
MATH 170B HOMEWORK 4 SOLUTIONS

§6.4: Questions 5, 7, 9

6.4 Spline Interpolation 103

Put in C = (yi+1/hi) − (zi+1hi/6), D = (yi/hi) − (zihi/6). So Si(x) = {[(x − ti)(zi+1 − zi)/(6hi) +
1
2zi](x−ti)+(yi+1−yi)/hi− 1

6hi(2zi+zi+1)}(x−ti)+yi. Si(x) = yi+(x−ti){Ci+(x−ti)[Bi+(x−ti)Ai]}
where Ai = [1/(6hi)](zi+1 − zi), Bi = zi/2, Ci = −1

6hi(2zi + zi+1) + (yi+1 − yi)/hi.

5. f(1−) = 1 = f(1+), so f is continuous at x = 1. Also f(2−) = 3/2 = f(2+), so f is continuous at

x = 2. f ′(x) =





1 x ∈ (−∞, 1]
2− x x ∈ [1, 2]
0 x ∈ [2,∞)

.

Thus, f ′(1−) = 1 = f ′(1+) and f ′(2−) = 0 = f ′(2+). Therefore, f ′(x) is continuous at x = 1, x = 2.
Hence, f is a quadratic spline function.

6. Now f ′′(x) =





0 x ≤ 1
−1 1 < x < 2
0 x > 2

.

So f ′′(1−) = 0 6= −1 = f ′′(1+) and f ′′(2−) = −1 6= 0 = f ′′(2+) and so f is not a cubic spline.

7. Enforce the continuity of f at knots: 1,3. At x = 1, a(−1)2 + 0 = c(−1)2 ⇒ a = c. At x = 3,
c(1)2 = d(1)2 + 0 ⇒ c = d. Continuity of f ′ at knots: At x = 1, 2a(−1) + 0 = 2c(−1) ⇒ a = c.
At x = 3, 2c = 2d + 0 ⇒ c = d. Continuity of f ′′ at knots: At x = 1, 2a + 0 = 2c ⇒ a = c.
At x = 3, 2c = 2d + 0 ⇒ c = d. Thus, in order that f be a cubic spline: a = c = d and
b, e any arbitrary values. Next, determine a, b, c, d, e so that f interpolates the table. At x = 0,
a(−2)2 + b(−1)3 = 26⇒ 4a− b = 26. At x = 1, a(−1)2 + b · 0 = 7⇒ a = 7. So b = 2 and c = d = 7.
At x = 4, d(2)2 + e(1)3 = 25⇒ 28 + e = 25⇒ e = −3. Then: a = c = d = 7, b = 2, e = −3.

8. Assume Eqn. (6) in text is given: Si(x) = 1
6(zi/hi)(ti+1 − x)3 + 1

6(zi+1/hi)(x − ti)3 + C(x − ti) +
D(ti+1 − x) where hi = ti+1 − ti. Impose the interpolation condition yi = Si(ti) = 1

6(zi/hi)(hi)3 +
1
6(zi+1/6hi)(0) + C(0) + Dhi. So yi = 1

6zih
2
i + Dhi ⇒ (I) : D = (yi/hi) − 1

6zihi Next impose
the condition Si(ti+1) = yi ⇒ yi+1 = 1

6(zi/hi)(0) + 1
6(zi+1/hi)(hi)3 + Chi + D(0). So yi+1 =

1
6zi+1h

2
i + Chi ⇒ (II) : C = (yi+1/hi)− 1

6zi+1hi
Substituting (I) and (II) in Eqn. (6), Eqn. (7) is verified giving
Si(x) = 1

6(zi/hi)(ti+1−x)3+1
6(zi+1/hi)(x−ti)3+[(yi+1/hi)−1

6zi+1hi] (x−ti)+[(yi/hi)−1
6zihi](ti+1−x).

Verify Eqn. (9): Given Eqn. (7) substitute i− 1 for i. Si−1(x) = 1
6(zi−1/hi−1)(ti − x)3 + 1

6(zi/hi−1)
(x−ti−1)3 +[(yi/hi−1)− 1

6(zihi−1)](x−ti−1)+(yi−1/hi−1)− 1
6(zi−1hi−1)(ti−x) where hi−1 = ti−ti−1.

Differentiating Si−1(x) we have (at x = ti) S′i−1(ti) = 1
2 [(zih2

i−1)/hi−1] + (yi/hi−1) − 1
6(zihi−1) −

(yi−1/hi−1)+ 1
6(zi−1hi−1)⇒ S′i−1(ti) = 1

6(hi−1zi−1)+ 1
3hi−1zi− (yi−1/hi−1)+(yi/hi−1) which is Eqn.

(9).

Eqn. (10): From Eqn. (8) S′i(ti) = −1
3(hizi)− 1

6(hizi+1)− (yi/hi)+(yi+1/hi) and from (9) S′i−1(ti) =
1
6(hi−1zi−1)+ 1

3(hi−1zi)− (yi−1/hi−1)+(yi/hi−1) impose continuity condition on first derivative at ti,
i.e., set S′i(ti) = S′i−1(ti) ⇒ −1

3(hi−1zi)− 1
6(hizi+1)− (yi/hi) + (yi+1/hi) = 1

6(hi−1zi−1) + 1
3(hi−1zi)−

(yi−1/hi−1) + (yi/hi−1) Simplifying this expression we get Eqn. (10).

9. Put qi(x) = 1
2(zi+1/hi)(x− ti)2 − 1

2(zi/hi)(ti+1 − x)2 + yi + 1
2zihi.

Then qi(ti) = −1
2(zi/hi)(ti+1 − ti)2 + yi + 1

2(zihi) = 1
2 [−(zih2

i )/hi] + 1
2(zihi) + yi = yi where hi =

ti+1 − ti. q′i(x) = (zi+1/hi)(x − ti) + (zi/hi)(ti+1 − x), q′i(ti) = (zi/hi)(ti+1 − ti) = zi, q′i(ti+1) =
(zi+1/hi)(ti+1−ti) = zi+1. qi−1(x) = 1

2(zi/hi−1)(x−ti−1)2− 1
2(zi−1/hi−1)(ti−x)2 +yi−1 + 1

2(zi−1hi−1)
qi−1(ti) = 1

2(zi/hi−1)(ti − ti−1)2 + yi−1 + 1
2(zi−1hi−1) = 1

2(zi + zi−1)hi−1 + yi−1.
Continuity Condition 1

2(zi + zi−1)hi−1 + yi−1 = yi ⇒ zi + zi−1 = (2/hi−1)(yi − yi−1). qi(x) =
1
2(zi+1/hi)(x− ti)2− 1

2(zi/hi)(ti+1−x)2 + yi+ 1
2(zihi) = 1

2(zi+1/hi)(x− ti)2− 1
2(zi/hi)(x− ti−hi)2 +

yi + 1
2(zihi) = 1

2 [(zi+1 − zi)/hi](x− ti)2 + zi(x− ti)− 1
2(zihi) + yi + 1

2(zihi) = 1
2 [(zi+1 − zi)/hi](x−

ti)2 + zi(x− ti) + yi.
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Here i = 1, 2, . . . , n− 1. Q: piecewise quadratic Q,Q′ continuous Q′(ti) = zi well-defined
q1(t2) = q2(t2) etc. qn−2(tn−1) = qn−1(tn−1), i.e., qi−1(ti) = qi(ti) for i = 2 . . . n − 1 zi−1 + zi =
(2/hi−1)(yi − yi−1) (2 ≤ i ≤ n− 1).
Let z1 = 0 and define inductively zi = (2/hi−1)(yi − yi−1) − zi−1, i = 2, 3, . . . , n. zi is arbitrary,
zi = (2/hi−1)(yi − yi−1)− zi−1 i = 2, . . . , n.
So zi = αi − zi−1. z2 = α2 − z1, z3 = α3 − z2 = α3 − (α2 − z1) = α3 − α2 + z1, z4 = α4 − z3 =
α4 − α3 + α2 − z1, Etc.. z1 = α1 − αi−1 + αi−2 · · ·+ (−1)i(α2 − z1).

So zi = γi− (−1)iz1, γ2 = α2, γ3 = α3−γ2, γ4 = α3−γ3, etc. Φ =
∑n

i=2 zi62 = z2
2 +z2

3 +z2
4 + · · ·+z2

n

= (γ2 − zi)2 + (γ3 + z1)2 + (γ4 − z1)2 + · · · + (γn − (−1)nz1)2 dΦ/dz1 = −2(γ2 − z1) + 2(γ3 + z1) −
2(γ4 − z1) − · · · − 2(−1)n(γn − (−1)nz1) = 0 − γ2 + z1︸ ︷︷ ︸

1

+ γ3 + z1︸ ︷︷ ︸
2

− γ4 + z1︸ ︷︷ ︸
3

· · · − (−1)n γn + z1︸ ︷︷ ︸
n−1

= 0

(n− 1)z1 − (γ2 − γ3 + γ4 − γ5 + · · ·+ (−1)nγn) = 0 z1 = (γ2 − γ3 + γ4 − γ4 + · · ·+ (−1)nγn)/(n− 1).

Now γ2 − γ3 = α2 − (α3 − α2) = 2α2 − α3 and γ4 − γ5 = γ4 − (α4 − γ4) = 2γ4 − α4. γ2 = α2,
γ3 = α3 − α2, γ4 = α4 − α3 + α2, γ5 = α5 − α4 + α3 − α2, etc. γ2 = α2, γ3 = α2 − α3, γ4 =
α2 − α3 + α4, −γ5 = α2 − α3 + α4 − α5, etc. So [γ2 − γ3 + γ4 − γ5 + · · · + (−1)nγn]/(n − 1)
= [(n− 1)α2 − (n− 2)α3 + (n− 3)α4 − · · · ]/(n− 1).

Algorithm: For i = 2 · · ·n define αi = (2/hi−1)(yi − yi−1). For i = 3 · · ·n do αi − αi−1 → αi. For
i = 2 · · ·n do α2 + (−1)iαi+1 → α2. z1 = α2/(n− 1).

10. u1 = 2(h1 + h0) > h1 + h0. Suppose ui−1 > hi−1 + hi−2. Then ui = 2(hi + hi−1) − h2
i−1/ui−1

> 2(hi+hi−1)−h2
i−1/(hi−1 +hi−2) > hi+hi−1 if hi+hi−1 > h2

i−1/(hi−1 +hi−2) if (hi+hi−1)(hi−1 +
hi−2) > h2

i−1. Yes!

11. S1(x) = 3+x−9x2, 0 ≤ x ≤ 1; S2(x) = a+b(x−1)+c(x−1)2 +d(x−1)3, 1 ≤ x ≤ 2; S′1(x) = 1−18x;
S′2(x) = b + 2c(x − 1) + 3d(x − 1)2; S′′1 (x) = −18; S′′2 (x) = 2c + 6d(x − 1); Continuity conditions:
S1(1) = S2(1) ⇒ a = −5; S′1(1) = S′2(1) ⇒ b = −17; S′′1 (1) = S′′2 (1) ⇒ −18 = 2c ⇒ c = −9.
Next, choose d so that

∫ 2
0 (f ′′)2 dx is a minimum:

∫ 2
0 (f ′′)2 dx =

∫ 1
0 (−18)2 dx+

∫ 2
1 [−18+6d(x−1)]2 dx

= 182+
∫ 2

1 [182−12·18d(x−1)+36d2(x−1)2] dx = 182+182x|21−12·18d[(x−1)2/2]|21+36d2[(x−1)3/3]|21
= 2 · 182 − 108d + 12d2. We want first derivative to equal zero: −108 + 24d = 0 ⇒ d = 9/2. There
is no d that makes f a natural cubic spline because S′′1 (0) = −18 6= 0. If there was a value of d for a
natural cubic spline, it would be different because different conditions are specified.

12. Let f1(x) = x3 + x, x ≤ 0, and f2(x) = x3 − x, x > 0. So f1(0) = 0 = f2(0) ⇒ f continuous. So
f ′1(x) = 3x2 + 1 and f ′2(x) = 3x2 − 1. So f ′1(0) = 1 6= f ′2(0) = −1 Not a cubic spline because f ′(0)
not continuous. Note f ′′1 (x) = 6x = f ′′2 (x).

13. Let f1(x) = 1 + x − x3, x ∈ [0, 1]; f2(x) = 1 − 2(x − 1) − 3(x − 1)2 + 4(x − 1)3, x ∈ [1, 2];
f3(x) = 4(x−2)+9(x−2)2−3(x−2)3, x ∈ [2, 3]. Since f1(0) = 1, f1(1) = 1 = f2(1), f2(2) = 0 = f3(2),
and f3(3) = 10, f(x) interpolates the table and f(x) is continuous at x = 1 and x = 2. Also
f ′1(1) = −2 = f ′2(1), f ′2(2) = 4 = f ′3(2), f ′′1 (1) = −6 = f ′′2 (1), f ′′2 (2) = 18 = f ′′3 (2), f ′′1 (0) = 0, and
f ′′3 (3) = 0. Hence, f(x) is a natural cubic spline which interpolates the table values.

14. Let f1(x) = 2(x+ 1) + (x+ 1)3, x ∈ [−1, 0]; f2(x) = 3 + 5x+ 3x2, x ∈ [0, 1];
f3(x) = 11 + 11(x− 1) + 3(x− 1)2 − (x− 1)3, x ∈ [1, 2]. Since f1(0) = 3 = f2(0), f2(1) = 11 = f3(1),
f ′1(0) = 5 = f ′2(0), f ′2(1) = 11 = f ′3(1), f ′′1 (0) = 6 = f ′′2 (0), f ′′2 (1) = 6 = f ′′3 (1), f ′′1 (−1) = 0, and
f ′′3 (2) = 0. Thus, f(x) is a natural cubic spline.

15. No. The condition given doesn’t even assure us that f ′(x0) exists.

Consider f(x) =
{
x+ 1 on (−1, 0)
x− 1 on (0, 1)

. Then f ′(x) =
{

1 on (−1, 0)
1 on (0, 1)

. So limx↑0 f ′(x) = limx↓0 f ′(x) =

1. But f ′ is not continuous at 0. In other words, the equation limx→0 f
′(x) = f ′(0) fails!
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