MATH 170B HOMEWORK 4 SOLUTIONS

§6.4: Questions 5, 7, 9
5. f(17) = 1= f(17), so f is continuous at z = 1. Also f(27) = 3/2 = f(27), so f is continuous at

1 z € (—o0,1]
x=2 flz)=¢2—2 x€]ll,2]
0 x € [2,00)

Thus, f/(17) =1= f/(17) and f/(27) = 0 = f/(27). Therefore, f'(x) is continuous at x = 1, x = 2.
Hence, f is a quadratic spline function.

7. Enforce the continuity of f at knots: 1,3. Atz = 1, a(=1)2+0 = ¢(=1)2 = a = ¢. At z = 3,
c(1)?2 = d(1)?2 +0 = ¢ = d. Continuity of f’ at knots: At x = 1, 2a(—1) 4+ 0 = 2¢(—1) = a = c.
At 2 = 3,2c=2d+ 0 = c = d. Continuity of f” at knots: At z = 1, 2a +0 = 2¢ = a = c.
At ¢ = 3, 2¢c = 2d+ 0 = ¢ = d. Thus, in order that f be a cubic spline: ¢ = ¢ = d and
b,e any arbitrary values. Next, determine a,b,c,d,e so that f interpolates the table. At z = 0,
a(=2)24+b(-1)=26=4a-b=26. Atz =1,a(-1)?+b-0=7=a=7. Sob=2andc=d=71.
Atz=4,d2)?%+e(1)?=25=284+e=25=e=-3. Thenna=c=d=7,b=2,e=—3.

9. Put gi(z) = 3(zi1/hi) (2 — t:)* — §(zi/hi) (i1 — 2)* + i + Sz
Then ¢;(t;) = f%(zi/hi)(tprl — tq;)z + vy + %(zzhl) = %[f(zzhf)/hi] + %(zihi) + y; = y; where h; =
tiv1 — i qi(x) = (zigr/hi)(z — ti) + (2i/hi)(tiyr — 2), q(L) = (2i/ha)(tiv1 — ti) = 2, qi(Liv1) =
(zis1/hi)(tis1—ti) = zip1. qi—1(2) = 2(zi/hi1) (@ —ti21)? = 3(zic1 /hi1) (ti—2) 2 +yic1 + 5 (2zim1hiz1)
gi-1(ti) = 3(zi/hie1)(ti — tim1)? + i1 + 5(zim1hio1) = 5(2i + zim1)hio1 + Yi1.
Continuity Condition 3(zi + zi-1)hi—1 + yic1 = yi = 2 + zic1 = (2/hi)(yi — yi-1). @(@) =
3z /hi) (@ = 13)* = 5 (2 /ha) (tier — 2)> + i + 5 (zihi) = 5201 /hi) (@ = 4:)* = 5 (zi/ ha) (@ — ti — ) +
yi + 5(zihi) = 5l(2ie1 — 20)/hil(w = t)* + zix — ;) — 5(2iha) + yi + 5(2ih) = §[(zie1 — 20) /il (z —
t)? + zi(x — i) + i
Here i =1,2,...,n — 1. ): piecewise quadratic (), Q)" continuous ()’ (t;) = z; well-defined
q1(t2) = @2(t2) etc. gno(tn—1) = qn-1(tn—1), L., gi—1(t;) = qi(t;) for i =2..n —1 21 + 2z =
(2/hi—1)(yi —yi—1) 2<i<n-—1).
Let z; = 0 and define inductively z; = (2/hi—1)(yi — yi—1) — zi—1, @ = 2,3,...,n. z; is arbitrary,
Zi = (2/}11,1)(1/2 - yifl) — Zi—1 i = 27 ey N
SOZZ‘ = ; — Zj—1. 23 = Qg — 21, k3 = (3 — 22 :ag—(a2—z1) :Otg—Oég-l-Zl, Z4 = Qg — 23 =
ag—az+ag— 2, Bte.. 21 =a; —a; 1 +aj o+ (=1)i(az — 21).

Sozi=7—(—1)z1, 2 =2, 13 =3 —"72, a = az— 3, etc. ® =31 ,262=23+23+25+ - +22

=(Mm—2)+0s+2)°+(u—2)+ 4 (m— (=1)"21)* d®/dz1 = =2(y2 — 21) + 2(73 + 21) —

2ia—21) = = 2(-1)"(m = (-1)"a) =0 —et+ st —Jat o — (1)t 2 =0
—— ——— —— ——

1 2 3 no1
m—Dau—(p-wn+tu—r+ +D)"m)=0zn=0O—vm+nu—v+ -+ (=1"m)/(n—1).
Now 7o —v3 = a2 — (a3 — ) = 202 —ag and 74 — 75 = Y4 — (4 — Y1) = 294 — a4, Y2 = ag,
V3= Q3 — o, Y4 = g — a3+ Qo, Y5 = Q5 — g + a3 — g, ete. Y2 = qg, 73 = a2 — a3, Y4 =
ay —a3+ay, =95 =y —az+oag—as, ete. So [yo— 3+ — 5+ 4+ (1) ]/(n - 1)
=[(n—1)as—(n—2)az+ (n —3)aa —---]/(n — 1).



