
MATH 170B HOMEWORK 3 SOLUTIONS

§6.1: Questions 9, 14, 22

94 Chapter 6 Approximating Functions

6. (I): p(x) =
∑n

i=0 f(xi)`i(x). By Problem 6.1.5,
∑n

i=0 `i(x) = 1. Therefore,

(II): f(x) =
∑n

i=0 f(x)`i(x). Subtracting (II) from (I) gives us the result.

7. Outer loop has n divisions. Inner loop has 2
∑n

k=1

∑k−2
i=0 1 = 2

∑n
k=1(k − 1) = 2

∑n−1
j=0 j = n2 − n.

Therefore, total number of operations is n+ n2 − n = n2.

8. If p(x) = a+ bx+ cx2 then we have p(0) = a, p(1) = a+ b+ c, p′(ξ) = b+ 2cξ. The determinant of

the matrix




1 0 0
1 1 1
0 1 2ξ


 should not be zero, i.e., ξ 6= 1

2 .

9. Let g(xi) = f(xi) for 0 ≤ i ≤ n − 1 and h(xi) = f(xi) for 1 ≤ i ≤ n. Set k(x) = g(x) +
[(x0 − x)/(xn − x0)][g(x) − h(x)]. Then k(x0) = g(x0) = f(x0) and for 1 ≤ i ≤ n − 1 we have
k(xi) = g(xi) + [(x0 − xi)/(xn − x0)][g(xi)− h(xi)] = g(xi) = f(xi) and k(xn) = h(xn) = f(xn).

10. p(x) =
∑n

i=0 yi
∏n

j=0
j 6=i

(x− xj)/(xi − xj). Therefore, coefficient of xn is
∑n

i=0 yi
∏n

j=0
j 6=i

(xi − xj)−1.

11. It follows from Problem 6.1.10.

Alternative Solution: By Problems 6.1.2 and 6.1.4, q(x) =
∑n

i=0 q(xi)
∏n

j=0
j 6=i

(x − xj)/(xi − xj).
Coefficient of xn in q is zero because q is of degree ≤ n− 1, i.e.,

∑n
i=0 q(xi)

∏n
j=0
j 6=i

(xi − xj)−1 = 0.

12. No. For n = 1, algorithm computes x = a1b
2
1 + a0b1 6= a0b0 + a1b0b1. The following algorithm will

work.
x← anbn
for i = 1, 2, . . . , n do

x← (x+ an−i)bn−i
end

Alternatively, an algorithm based on (5) follows.

u← an
for j = n, n− 1, . . . , 1 do

u← ubj + aj−1

end
u← ub0

13. Using Theorem 2, f(x)−p(x) = (1/23!)f (23)(ξx)
∏22
i=0(x−xi). Now f (n)(coshx) =

{
coshx n even
sinhx n odd

.

Therefore, |f(x)− p(x)| =
∣∣∣(1/23!) sinh(ξx)

∏22
i=0(x− xi)

∣∣∣. On [−1, 1], we have | sinh(ξx)| ≤ sinh 1 =

1.1752 and
∏22
i=0 |x − xi| ≤ 223. Therefore, |f(x) − p(x)| ≤ (1/23!)(1.1752)223. On [−1, 1], we have

1 ≤ | coshx| ≤ 1.5431. Hence, |p(x)− f(x)|/|f(x)| ≤ 3.813× 10−16 < 5× 10−16.

14. Say xj = 0. |p(x)− f(x)| =
∣∣∣(1/n!)f (n)(ξx)

∏n−1
i=0 (x− xi)

∣∣∣

≤ (1.5431/n!)|x|∏n−1
i6=j
i=0

(x − xi) ≤ (1.5431/n!)|x|2n−1 since node xj is 0. Note as in Problem 6.1.13,

f (n)(sinhx) =
{

sinhx n even
coshx n odd

and |f (n)(sinhx)| ≤ max{sinh 1, cosh 1}, on [−1, 1].

So |p(x)− f(x)|/|f(x)| ≤ (1.5431/n!)|x/ sinhx|2n−1 ≤ (1.5431/n!)2n−1 ≤ (2n/n!)

since x/ sinhx ≤ 1.
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15. x = cn + cn−1x+ cn−2x
2 + · · ·+ ci+1x

n−i+1 + cix
n−i + ci−1x

n−i+1 =
∑i−1

k=n ckx
n−k.

Number of additions/subtractions is n− i+ 1.

16. u = d1 + d1d2 + · · ·+ d1d2 · · · dn = d1[1 + d2[1 + d3[1 + · · · [1 + dn−1[1 + dn]] · · · ]]].
Algorithm:

u← 1
for i = n, n− 1, . . . , 2

u← udi + 1
end
u← ud1

17. Follow the proof of Theorem 2. The result is that f(x)− p(x) = [f (n+1)(ξ)− p(n+1)(ξ)]w(x)/(n+ 1)!

18. The statement is true if and only if m is an odd multiple of n. Suppose m = rn, with r odd. The
zeros of Tm are xk = cos [(2k + 1)π/(2m)], and the zeros of Tm are yj = cos [(2j + 1)π/(2n)]. Fixing
j we let k = [(2j + 1)r − 1]/2. Then xk = yj . Note that k is an integer because r is odd.

19.
x f(x)
1 3
2 2
0 −4
3 5

−1 −4 2
3 0
3

p(x) = 3− (x− 1)− 4(x− 1)(x− 2) + 2(x− 1)(x− 2)x

20. Let fn(x) = cosh(n cosh−1 x). Then f0(x) = 1 and f1(x) = x. To show fn+1(x) = 2xfn(x)−fn−1(x).
Now cosh(z1+z2)+cosh(z1−z2) = 2 cosh z1 cosh z2 and cosh(n+1)z+cosh(n−1)z = 2 coshnz cosh z.
Letting z = cosh−1 x, we have

fn+1(x) + fn−1(x) = 2 cosh(n cosh−1 x) cosh(cosh−1 x) = 2xfn(x). Therefore, fn+1(x) = 2xfn(x) −
fn−1(x).

21. Lagrange form: p(x) = −(11/2)x(x− 3) + (7/6)(x− 2)(x− 3) + (28/3)x(x− 2).

Newton form:
x f(x)
2 11
0 7
3 28

2 5
7

p(x) = 11 + 2(x− 2) + 5(x− 2)x.

22. Lagrange form: p(x) = −(1/2)(x+ 2)(x− 1)− (1/3)x(x+ 2) = −(1/6)(5x2 + 7x− 6).

Newton form:
x f(x)
−2 0

0 1
1 −1

1/2 −5/6
−2

p(x) = (1/2)(x+ 2)− (5/6)(x+ 2)x = −(1/6)(5x2 + 7x− 6).

23. Newton form: p(x) = c0 + c1(x+
√

3/5) + c2(x+
√

3/5)x
where c0 = f(−

√
3/5), c1 = [f(0)−f(−

√
3/5)]/

√
3/5, and c2 = [f(

√
3/5)−2f(0)+f(−

√
3/5)]/[2(3/5)].

Lagrange form: p(x) = f(−
√

3/5)`0(x)+f(0)`1(x)+f(
√

3/5)`2(x) where `0(x) = (5/6)x(x−
√

3/5),
`1(x) = −(5/3)(x+

√
3/5)(x−

√
3/5), and `2(x) = (5/6)(x+

√
3/5)x.
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34. Let V (x0, x1, . . . , xn) denote the determinant of the Vandermonde matrix. When n = 1,
V (x0, x1) = (x1 − x0). Suppose result holds for n− 1. Let f(x) = V (x0, x1, . . . , xn−1, x). f(x) ∈∏n

and vanishes at x = x0, x1, . . . , xn−1 so we have f(x) = A(x− x0)(x− x1) · · · (x− xn−1).
The coefficient of xn is A ≡ V (x0, x1, . . . , xn−1).
Therefore, V (x0, x1, . . . , xn−1, x) = V (x0, x1, . . . , xn−1)(x− x0) · · · (x− xn−1).
Let x = xn, then we have V (x0, x1, . . . , xn) = V (x0, x1, . . . , xn−1)(xn − x0) · · · (xn − xn−1)
=
∏

0≤j<k≤n−1(xk − xj)(xn − x0) · · · (xn − xn−1) =
∏

0≤j<k≤n(xk − xj).

35. k
n

(
n
k

)
= [kn!]/[nk!(n− k)!] = [(n− 1)!]/[(k − 1)!(n− k)!] =

(
n−1
k−1

)

6.2 Divided Differences

1. Equation (12): Evaluating RHS at x0, we get q(x0) + [(x0 − xn)/(xn − x0)][q(x0) − pn−1(x0)] =
pn−1(x0) = f(x0). Evaluating RHS at xi for 1 ≤ i ≤ n− 1, we get
q(xi) + [(xi − xn)/(xn − x0)][q(xi)− pn−1(xi)] = f(xi) + [(xi − xn)/(xn − x0)][f(xi)− f(xi)] = f(xi).
Evaluating RHS at xn, we get q(xn) + [(xn − xn)/(xn − x0)][q(xn)− pn−1(xn)] = q(xn) = f(xn). By
the uniqueness of the interpolating polynomial, RHS must be pn(x).

2. Use Equation (16), with n− 1 in place of n: f(t)− p(t) = f [x0, . . . , xn−1, t]Πn−1
j=0 (t− xj). Put t = xn

and solve for f [x0, . . . , xn]: f [x0, . . . , xn] = [f(xn)− p(tn)]/Πn
j=0(xn− xj). The RHS is continuous as

a function of x0, x1, . . . , xn as long as we avoid xn = xj .

3. This is a particular case of Theorem 4. f (n)(x) is continuous in a neighborhood of x0 and so

f [x0, x0, . . . , x0] = (1/n!)f (n)(x0).

4. Theorem 4 tells us that f [x0, x1, ..., xn] = (1/n!)f (n)(ξ) for ξ ∈ (a, b) where f is n times continuously
differentiable on [a,b]. If f is a polynomial of degree k < n, then f (n) ≡ 0.

5. The unique polynomial of degree at most n that interpolates p at x0, x1, . . . , xn is p itself. Hence,
the desired equation is Equation (10), with f = p.

6. (Proof by induction). For n = 1, (αf + βg)[x0, x1] = [(αf + βg)(x1) − (αf + βg)(x0)]/(x1 − x0)
= [αf(x1)− αf(x0)]/(x1 − x0) + [βg(x1)− βg(x0)]/(x1 − x0) = αf [x0, x1] + βg[x0, x1]. Suppose it is
true for 2, 3, . . . , n. Consider, (αf + βg)[x0, x1, . . . , xn+1]

= {(αf + βg)[x1, . . . , xn+1]− (αf + βg)[x0, . . . , xn]}/(xn+1 − x0)

= {αf [x1, . . . , xn+1]− αf [x0, . . . , xn] + βg[x1, . . . , xn+1] −βg[x0, . . . , xn]}/(xn+1 − x0)

= αf [x0, . . . , xn+1] + βg[x0, . . . , xn+1].

Alternative Solution: It follows at once from Problem 6.2.9.

7. Set h = fg. Thus, h[x0, x1] = (fg)[x0, x1] = [f(x1)g(x1) − f(x0)g(x0)]/(x1 − x0) = [f(x1)g(x1) −
f(x0)g(x1)]/(x1−x0)+[f(x0)g(x1)−f(x0)g(x0)]/(x1−x0) = f [x0, x1]g(x1)+f(x0)g[x0, x1]. Therefore,
divided differences have a property analogous to the multiplication rule for differentiation, (fg)′ =
f ′g + g′f .

8. LHS is the Lagrange interpolating polynomial of degree ≤ n for f at nodes x0, x1, . . . , xn. RHS is
the Newton interpolating polynomial of degree ≤ n for f at x0, x1, . . . , xn. Hence, LHS equals RHS
by uniqueness.

9. By Problem 6.2.8, the two polynomials are equal and hence the coefficients of xn in each are equal.

10. The divided difference algorithm requires 1
2n(n+ 1) divisions and n(n+ 1) subtractions whereas the

algorithm in Section 6.1 requires n2 long operations.
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24.
x f(x)
4 63
2 11
0 7
3 28

26 6 1
2 5
7

Thus, p(x) = 63 + 26(x− 4) + 6(x− 4)(x− 2) + x(x− 4)(x− 2).

25. Inverse interpolation can be used to solve f(x) = 0. Form the interpolation polynomial pn(y) for the
table of values (yi, xi) for i = n, n − 1, n − 2 where yi = f(xi). Using the Lagrange form, we have
g2(f) = {[(f − fn−1)(f − fn−2)]/[(fn − fn−1)(fn − fn−2)]}xn
+{[(f − fn)(f − fn−2)]/[(fn−1 − fn)(fn−1 − fn−2)]}xn−1

+{[(f − fn)(f − fn−1)]/[(fn−2 − fn)(fn−2 − fn−1)]}xn−2.
So xn+1 = g2(0) gives xn+1 = xn[fn−1fn−2]/[(fn − fn−1)(fn − fn−2)]
+xn−1[fnfn−2]/[(fn−1 − fn)(fn−1 − fn−2)]
+xn−2[fnfn−1]/[(fn−2 − fn)(fn−2 − fn−1)].

26. Use Theorem 4.

27. Induction on m. For m = 0 it says f(0) = (−1)0−0
(

0
0

)
f(0) which is okay.

If true for m, then it is true for m+ 1 because
(m+ 1)![0, 1, . . . ,m+ 1] = (m+ 1)!{[1, . . . ,m+ 1]− [0, 1, . . . ,m]}/(m+ 1)
= m![1, . . . ,m+ 1]−m![0, 1, . . . ,m]
=
∑m

j=0(−1)m−j
(
m
j

)
f(j + 1)−∑m

j=0(−1)m−j
(
m
j

)
f(j)

=
∑m+1

j=1 (−1)m−j+1
(
m
j−1

)
f(j)−∑m

j=0(−1)m−j
(
m
j

)
f(j)

=
∑m

j=1

[
(−1)m−j+1

(
m
j−1

)
− (−1)m−j

(
m
j

)]
f(j)

+(−1)m−(m+1)+1
(
m
m

)
f(m+ 1)− (−1)m

(
m
0

)
f(0)

=
∑m

j=1(−1)m−j+1
[(

m
j−1

)
+
(
m
j

)]
f(j) + f(m+ 1)− f(0)(−1)m

=
∑m

j=1(−1)m+1−j(m+1
j

)
f(j) + f(m+ 1)− f(0)(1−)m =

∑m+1
j=0 (−1)m+1−j(m+1

j

)
f(j).

Here we used m!/[(j − 1)!(m− j + 1)!] +m!/[j!(m− j)!]
= [m!j]/[j!(m− j + 1)!] + [m!(m− j + 1)]/[j!(m− j + 1)!]
= [m!(j +m− j + 1)]/[j!(m− j + 1)!] = [(m+ 1)!]/[j!(m+ 1− j)!] =

(
m+1
j

)
.

6.3 Hermite Interpolation

1.
x f(x)
0 2
0 2
1 −4
1 −4
2 44

−9 3 7 5
−6 10 17

4 44
48

So p(x) = 2− 9x+ 3x2 + 7x2(x− 1) + 5x2(x− 1)2.

2. We need to evaluate p(x) = 2 − 9x + 3x2 + 7x2(x − 1) + 5x2(x − 1)2 + cx2(x − 1)2(x − 2) for the
coefficient c. p(3) = 2 = 2 − 27 + 27 + 7(9)(2) + 5(9)(4) + c(9)(4) ⇒ 36c = −306. So c = −8.5.
Therefore, we have p(x) = 2− 9x+ 3x2 + 7x2(x− 1) + 5x2(x− 1)2 − 8.5x2(x− 1)2(x− 2).

1


