/2. Unstable.

26. If p(E)x = 0, then (because E is a linear operator) E[p(E)x] = 0. But E commutes with all its
powers: E(Ej) = Ej+1 = (Ej)E and E commutes with any polynomial in E: E

(∑
j cjE

j
)

=
∑

j cjE
j+1 =

(∑
j cjE

j
)
E. So p(E)Ex = 0; i.e., Ex is a solution.

27. Characteristic equation: λ2 − 2λ− 2 = 0. Roots: 1±
√

3.

General solution: zn = α(1 +
√

3 )n + β(1−
√

3 )n.

Initial values give 1 = x1 = α(1 +
√

3 ) + β(1−
√

3 ) and 1−
√

3 = x2 = α(1 +
√

3 )2 + β(1−
√

3 )2.

So solution is α = 0 and β = 1/(1−
√

3 ).
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19. Suppose
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i=1 cix(λi) = 0 and
∑m

i=1 |ci| > 0. By the definition of x(λi), this means
∑m

i=1 ciλ
k
i = 0

for k = 1, 2, 3, . . . ,m. This shows that the matrix
(
λki
)

is an m × m singular matrix. Hence,
there is a vector (b1, . . . , bm)T such that

∑m
k=1 bkλ

k
i = 0 with

∑m
k=1 |bk| > 0. Thus, the polynomial

p(λ) ≡∑m
k=1 bkλ

k has the m roots λ1, . . . , λm. It also has the root λ = 0, for a total of m+ 1 roots.
This is too many for a polynomial of degree m.

20. Use two principles: If x and y are solutions of a difference equation p(E)x = 0, then so are αx+ βy
and Ex. Now put x = [λ, λ2, λ3, . . .]. By the hypotheses, x, x′, x′′, . . . , x(k−1) are solutions of the
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above principles, u(2) is a solution of the difference equation. The general term of u(3) is n2λn. Thus,
u(3) is λEx′′ − u(2), and by the above principles this is a solution. We proceed in this way. The next
case is u(4) = λE2x′′′ − 3u(3) − 2u(2).

Note: A proper inductive proof is tedious.

21. Note that |λ| < 1 and log |λ| < 0. Since n/ log n → +∞, we see that µ + log |λ|(n/ log n) → −∞.
Hence, (log n)[µ+ log |λ|(n/ log n)]→ −∞. Thus, µ log n+ n log |λ| → −∞. But this is log(nµ|λ|n),
and so nµ|λ|n → 0. Hence, we obtain nµλn → 0.

24. Assume limn→∞ xn = x. Now x = limn→∞(xn + 1/xn) = x + 1/x. So 1/x = 0 and xn → ∞ as
n→∞. Since x2

n+1 = x2
n + 2 + x−2

n ≈ x2
n + 2, we have xn ≈

√
c+ 2n.

25. Characteristic equation: λ2 − λ− 1 = 0. Roots: (1±
√

5 )/2. Unstable.

26. If p(E)x = 0, then (because E is a linear operator) E[p(E)x] = 0. But E commutes with all its
powers: E(Ej) = Ej+1 = (Ej)E and E commutes with any polynomial in E: E

(∑
j cjE

j
)

=
∑

j cjE
j+1 =

(∑
j cjE

j
)
E. So p(E)Ex = 0; i.e., Ex is a solution.

27. Characteristic equation: λ2 − 2λ− 2 = 0. Roots: 1±
√

3.

General solution: zn = α(1 +
√

3 )n + β(1−
√

3 )n.

Initial values give 1 = x1 = α(1 +
√

3 ) + β(1−
√

3 ) and 1−
√

3 = x2 = α(1 +
√

3 )2 + β(1−
√

3 )2.

So solution is α = 0 and β = 1/(1−
√

3 ).

§2.3: Question 8, 9

20 Chapter 2 Computer Arithmetic

6. Correct answer: −1.006571× 10−9. On Cray: (i) 1.966029× 10−8 and (ii) 2.080924× 10−8 in single
precision but (i) −1.006571× 10−10 and (ii) −1.006571× 10−10 in double precision.

On DEC VAX: (i) −1.389651× 10−11 and (ii) 1.796252× 10−11 in double precision.

Note: Different answers obtained depending on computer, precision, and/or compiler options for
rounding used. Extreme sensitivity to rounding or truncation indicates numerical instability from
subtractive cancellation.

2.3 Stable and Unstable Computations; Conditioning

1. Solving the system

{
α(0.1)12 + β(0.1)13 = f(0.1) = f1

α(0.9)12 + β(0.9)13 = f(0.9) = f2

by Cramer’s rule, we have

α =
∣∣∣∣
f1 (0.1)13

f2 (0.9)13

∣∣∣∣ /∆ and β =
∣∣∣∣
(0.1)12 f1

(0.9)12 f2

∣∣∣∣ /∆ where ∆ =
∣∣∣∣
(0.1)12 (0.1)13

(0.9)12 (0.9)13

∣∣∣∣ = (0.8)(0.1)12(0.9)12. Hence,

α = [(0.9)13f1 − (0.1)13f2]/∆ ≈ 2/3 and β = [(0.1)12f2 − (0.9)12f1]/∆ ≈ −3/5. But ∆ is very small,
approximately (0.8)10−12(0.28242953) = 0.2259436× 10−12 so this 2× 2 system is nearly singular.

2. The equation λ2 + 0.2λ − 0.99 = 0 has roots λ = 0.9 and λ2 = −1.1. So xn = A(0.9)n + B(−1.1)n.
Since x0 = 1 and x1 = 0.9, the solution is xn = (0.9)n. The computation is unstable because |λ2| > 1.

3. From Abramowitz and Stegun [1964, p. 234], we need n > [x]. There are problems if x is 5, say.
Then we could use forward recurrence to compute E6, E7, . . . from E5 but not from E2, E3, E4, E5.

Note: E0(x) =
∫∞

1 e−xt dt = e−x/x. But E0(1) = 0.36787 94412 and E1(1) = 0.21938 39340
from the Handbook above (p. 240). Using En+1(x) = [e−x − xEn(x)]/n we obtain E20(1) =
0.18345 97120 67559E − 01 which agrees with the Handbook (p. 247).

4. κ = xf ′(x)/f(x) = α

5. κ = xf ′(x)/f(x)

a. κ = xα/(x− 1) large when x near 1.

b. κ = 1/ lnx large when x near 1.

c. κ = x cotx large when x near nπ.

d. κ = x large when x large.

e. κ = x− 1 large when x large.

f. κ = −x/[(cos−1 x)
√

1− x2 ] large when x near 1.

6. Since 1018δ ≤ (1/2)× 10−5 ⇒ δ ≤ (1/2)× 10−23. Thus, 23 decimals of accuracy should be used.

7. Characteristic equation λ2 − 2λ − 1 = 0 has roots 1 ±
√

2 so general solution of the form xn =
A(1 +

√
2 )n +B(1−

√
2 )n. No, unstable since (1 +

√
2 ) > 1.

8. Assume rn = λn gives characteristic equation λ2 − λ − 1 = 0 with roots λ1 = [(1 +
√

5 )/2] and
λ2 = [(1−

√
5 )/2]. General solution: rn = Aλn1 +Bλn2 where A = [(1 +

√
5 )/2]/

√
5 and

B = [(1−
√

5 )/2]/
√

5. Now rn/rn−1 = (Aλn1 +Bλn2 )/(Aλn−1
1 +Bλn−1

2 )

= λ1[A+Bθn]/[A+Bθn+1]→ λ1 since θ = λ2/λ1 <. The convergence has linear behavior.

9. As above, rn = Aλn1 + Bλn2 = A[(1 +
√

5 )/2]n + B[(1 −
√

5 )/2]n. Since the root |λ1| > 1, the
recurrence relation does not provide a stable means for computing rn. In this case, A = 0 and B = 1
so rn = [(1−

√
5 )/2]n → 0 as n→∞.

1
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§3.4: Question 12, 13

3.4 Fixed Points and Functional Iteration 29

10. Let G(x) = F (x)− x. Then G′(x) = F ′(x)− 1.

Thus, we obtain

xn+1 = xn −G(xn)/G′(xn) = xn − [F (xn)− xn]/[F ′(xn)− 1] = [xnF ′(xn)− F (xn)]/[F ′(xn)− 1]

11. f ′ continuous, f ′ > 0, f(a)f(b) < 0. Since f ′ exists, f is continuous. Hence, f(x) passes thru
0 as x traverses [a, b], because it changes sign. So f has a root ξ in (a, b). Since f ′ > 0, f is
increasing on (a, b). It could not be increasing if it had two roots. Method of functional iteration:
F (x) = x + λf(x) ⇒ |F (x) − F (y)| = |F ′(ζ)| |x − y| by Mean Value Theorem. In order to have a
contraction, we want |F ′(x)| < 1 on [a, b]. i.e., −1 < F ′(x) < 1. Now F ′(x) = 1 + λf ′(x), and so we
want −1 < 1 +λf ′(x) < 1 or −2 < λf ′(x) < 0 or −2/f ′(x) < λ < 0. So just select λ strictly between
−2/maxa≤x≤b f ′(x) and 0.

12. x =
√
p+

√
p+
√
p+ · · · Let x1 =

√
p, x2 =

√
p+
√
p, x3 =

√
p+

√
p+
√
p, and so on. Observe

that x2 =
√
p+ x1, x3 =

√
p+ x2, and so on. In general xn+1 =

√
p+ xn (I). Let f(x) =

√
p+ x.

Equation (I) is the result of using functional iteration on f . If limxn exists, denote it by x. Take
limits in Equation (I) to get x =

√
p+ x. Hence, x2 = p + x, x2 − x − p = 0, x = (1 +

√
1 + 4p)/2.

This is the limit of the sequence. For example if p = 2, x = 2. Try it on your pocket calculator.

13. Use the ideas of Problem 3.4.12. Let x1 = 1/p, x2 = 1/(p + (1/p)), x3 = 1/(p + (1/p + (1/p))) etc.
So x2 = 1/(p + x1), x3 = 1/(p + x2), and so on. Hence, xn+1 = 1/(p + xn). If limn→∞ xn = x
then x = 1/(p + x). Hence, x(p + x) = 1, x2 + px − 1 = 0, x = (−p +

√
p2 + 4)/2. This illustrates

functional iteration with f(x) = 1/(p + x). If p > 1, f is a contraction. Use Mean Value Theorem:
|f(x) − f(y)| = |f ′(ξ)| |x − y| = | − 1/(p + ξ)2| |x − y|. Since p > 1, all xn’s will be ≥ 0, and
1/(p + x)2 ≤ 1/p2 < 1. So f is a contraction on [0,∞]. f actually maps [0, 1] into [0, 1], so has a
fixed point in [0, 1].

14. In Problem 3.4.13 there is only one parameter (p). In Problem 3.4.14 we need two. So we try
x =

a

b+
a

b+
a

b+
· · · . So xn+1 = a/(b+ xn). If it converges to ξ then ξ = a/(b+ ξ). So ξb+ ξ2 = a or

ξ2 + bξ− a = 0. Thus the iteration xn+1 = −q/(p+xn) should converge to a root of x2 + px+ q = 0.
Iteration function F (x) = −q/(p + x). F ′(x) = q(p + x)−2. In order to have a contraction we need
|F ′(x)| < 1 or |q(p+ x)−2| < 1. This will be true for some values of p, q, and x.

15. It is not necessary that |x−s| < ε. |x−s| ≤ |x−F (x)|+ |F (x)−s| < ε+ |F (x)−F (s)| < ε+λ|x−s|
for λ < 1⇒ |x− s| < ε(1− λ)−1.

16. Suppose q is an integer such that F (q)(ξ) 6= 0, F (k)(ξ) = 0 for 1 ≤ k < q. en+1 = xn+1 − ξ =
(1/q!)eqnF (q)(ξn). So limn→∞ |en+1|/|en|q = (1/q!)F (q)(ξ). Thus limn→∞ |en+1|/|en|q exists and is
non-zero.

17. Bisection method takes an interval (a, b) and produces a new interval (a′, b′) according to the rules

a′ =

{
a iff((a+ b)/2)f(a) < 0
(a+ b)/2 iff((a+ b)/2)f(a) ≥ 0

and b′ =

{
b iff((a+ b)/2)f(a) ≥ 0
(a+ b)/2 iff((a+ b)/2)f(a) < 0

.

Secant method takes a pair (a, b) with |f(a)| ≤ |f(b)| and produces a point

c = a − f(a)(a − b)/[f(a) − f(b)]. Then the new pair is {a′, b′} = {c, a} or {a, c}, the choice being
made so that |f(a′)| ≤ |f(b′)|.

18. By Mean Value Theorem, |F (x) − F (y)| = |F ′(ξ)| |x − y| for ξ, x, y ∈ [a, b] since |F ′(x)| < 1, we
can let λ = maxa≤x≤b |F ′(x)| to see that F is contractive on [a, b]. Note: We need the fact that the
continuous function |F ′(x)| attains its maximum on [a, b] in order that the solution works on a closed
interval.


