
MATH 170B HOMEWORK 5 SOLUTIONS

§6.5: Questions 1, 3, 7
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35. Lemma. For x > 0: x > tanhx, sinhx > x, x(coshx+ 1) > 2 sinhx.

Proof. In each case the two sides are equal at x = 0, but the left side increases faster. Details

1
?
> sech2x, 1

?
< cosh2 x, Yes. coshx

?
> 1 Yes. x sinhx+ coshx+ 1

?
> 2 coshx, x sinhx+ 1

?
> coshx.

Both sides agree at x = 0. The left side increases faster since x coshx+ sinhx > sinhx.
In the matrix problem, we have to prove |βi−1 + βi| > |αi−1|+ |αi|.
Now βi = (τ cosh τhi/ sin τhi)− (1/hi) = τ coth τhi − (1/hi) > 0 by the first part of the Lemma.
Also αi = (1/hi)− (τ/ sinh τhi) > 0 by the second part of the Lemma. So it suffices to prove βi > αi
(for all i), i.e., we want to prove (τ cosh τhi/ sinh τhi)− (1/hi) > (1/hi)− (τ/ sinh τhi).
Let x = τhi. Show τ(coshx/ sinhx)−(τ/x) > (τ/x)−(τ/ sinhx). Show (coshx/ sinhx)+(1/ sinhx) >
(2/x). Show x(coshx+ 1) > 2 sinhx. Use the last part of the Lemma.

36. Look in proof and you will see it: ‖f (m+1)‖2 = ‖S(m+1)‖2 + ‖(f − S)m+1‖2.

6.4 Computer Problems

3. Si(x) = a(ti+1 − x)3 + b(x − ti)3 + c(x − ti) + d(ti+1 − x)
∫
Si(x) = −1

4a(ti+1 − x)4 + 1
4b(x − ti)4 +

1
2(cx − ti)2 − 1

2d(ti+1 − x)2
∫ ti+1

ti
Si(x) dx = −1

4a[0 − h4
i ] + 1

4b[h
4
i − 0] + 1

2c[h
2
i − 0] − 1

2d[0 − h2]
= 1

4h
4
i (a + b) + 1

2h
2
i (c + d) = 1

4h
4
i [

1
6(zi/hi) + 1

6(zi+1/hi)] +1
2h

2
i [yi+1/hi − 1

6zi+1hi + yi/hi − 1
6zihi]

= 1
24h

3
i (zi + zi+1) + 1

2hi(yi + yi+1)− 1
12h

3
i (zi + zi+1) = 1

2hi(yi + yi+1)− 1
24h

3
i (zi + zi+1).

4. In the righthand side of the matrix system in the text for the zi’s, replace v1 by v1−h0z0 and replace
vn−1 by vn−1 − hn−1zn.

6.5 The B-Splines: Basic Theory

1. By Lemma 1, B2
i (x) = 0 on the complement of (ti, ti+3). Use Equation (1) with k = 2 to compute

B2
i (ti+1) = (ti+1− ti)/(ti+2− ti) and B2

i (ti+2) = (ti+3− ti+2)/(ti+3− ti+1). All other B2
i (tj) are zero.

2. By Lemma 1, Bk
i (x) has nonzero values only on the interval (ti, ti+k+1). If tm ≤ x < tm+1 then

Bk
i (x) = 0 for i ≥ m + 1 and for i + k + 1 ≤ m. So in the sum we require only terms having i ≤ m

and i ≥ m− k.

3. S(tm) =
∑

i ciB
2
i (tm) = cm−2B

2
m−2(tm) + cm−1B

2
m−1(tm)

= cm−2hm/(hm + hm−1) + cm−1hm−1/(hm + hm−1) = (cm−2hm + cm−1hm−1)/(hm + hm−1) = ym.

4. Direct use of the definition gives B0
i (x) = B0

0(x− ti). Now proceed by induction using Equation (1).

6. Lemma 5 gives the derivative of
∑
ciB

k
i as

∑
cik[Bk−1

i /(ti+k − ti)− Bk−1
i+1 /(ti+k+1 − ti+1)]. With a

change in the summation index, we obtain Equation (20).

7. Just let x tend to ∞ in Lemma 7, and use Lemma 4.

8. The hypothesis implies that
∑∞

i=−∞ ciB
k
i (x) = 0 on the interval (tm, tm+1) for any m. By Prob-

lem 6.5.2, this implies that
∑m

i=m−k ciB
k
i (x) = 0 on this interval. Letting m = k + j we have∑k+j

i=j ciB
k
i (x) = 0 on (tk+j , tk+j+1). Hence by Lemma 8, ci = 0 for j ≤ i ≤ k+j. Since j is arbitrary,

all ci are 0.

9. Fix s. Both sides of the equation to be proved are linear functions of x. To prove them equal, show
that they agree at ti and ti+k. These values are calculated to be Uki−1(s) and Uki (s) respectively.

10. Use Lemma 3 and Problem 6.5.9 to prove the equation.

11. Use the equation in Problem 6.5.10 k times.
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§6.6: Questions 8, 9

6.6 The B-Splines: Applications 109

4. If f(x) = 1, then from Equation (12) we have Sf =
∑∞

i=−∞B
k
i . This is 1 by Lemma 4 in Section

6.5.

5. S(αf + βg) =
∑

(αf + βg)(xi)Bk
i = α

∑
f(xi)Bk

i + β
∑
g(xi)Bk

i = αSf + βSg.

6. By Problems 6.6.2 and 6.6.4, we have that Sf = f if f(x) = 1 or f(x) = x. By Problem 6.6.5, it
follows that Sf = f when f(x) = α+ βx.

7. If f ≥ 0 then Sf =
∑
f(xi)Bk

i ≥ 0 because f(xi) ≥ 0 and Bk
i ≥ 0 (Lemma 2 in Section 6.5). If

|f | ≤M then |Sf | = |∑ f(xi)Bk
i | ≤

∑ |f(xi)Bk
i ≤M

∑
Bk
i = M by Lemma 4 in Section 6.5.

8. S =
∑∞

j=−∞ cjB
3
j .

Theorem: If f(x) =
∑∞

i=−∞ ciB
k
i (x), then f ′(x) =

∑∞
i=−∞ diB

k−1
i (x)

where di = k(ci − ci−1)/(ti+k − ti).
Now, S′ =

∑∞
j=−∞ djB

2
j where dj = 3(cj − cj−1)/(tj+3 − tj)

and S′′ =
∑∞

j=−∞ ejB
1
j where ej = 2(dj − dj−1)/(tj+2 − tj), ej = [2/(tj+2 − tj)][dj − dj−1]

= [6/(tj+2 − tj)][(cj − cj−1)/(tj+3 − tj)− (cj − cj−2)/(tj+2 − tj−1)].

9. S′′(ti) =
∑∞

j=−∞ ejB
1
j (ti) = ei−1B

1
i−1(ti) = ei−1 (using Problem 6.6.8 and definition of B1

i−1).

10. S(ti) =
∑n−1

j=−2 cjB
3
j (ti) = ci−3B

3
i−3(ti)+ci−2B

3
i−2(ti)+ci−1B

3
i−1(ti) = f(t). Then it interpolates f at

ti for 1 ≤ i ≤ n. By Problem 6.6.8, S′ and S′′ are continuous. Finally: need to check that S′′(t1) =
S′′(tn) = 0. By Problem 6.6.9 S′′(t1) = e0 = 6/(t2− t0)[(c0− c−1)/(t3− t0)− (c−1− c−2)/(t2− t−1)].
To see that e0 = 0, it is enough to see that: (c0− c−1)/(t3− t0) = (c−1− c−2)/(t2− t−1) equivalent to
see if (c0− c−1)(t2− t−1) = (c−1− c−2)(t3− t0) or: (t3− t0)c−2 + (t2− t−1)c0 = (t3 + t2− t0− t−1)c−1

which is true by the (I): (ti+2−ti−1)ci−3−(ti+2+ti+1−ti−1−ti−2)ci−2+(ti+1−ti−2)ci−1 = 0 for i = 1.
Now, S′′(tn) = en−1 = 6/(tn+1−tn−1)[(cn−1−cn−2)/(tn+2−tn−1)−(cn−2−cn−3)/(tn+1−tn−2)]. Need
to prove this is zero. Equivalent to proving: (tn+1− tn−2)(cn−1− cn−2) = (tn+2− tn−1)(cn−2− cn−3)
or: (tn+1− tn−2)cn−1 +(tn+2− tn−1)cn−3 = (tn+2 + tn+1− tn−1− tn−2)cn−2 which is exactly condition
(I) for i = n.

11. If C and D are invertible then so is A ≡
[
C 0
E D

]
and its inverse is

[
C−1 0

−D−1EC−1 D−1

]
as we

easily verify. If C is not invertible then a nontrivial linear combination of its rows is zero. The same
linear combination of rows in A is also 0. A similar argument applies to D, using its columns.

14. Select nodes xi so that tk < x0 < x1 < · · ·xk < tk+1. Since (tk, tk+1) ⊂ supp(Bk
i ) for 0 ≤ i ≤ k, we

have xi ∈ supp(Bk
i ) for 0 ≤ i ≤ k. Hence by Schoenberg-Whitney, the matrix Bk

j (xi) is nonsingular,
and {Bk

j : 0 ≤ j ≤ n} is linearly independent on {x0, . . . , xk}, hence also on (tk, tk+1).

20. Let |x − y| ≤ kδ. Assume x ≥ y. Put xi = y + i(x − y)/k for 0 ≤ i ≤ k. Then x0 = y, xk = x,
|xi − xi+1| = |x− y|/k ≤ kδ/k = δ. and |f(x)− f(y)| = |[f(xk)− f(xk−1)] + [f(xk−1)− f(xk−2)] +
· · ·+ [f(x1)− f(x0)]| ≤ |f(xk)− f(xk−1)|+ · · ·+ |f(x1)− f(x0)| ≤ ω(f ; δ) + · · ·+ω(f ; δ) = kω(f ; δ).

21. If f(x) = 1, Sf =
∑

iB
k
i = 1 = f by Lemma 4 in Section 6.5. Now let f(x) = x. Then Sf =∑

i xiB
k
i . By Eq. (20), (Sf)′ = k

∑
i[(xi− xi−1)/(ti+k − ti)]Bk−1

i =
∑

iB
k−1
i = 1. The calculation is

k(xi − xi−1) = (ti+1 + · · ·+ ti+k)− (ti + · · ·+ ti+k−1) = ti+k − ti. Proof incomplete. We still have to
prove that Sf and x do not differ by a constant. Say Sf = x+ c. Then c = (Sf)(0) =

∑
i xiB

k
i (0).

We have to prove c = 0.

1


