
MATH 170B HOMEWORK 6 SOLUTIONS

§6.8: Questions 3, 5, 9, 20, 23

6.8 Best Approximation: Least-Squares Theory 113

2. We want the expression
∫ π/2

0 (sinx− λx)2 dx to be a minimum. Take the derivative with respect to
λ and set it equal to 0. This leads to

∫ π/2
0 x sinx dx =

∫ π/2
0 λx2 dx. Evaluating the integrals gives

λ = 24/π3 = 0.774037.

3. The general result is as follows. Let f be a continuous even function on the interval [−a, a]. Let G be
a subspace of C[−a, a] with the property that if g ∈ G then the function x 7→ g(−x) also belongs to G.
If g minimizes the integral

∫ a
−a[f(x)− g(x)]2 dx, then g is even. To prove this, let h(x) = g(−x). By

changing the variable from x to −y in the integral
∫ a
−a[f(x)− h(x)]2 dx we see that h also minimizes

the integral. By Theorem 2, f − g ⊥ G and f − h ⊥ G. Hence (f − g)− (f − h) ⊥ G. In particular
h− g ⊥ h− g, and so h = g. Thus g is even.

4. If the given sequence is linearly dependent, then we can write
∑n

j=0 cjpj = 0 for some n and for some
scalars cj not all zero. We may assume that cn 6= 0. The LHS is a polynomial of degree n. It can
have at most n zeros. Hence it cannot be 0. This is a contradiction.

5. Let f =
∑

i aiui and g =
∑

j bjuj . Then 〈f, g〉 = 〈∑i aiui,
∑

j bjuj〉 =
∑

i

∑
j aibj〈ui, uj〉 =

∑
i aibi =∑

i〈f, ui〉〈g, ui〉.

6. One Gram matrix has elements aij =
∫ 1

0 x
ixj dx =

∫ 1
0 x

i+j dx = (1 + i+ j)−1.

7. If we start with the basis {v1, . . . , vn} and apply the Gram-Schmidt process, each new vector uj is
a linear combination of v1, . . . , vj . Hence uj =

∑j
i=1 aijvi. The coefficients aij are zero for i > j.

Hence the matrix is upper triangular.

8. From Theorem 5, we see that an will be zero if 〈xpn−1, pn−1〉 is zero. Now 〈xpn−1, pn−1〉
=
∫ a
−a x[pn−1(x)]2w(x) dx = 0 because the integrand is an odd function. Since an = 0, the three-term

recurrence relation simplifies to read pn(x) = xpn−1(x) − bnpn−2(x). We notice that p0 is even and
p1 is odd. An induction, using the recurrence relation, now can be used to prove the given assertion.

9. Let g =
∑

j cjvj . By Theorem 2, g will be the best approximation to f if f − g ⊥ vi for i = 1, . . . , n.
Thus 〈f, vi〉 = 〈g, vi〉 = 〈∑j cjvj , vi〉 = ci〈vi, vi〉 by orthogonality. If vi 6= 0, let ci = 〈f, vi〉/〈vi, vi〉. If
vi = 0, ci can be arbitrarily chosen.

10. The algorithm to compute u(x) =
∑n

i=0 cipi(x) contains a repeated calculation dk ← ck + (x −
ak+1)dk+1 − bk+2dk+2. This requires 3 additions and 2 multiplications. The calculation is executed
n+ 1 times. Thus there are at most 3(n+ 1) additions and 2(n+ 1) multiplications. However, when
k = n three additions are avoided and two multiplications are avoided. When k = n−1, one addition
and one multiplication are avoided. Hence the correct numbers are 3n− 1 and 2n− 1, respectively.
In the case of the Chebyshev polynomials, we compute

∑n
i=0 ciTi(x) by dk ← ck + 2xdk+1− dk+2, for

k = n, n− 1, . . . , 1 and d0 ← c0 + xd1 − d2. This algorithm requires n+ 1 multiplications and 2n− 1
additions.

11. bn = 〈xpn−1, pn−2〉/〈pn−2, pn−2〉. The denominator is ‖pn−2‖2. The numerator can be simplified by
first using the recurrence relation to get xpn−2(x) = pn−1(x) + an−1pn−2(x) + bn−1pn−3(x). Using
orthogonality, we obtain 〈xpn−1, pn−2〉 = 〈pn−1, xpn−2〉 = 〈pn−1, pn−1 + an−1pn−2 + bn−1pn−3〉 =
〈pn−1, pn−1〉 = ‖pn−1‖2.

14. Let vn(x) = (x2 − 1)xn. Each linear combination of these functions will contain x2 − 1 as a factor.
In particular this is true of the orthogonal system q0, q1, . . . . Let qn(x) = (x2 − 1)pn(x), where
pn has degree n and qn has degree n + 2. The orthogonality condition is 0 = 〈qn, qm〉 =

∫ 1
−1(x2 −

1)2pn(x)pm(x) dx, for n 6= m. Thus the pn must form an orthogonal system with respect to the weight
function w(x) = (x2−1)2. They obey a three term recurrence relation pn(x) = xpn−1(x)−bnpn−2(x).
Hence also qn(x) = xqn−1(x)− bnqn−2(x). The formula for bn is 〈xqn−1, qn−1〉/〈qn−2, qn−2〉. The first
three polynomials are q0(x) = x2 − 1, q1(x) = x(x2 − 1), and q2(x) = (x2 − 1/7)(x2 − 1).
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15. Let {u1, u2, . . . , un} be orthogonal and uk 6= 0 for each k. Suppose that
∑

j cjuj = 0. Then by taking
the inner product with uk we get ck〈uk, uk〉 = 0. Hence ck = 0.

16. If Af = λf , Ag = µg, λ 6= µ, f 6= 0 and g 6= 0, then λ〈f, g〉 = 〈λf, g〉 = 〈Af, g〉 = 〈f,Ag〉 = 〈f, µg〉 =
µ〈f, g〉. Since λ 6= µ, 〈f, g〉 = 0.

17. By Lemma 3,
∑n

i=1 |〈f, ui〉|2 ≤ ‖f‖2. Since this is true for each n, it is true in the limit; i.e.,∑∞
i=1 |〈f, ui〉|2 ≤ ‖f‖2.

18. For Part (a), write Pn(f + g) =
∑

i〈f + g, ui〉ui =
∑

i〈f, ui〉ui +
∑

i〈g, ui〉ui = Pnf + Png. Similarly,
Pn(λf) = λPnf . For Part (d), notice that it is only a restatement of Theorem 3. For Part (c), use
Part (d) and Theorem 2. Part (b) follows at once from Part (d), for P 2

nf is the best approximation
of Pnf in Un, and is therefore Pnf itself since the latter already belongs to Un. For Part (e), use
Part (c) to infer that x− Pnx ⊥ Pny and y − Pny ⊥ Pnx. Hence 〈Pny, x〉 = 〈Pny, Pnx〉 = 〈y, Pnx〉.

19. We have T0 = 1, T1 = x, and Tn = 2xTn−1 − Tn−2 for n ≥ 2. Thus Tn(x) = 2n−1xn + · · · for n ≥ 1.
It follows that T̃n = 21−nTn for n ≥ 1. The recurrence relation is obtained as follows. T̃n = 21−nTn
= 21−n(2xTn−1 − Tn−2) = x22−nTn−1 − 2−223−nTn−2 = xT̃n−1 − (1/4)T̃n−2.

20. The best approximation of f is g =
∑

i〈f, gi〉gi, by Theorem 3. Hence dist(f,G) = ‖f − g‖. Now
‖f − g‖2 = ‖f‖2 − 2〈f, g〉 + ‖g‖2 = ‖f‖2 − 2

∑
i〈f, gi〉2 +

∑
i〈f, gi〉2 = ‖f‖2 −∑i〈f, gi〉2. Here we

used Lemma 2 and Part (b) of Lemma 1. Thus dist(f,G) = {‖f‖2 −∑i〈f, gi〉2}1/2.

21. p0 = 1, p1 = x− 1/2, p2 = x2 − x+ 1/6, p3 = x3 − (23/2)x2 + (318/30)x− (103/60).

22. p0 = 1, p1 = x− a1, p2 = x2 − (a1 + a2)x+ (a1a2 − b2), p3 = x3 − (a1 + a2 + a3)x2 + (a1a2 + a1a3 +
a2a3 − b2 − b3)x− (a1b3 + a3b2 − a1a2a3).

6.9 Best Approximation: Chebyshev Theory

1. The equations given in the text lead to c2 = −2/π, ξ = arcsin(2/π), and c1 = 1
2 [1 − 2ξ/π + cos ξ].

The numerical values are c2 = −0.63662, ξ = 0.69011 and c1 = 0.66592.

2. Proceed as in the example. If g(x) = c1 +c2x, we find c2 = 1, g(0)−f(0) = δ, c1 = δ, f(ξ)−g(ξ) = δ,
and f ′(ξ)− g′(ξ) = 0. These equations lead to ξ = 1/4, δ = 1/8, and c1 = 1/8.

3. Use Lemma 4 to see that {g1, g2, g3} spans a Haar subspace of dimension 3 in C[0, 1] if and only if
the 3 × 3 determinant (gi(xj)) is not zero for any three points 0 ≤ x1 < x2 < x3 ≤ 1. In the first
case, this determinant is easily calculated to be D = (x2

2−x2
1)(x3

3−x3
1)− (x3

2−x3
1)(x2

3−x2
1). We can

show that D > 0. This inequality is equivalent to (x2
2 − x2

1)/(x3
2 − x3

1) > (x2
3 − x2

1)/(x3
3 − x3

1). Put
f(t) = (t2 − x2

1)/(t3 − x3
1). It suffices to prove that f is decreasing on the interval (x1, 1]. Thus we

must show that f ′(t) < 0. This inequality is equivalent to t3 + 2x3
1 > 3tx2

1. This is true because the
function g(t) = t3 + 2x3

1 − 3tx2
1 is 0 at x1 and increasing on [x1, 1].

For Part (ii), consider a+ bex + ce2x = 0. Let t = ex. Then a+ bt+ ct2 = 0. This can have at most 2
roots. Hence by the definition of a Haar subspace, the linear span of {1, ex, e2x} is a Haar subspace.

For Part (iii) consider the equation
a

x+ 2
+

b

x+ 3
+

c

x+ 4
= 0. This is equivalent to

a(x+ 3)(x+ 4) + b(x+ 2)(x+ 4) + c(x + 2)(x + 3) = 0. Hence, we have (a + b + c)x2 + (7a + 6b +
5a)x+ (12a+ 8b+ 6c) = 0. If any of these three equations has more than 2 roots, then a+ b+ c = 0,

7a+ 6b+ 5c = 0, and 12a+ 8b+ 6c = 0. Since Det




1 1 1
7 6 5
12 8 6


 6= 0, a = b = c = 0.
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