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Abstract

We introduce a variational principle for field theories, referred to as the Hamilton-
Pontryagin principle, and we show that the resulting field equations are the
Euler-Lagrange equations in implicit form. Secondly, we introduce multi-Dirac
structures as a graded analog of standard Dirac structures, and we show that
the graph of a multisymplectic form determines a multi-Dirac structure. We
then discuss the role of multi-Dirac structures in field theory by showing that
the implicit Euler-Lagrange equations for fields obtained from the Hamilton-
Pontryagin principle can be described intrinsically using multi-Dirac structures.
Lastly, we show a number of illustrative examples, including time-dependent
mechanics, nonlinear scalar fields, Maxwell’s equations, and elastostatics.

1 Introduction

In this paper, we describe classical field theories by means of a new variational
principle, referred to as the Hamilton-Pontryagin variational principle and we show
that the resulting field equations can be described in terms of multi- Dirac structures,
a field theoretic extension of the concept of Dirac structures (Courant [1990]). To set
the stage for the paper, we begin with reviewing the Hamilton-Pontryagin principle
and Dirac structures in the context of mechanical systems.

The Hamilton-Pontryagin Variational Principle in Mechanics. Let L(¢’, v?)
be a Lagrangian. The Hamilton-Pontryagin principle, originally coined by Livens
[1919] and rediscovered by Schwinger, DeRaad, Milton, and Tsai [1998] and Gitman
and Tyutin [1990] among others, is a variational principle in which the position co-
ordinates ¢* and the velocity coordinates v* are treated independently. The relation
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¢* = v’ is imposed as a constraint by means of a Lagrange multiplier p;, leading to
an action functional of the form
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where E(¢',v",p;) := (pi,v") — L(¢',v") is the generalized energy associated to the
Lagrangian. By taking arbitrary variations with respect to ¢, v* and p;, we obtain
the Euler-Lagrange equations in implicit form:
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In the context of variational principles, it was shown by Yoshimura and Marsden

[2006b] that the Hamilton-Pontryagin principle and the associated implicit equations

of motion can be described in an intrinsic way by means of Dirac structures. The

discrete Hamilton-Pontryagin principle was developed in Bou-Rabee and Marsden
[2009]; Leok and Ohsawa [2011] for the design of accurate variational integrators.

and ¢’ =o' (1.2)

Dirac Structures and Lagrange-Dirac Systems in Mechanics. The no-
tion of Dirac structures was originally developed by Courant and Weinstein [1988];
Courant [1990] and Dorfman [1993] as a unified concept of (pre-)symplectic and
Poisson structures, inspired by Dirac’s theory of constraints that was established
by Dirac [1950] for constrained systems including constraints due to degenerate
Lagrangians.

It was soon realized that Dirac structures play an important role in mechanics.
In particular, it was shown that interconnected systems, such as LC circuits and
nonholonomic systems can be effectively formulated in the context of implicit Hamil-
tonian systems (Courant [1990]; Dorfman [1993]; Courant and Weinstein [1988]; van
der Schaft and Maschke [1995]). On the Lagrangian side, it was shown by Yoshimura
and Marsden [2006a] that Dirac structures induced from distributions on configura-
tion manifolds naturally yield a notion of implicit Lagrangian systems, allowing for
the description of mechanical systems with degenerate Lagrangians and nontrivial
constraint distributions.

In order to show the link with the equations (1.2) obtained from the Hamilton-
Pontryagin principle, let Ag be a distribution on a manifold @ and consider the
canonical symplectic form Q on T*Q), and define Q3 by its pullback to the Pon-
tryagin bundle M :=TQ & T*Q. The set D, given by

D={(X,0) eTM & T*M |ixQy —a € Ay, X €Ay},

where Ajf = TwélM(AQ) (with mg ar : M — Q is the Pontryagin bundle projec-
tion), is a Dirac structure (see Yoshimura and Marsden [2006a,b]); namely, D is
maximally isotropic with respect to the following pairing on TM & T*M:

(X0, (Y, ) = 3(ixB +iva). (1.3
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It can then be shown that the tmplicit Euler-Lagrange equations, given by
(X,dE) € D are given in coordinates by

oL oL

bi = %, p’L = 07q’ + )‘OzA?(q)v qZ = viv and A?(Q)vl = 0; (14)

see Cendra, et al [2010]. Here, the forms A$(g)dg’ form a basis for the annihilator
A°, and the A\, are Lagrange multipliers. The equations (1.4) are readily seen to be
the nonholonomic Euler-Lagrange equations in nonholonomic form, and when the
constraints vanish, A® = 0, we recover the implicit Euler-Lagrange equations (1.2).

The Hamilton-Pontryagin Principle for Field Theories. For classical field
theories, the Lagrangian L(x*, yA,v;:‘) depends not only on the spacetime coordi-
f}, which represent
the derivatives of the fields y with respect to z#. By comparison with (1.1), a

candidate Hamilton-Pontryagin principle may be then given in coordinates by

nates z* and the fields y“, but also on the spacetime velocities v

o A
S,y o) :/U [pg‘ (8?; _ v{}) 1 L(mu’ijv;j‘)] . (1.5)

By taking variations with respect to y*, vl‘f and pi (where Sy? is required to vanish
on the boundary OU of the integration domain), we obtain the following implicit
equations: . N
% = 8—L, ph = 8—L, and 9y~ = oA, (1.6)
Ozt OyA (%;j‘ oxH H
which clearly generalizes (1.2) to the case of field theories. In section 3, we provide
an intrinsic version of this variational principle, using the geometry of the first jet
bundle and its dual as our starting point. In contrast to mechanics, the jet bundle is
an affine bundle and this makes the definition of the duality pairing used implicitly
in (1.5) somewhat more complicated.

Multi-Dirac Structures. In section 4, we describe the implicit field equations
(1.6) in terms of multi-Dirac structures. These geometric structures were introduced
by Vankerschaver, Yoshimura, and Leok [2011] as a graded version of the standard
concept of Dirac structures, and their relevance for field theory lies in the fact that
they generalize the concept of “the graph of a multisymplectic structure.”

To make this more precise, we recall that a multisymplectic structure is a form €2
of degree at least two, which is closed and non-degenerate. When the degree of (2 is
two, 2 is a symplectic form, while if 2 is a top form, then it is necessarily a volume
form. The literature on multisymplectic field theories is by now very extensive, but
for fundamental aspects we refer to Goldschmidt and Sternberg [1973]; Kijowski and
Tulezyjew [1979]; Binz, Sniatycki, and Fischer [1988]; Carinena, Crampin, and Ibort
[1991]; Gotay, Isenberg, Marsden and Montgomery [1997]; Bridges [1997] and the
references therein.

Just as the graph of a symplectic form is a Dirac structure, the graph of a
multisymplectic form 2 on a manifold M turns out to be a multi-Dirac structure.
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Here, the graph of €2 is defined as follows. Let &+ 1 be the degree of €2 and consider
the mapping whereby an [-multivector field A; (with 1 <1 < k) is contracted with
Q:
l . k+1—1 /%
X e NTM)—iyQe (T*M).

The graph of this mapping determines a submanifold D; of A (TM)x y AFTH (T M),
and by considering the direct sum

of all such subbundles, we obtain a multi-Dirac structure. This structure is max-
imally isotropic under a graded antisymmetric version of the pairing (1.3), and
multi-Dirac structures can be considered more generally as graded versions of stan-
dard Dirac structures.

The link between multi-Dirac structures and implicit field equations is provided
by theorem 3.4, where we show that the field equations obtained from the Hamilton-
Pontryagin principle can be written as ixQy; = (—1)""2dE. In multi-Dirac form
this becomes

(X, (=1)""2dE) € Dy41, (1.7)

where D, 1 is the graph of the multisymplectic form s, as discussed before. More
generally, we arrive in definition 4.5 at the concept of a Lagrange-Dirac field theory,
which is a triple (X, E, D,,11) satisfying (1.7), where D,, 41 belongs to a multi-Dirac
structure D which does not necessarily come from a multisymplectic form.

Outline of the Paper. After introducing the Hamilton-Pontryagin principle for
field theories in section 3, we discuss the link with multi-Dirac structures in section 4.
We finish the paper in section 5 with a number of examples of implicit field theories
and multi-Dirac structures, taken from mechanics, electromagnetism and elasticity.
Among others, we show that the Hu-Washizu principle from linear elastostatics is a
particular example of the Hamilton-Pontryagin principle.

The focus throughout this paper is on the Hamilton-Pontryagin principle and
the application of multi-Dirac structures to field theories. In the companion paper
Vankerschaver, Yoshimura, and Leok [2011], we develop the algebraic and geometric
properties of multi-Dirac structures.
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2 The Geometry of Jet Bundles

In this section, we provide a quick overview of the geometry of jet bundles for
the treatment of Lagrangian field theories. Most of the material in this section
is standard, and can be found in Saunders [1989]; Gotay, Isenberg, Marsden and
Montgomery [1997] and the references therein.

Jet Bundles. Let X be an oriented manifold with volume form 7, which in many
examples is spacetime, and let mxy : Y — X be a finite-dimensional fiber bundle
which we call the covariant configuration bundle. The physical fields are sec-
tions of this bundle, which is the covariant analogue of the configuration space in
classical mechanics. For future reference, we suppose that the dimension of X is
n+ 1 and that mxy is a bundle of rank N, so that dimY = n+ N + 1. Coordinates
on X are denoted z*, p = 1,2,...,n + 1, and fiber coordinates Y are denoted by
yA, A =1, ..., N such that a section ¢ : X — Y of mxy has coordinate representation
6(z) = (¥, yA(@)).

The analogue in classical field theory of the tangent bundle in mechanics is the
first jet bundle J'Y | which consists of equivalence classes of local sections of 7xy,
where we say that two local sections ¢1, ¢o of Y are equivalent at x € X if their
Taylor expansions around z agree to the first order. In other words, ¢; and ¢o
are equivalent if ¢1(z) = ¢o(x) and T,y = Tppo. It follows that an equivalence
class [¢] of local sections can be identified with a linear map v : T, X — T})Y such
that Twxy oy = Idr, x. As a consequence, J1Y is a fiber bundle over Y, where the
projection 7y j1y- : JY — Y is defined as follows: let v : T, X — T,,Y be an element
of JY', then Ty g1y (7) := y. Coordinates on J'Y are denoted by (2, y4, U;l), where
the fiber coordinates U;‘ represent the first-order derivatives of a section. They are
defined by noting that any v € J'Y is locally of the form

0 0
— gk AT
v =dx ®<8$“+U“8y‘4)' (2.1)
The first jet bundle J'Y is an affine bundle over Y, with underlying vector bundle
L(TX,VY) of linear maps from the tangent space T'X into the vertical bundle VY,
defined as

VY ={veT,)Y |Trxy(v) =0}, foryeY.

Given any section ¢ : X — Y of mxy, its tangent map T,¢ at x € X is an
element of J?}Y, where y = ¢(x). Thus, the map z +— T,¢ defines a section of J'Y,
where now J'Y is regarded as a bundle over X. This section is denoted j'¢ and is
called the first jet prolongation of ¢. In coordinates, j'¢ is given by

i (2t y (@), Buy? (21)),

where 9, = 0/0z". A section of the bundle J'Y — X which is the first jet prolon-
gation of a section ¢ : X — Y is said to be holonomic.



2 The Geometry of Jet Bundles 6

Dual Jet Bundles. Next, we consider the field-theoretic analogue of the cotan-
gent bundle. We define the dual jet bundle J'Y* to be the vector bundle over Y
whose fiber at y € Y, is the set of affine maps from J;Y to AP X where A"T1X
denotes the bundle of (n + 1)-forms on X. Note that since the space of affine maps
from an affine space into a vector space forms a vector space, J'Y* is a vector bun-
dle despite the fact that J'Y is only an affine bundle. A smooth section of J'Y™*
is therefore an affine bundle map of J'Y to A""'X. Any affine map from Jle to
AL X can locally be written as

A A
vl = (p+ plvy) d" e,

where d"t'z := dz' Adx? A--- Adz™t! is a coordinate representation of the volume
form 7, so that coordinates on J'Y* are given by (z*, y4, pi, D).

Throughout this paper we will employ another useful description of J'Y*. Con-
sider again the bundle A"*'Y of (n + 1)-forms on Y and let Z C A"*'Y be the
subbundle whose fiber over y € Y is given by

Zy={z¢€ AZ‘HY | iyiyz =0 for all v,w € V,Y},

where i, denotes left interior multiplication by v. In other words, the elements
of Z vanish when contracted with two or more vertical vectors. The bundle Z
is canonically isomorphic as a vector bundle over Y to J'Y™*; this can be easily
understood from the fact that the elements of Z can locally be written as

z=pd"z +p’2dyA Nd"z,,

where d"z,, := 08, 1 d"x.
From now on, we will silently identify J'Y™* with Z. The duality pairing between
elements v € J;}IY and z € Z,, can then be written as

(2,9) = 7'z € AFIX.
In coordinates, (z,7) = (pfflvl’? +p)d™tia.
Canonical Multisymplectic Forms. Analogous to the canonical symplectic

forms on a cotangent bundle, there are canonical forms on J'Y™*. Let us first define
the canonical (n+ 1)-form © on J'Y* = Z by

@(2)(U1, ceey un+1) = Z(T?Ty’le* (ul), ceny TWY,JlY* (un+1))

2.2
= (W;,JlY*z)(ub'“?un—l—l)a ( )

where we have interpreted z € Z = J'Y™* as before as an (n + 1)-form on Y, and
ULy ey U1 € ToZ. The canonical multisymplectic (n + 2)-form Q on J'Y™* is
now defined as

Q= -do.

In coordinates, one has the following expression for ©:

0 = phdy* Ad "z, +pd" T,
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while €2 is locally given by
Q=dy?* A dply Ad"z, —dp A d" Tz (2.3)

It is easy to show (see Cantrijn, Ibort, and de Leon [1999]) that Q is non-degenerate
in the sense that iy} = 0 implies that X = 0. Moreover, () is trivially closed:
dQ) = 0. Forms which are both closed and non-degenerate are referred to as mul-
tisymplectic forms. If the degree of 2 is two, 2 is just a symplectic form, while
if 2 is of maximal degree, €2 is a volume form. More examples of multisymplectic
manifolds can be found in Cantrijn, Ibort, and de Leon [1999].

A form which is non-degenerate but not necessarily closed is also referred to as an
almost multisymplectic form. On the other hand, in the context of field theory, we
will often refer to a closed but possibly degenerate form as a pre-multisymplectic
form.

Lagrangian Densities and the Covariant Legendre Transformation. A La-
grangian density is a smooth map £ = Ln : J'Y — A"T1X. In local coordinates,
we may write

L(y) = Lia,y* o,

where L is a function on J'Y to which we also refer as the Lagrangian.

The corresponding covariant Legendre transformation for a given Lagrangian
density £ : J'Y — A" X is a fiber preserving map FL : J'Y — J'Y* over Y,
which is given by the first order vertical Taylor approximation to L:

d

(FL(). ) = L) + o _Oﬁ(’Y +ely =),

where v,7 € J'Y. In coordinates, IFE(x”,yA,v;‘) = (x“,yA,pff‘,p), where

oL oL 4
p% = @a p=L—- @UW (2.4)

3 The Hamilton-Pontryagin Principle for Field Theo-
ries

In this section, we introduce the Hamilton-Pontryagin action principle for classical
field theories. Let us first introduce the Pontryagin bundle

M = JY xy Z,

as the fibered product over Y of the jet bundle J'Y and its dual Z (recall that we
identified J'Y™* with Z). This bundle plays a similar role as the Pontryagin bundle
TQ®T*Q over a configuration manifold @) for the case of classical mechanics. Note
also that M is a bundle over Y and also over X.
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The Generalized Energy Density. Let £ : J'Y — A""'X be a Lagrangian
density which is possibly degenerate. We define the generalized energy density
associated to £ by the map £ : M — A"T!1 X defined as

E(v,2) = E(y,2)n = (2,7) — L(7) (3.1)

for (v,z) € M. In local coordinates (z*,y4, U;‘,p,pffl) on M, the generalized energy
density is represented by

£ = E(z",y4, vﬁl,p,pff‘)dnﬂx

3.2
= (p +pivlf:‘ _ L(xu,yA,vl‘j‘)) d"“x, ( )

where E = p +pivﬁ‘ — L(z*, y4, v;‘) is called the generalized energy on M.

Pre-Multisymplectic Forms on M. Recall the definition of the canonical forms
© and  := —dO on the dual jet bundle Z = J'Y*, and let 7wz : M — Z be the
projection onto the second factor. The forms © and {2 can be pulled back along
mzn to yield corresponding forms on M:

On =7y © and Qp = 7y,0

Note that Qj; cannot be multisymplectic since it has a non-trivial kernel: for all
v € TJ'Y we have that i,Qy; = 0. As a result, we will refer to Qj; as the pre-
multisymplectic (n + 2)-form on M.

Finally, for any Lagrangian density £ with associated energy density &, we in-
troduce another pre-multisymplectic (n + 2)-form on M by

Qe = Qu +dE.

The Hamilton-Pontryagin Principle. Using the pre-multisymplectic forms 23,
and (¢, we establish a Hamilton- Pontryagin variational principle for classical
field theories which is similar to the expression (1.1) for mechanical systems outlined
in the introduction.

Definition 3.1. Consider a Lagrangian density L with associated generalized energy
density £. The Hamilton-Pontryagin action functional is defined as

S(w) = /X 5O - £), (3.3)

where Y is a section of mxar : M — X. In other words, ¥ can be written as ¢ =
(77, 2) where 7y is a section of Tx jiy : JY — X and z is a section of txz : Z — X.

We have defined the Hamilton-Pontryagin principle in terms of the (n+ 1)- form
©)s. By using the definition (2.2) and (3.1), we can rewrite the Hamilton-Pontryagin
action functional as

S() = /X ((2.416) — (z.7) + L)
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where ¢ is a section of mxy as before.

A wvertical variation of a section ¢ of mxps : M — X is a one-parameter family
¥y : X = M of sections, such that ¢y = v, and 1) agrees with ¢ outside a compact
set U of X. This can be obtained by considering diffeomorphisms vy : M — M
such that 1y is the identity, vy is the identity outside of ﬂ;(}\/[(U ), where U is a
compact subset of X, and vy preserves the fibration wxy : M — X, or in other
words mxar o vy = wx. Then, the composition ¥y = vy o 9 is a vertical variation
of .

On the infinitesimal level, an infinitesimal variation of v is a 7wx ps-vertical vector
field Vas : Imy — VM, defined on the image of ¢ in M, and where VM is the
vertical subbundle of T'M defined by

VM:{’UJETM‘TTFXM(IU):O}.

Let us denote by XV (M) the module of the 7x y-vertical vector fields on M.
We say that v is a critical point of the action (3.3) if §.5(¢) = 0 for all variations
of ¢, where

d

05(¥) = -

= S(¥x)

A=0

/ )
A=0JU

_d
CdA
where U is a compact subset of X that depends on the variation .

Proposition 3.2. A section 1 of M is a critical point of the Hamilton-Pontryagin
action functional if 1 satisfies the implicit Euler-Lagrange equations

V*(Vyd Qe) =0,  for any Vyr € XV(M). (3.4)

Proof. Recall that a variation of v is given by ¥\ = vy o ¢ where vy : M — M is
the flow of a vertical vector field Vy,. Then, it follows that

d
— Oy — &
AZO/UW - &)
— [ v v, (0u-e)
U

™ S(¥x)
—— [ 60 @ +dE) + [ A Vars O~ €))
U U

_ a4
—o d

:_/ W (Va Qg)+/ Y (Vad (Our = €))
U oU
U

for all Vys, where we utilized Cartan’s magic formula and Stokes’ theorem and the
fact that the mxps-vertical vector field Vy; : M — VM is compactly supported in
U C X. A standard argument then shows that 1 is a critical point of S if and only
if (3.4) holds. |



3 The Hamilton-Pontryagin Principle for Field Theories 10

Coordinate Expressions. Employing local coordinates (z#, yA, Uf), P, pi) on M,
the action functional is denoted by

- /Uw*<@M —¢)

A
- /U <p+p’j‘§3;) d" M —{(p+phv)d e — Lt y? o) d e}

:/U{ p (gyi —UA) 4 L(a",yA, )}d”+1 (3.5)

A small coordinate calculation, similar to what was done in the introduction, then
shows that the implicit Euler-Lagrange equations (3.4) are locally given by

%AZUA %:67[’ pl‘:ai (3.6)
Oxht B e gyAT PA vl '
Generalized Energy Constraint. The coordinates on the Pontryagin bundle
are (x“,y ) u ,p,p A) and the Hamilton-Pontryagin principle gives equations for
the fields y* and o ‘4> but leaves p undetermined. In order to fix p, we impose
the genemlzzed energy constraint

E =p+pivl — La" y*,vl) = 0.

Together with the third equation in (3.6), this naturally recovers the covariant Leg-
endre transformation (2.4). We summarize the results up to this point in the fol-
lowing theorem.

Theorem 3.3. The following statements for a section vy : X — M of wx pr satisfying
E(t) =0 are equivalent:

(1) ¥ is a critical point of the Hamilton-Pontryagin action functional (5.3).
(2) v*(Vara Qg) = 0 for all wx pr-vertical vector fields Vyr on M.

(3) 1 satisfies the implicit Euler-Lagrange equations (3.6) together with the co-
variant Legendre transformation (2.4).

Implicit Field Equations Using Multivector Fields. We now rewrite the field
equations (3.6) in a slightly different way, which will make the link with multi-Dirac
structures in the next section clearer. Up to this point, we have viewed the field
equations as coming from the Hamilton-Pontryagin variational principle. We now
show how these equations can be understood directly in terms of the multisymplectic
form. A quick introduction to the geometry of multivector fields can be found in
appendix A.

To this end, we will use multivector fields on M (see Marle [1997]; Echeverria-
Enriquez, Munoz-Lecanda, and Romén-Roy [2002]; Forger, Paufler, and Romer
[2005]), which can be seen as the infinitesimal counterparts of sections ¢ : X — M
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of the Pontryagin bundle, in the sense that a multivector field gives rise to a set of
first-order PDEs, whose integral sections are sections of the Pontryagin bundle. For
the purpose of this paper, we will restrict our attention to multivector fields that
are locally of the form

_n+1 _n+1 a N 8 a 8
X_/\X—/\ @+C#8A+0Aﬂay+cua—p , (3.7)

where C/‘f, cy u and C, are local component functions of X on M. Note in particular
that the component of the multivector field in the vf—direction is zero. We will refer
to multivector fields X which are locally given by (3.7) as partial multivector
fields.!

A section ¢ : X — M, given in local coordinates by

A A
Y(x) = (@",y" (), y, (2), p(x), Py (7)),
is an integral section of X if it satisfies the following system of PDEs:
oyt 4 Wy, Op
dur = G g = Chw Gy = O (38)
which express the condition that the image of 1 is tangent to X'. We now claim

that the implicit field equations (3.6) can be expressed using multivector fields and
the generalized energy (3.2) as follows:

Theorem 3.4. Let E be the generalized energy (3.2) and consider a multivector
field X on M of the form (3.7) such that

ixQy = (-1)"TdE, (3.9)

where dim X =n+1, and let ¢ : X — M be an integral section of X. In local coor-
dinates, where (z) = (az“,yA(x),yﬁ(x),p(az),p’g(x)), we then have that ¢ satisfies
the following set of local equations:

oty 0L oy A uw  OL
P pu— = — 3.10
dri — oyA’  Gpn w Pa vl (310)
together with
0
o (p+p4oit — L) = 0. (3.11)
Proof. To show this, we compute the differential of the generalized energy (3.2):
oF oF ) oF oF
dE = ——dzt + Z—dy* + ——d —dp’y + —d
a4+ A Gl g+

oL oL oL
_(_ Y= m Y= A o A
= ( 81:“>dx —i—( ayA)dy +<pA 5 A)dv +v dpA—i-dp,

!The characterization (3.7) can be recast into an intrinsic form by noting that a partial multi-
vector field is decomposable, normalized (in the sense that ix (7% ,,m) = 1 with n the volume form
on X), and satisfies A" 751y 4 0 X =0, where A" 751y 0 A"TH(TM) — NVTHTIYY) is the
natural projection.
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and the contraction of the multivector field X given in (3.7) with the multisymplectic
form Qs

iy = (—1)"*2 [(Cf% — C{C), — Cu)da + Cdphy + O dy” + dp] .

(3.12)

As a result, we have that (3.9) holds if and only if

oL

A A A A _

C,Cay —C; C’A“—CN——m (3.13)
as well as oL oL
A_ A _ —

C/J = U,LL7 Cﬁ/‘ = _w, pi = @ (314)

Now, let ¥ be an integral section, so that locally (3.8) holds. After a few simple
algebraic manipulations, we then obtain that 1 satisfies (3.10) and (3.11). [ |

4 Multi-Dirac Structures and Field Theories

In this section, we show how the implicit field equations ixyQy = (—1)"t2dE of
theorem 3.4 can be described in terms of multi-Dirac structures, which are a graded
analogue of the concept of Dirac structures introduced by Courant [1990] (for ap-
plications of Dirac structures to mechanics, see Dalsmo and van der Schaft [1999];
Yoshimura and Marsden [2006a] and the references therein). In order to keep the
technical side of the paper to a minimum, we focus on the applications of multi-Dirac
structures to field theories, and we leave proofs and a more thorough discussion to
Vankerschaver, Yoshimura, and Leok [2011]. We also point out that there are al-
ternative approaches to the construction of a “field-theoretic analogue” of Dirac
structures; see for instance Baez, Hoffnung, and Rogers [2010] and Zambon [2010].

Pairings between Multivectors and Forms. While multi-Dirac structures can
in principle be defined on an arbitrary manifold M, we will focus for now on multi-
Dirac structures on the Pontryagin bundle M — X. Recall that the dimension of
the base space X is written as n + 1.

Consider the spaces \'(TM) of l-multivector fields on M and A*(T*M) of k-
forms on M. For k > [, there is a natural pairing between elements of ¥ € /\k(T*M )
and X € N/(T'M) given by

(2, X) :=ix2 e NV T M). (4.1)

We now introduce the graded Pontryagin bundle of degree r over M as

follows:
P.= N(TM)& NP7 (T*M), (4.2)

where r =1,...,n+ 1.
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Using the pairing in equation (4.1), let us define the following antisymmetric and
symmetric pairings between the elements of P, and P; as follows. For (X,X) € P,
and (X,X) € Py, where r,s =1,...,n+ 1, we put

((X,5), (,5))) = % (152 — (—1)ixE) (4.3)

and
(X2, (%,9)), = 3 (i + (~1)7"ia%) (.4)

each of which takes values in A" ™27 7*(T*M). Hence, both of these pairing are
identically zero whenever n + 2 < r + s.

Let Vi be a subbundle of Ps;. The r-orthogonal complementary subbundle
of Vj associated to the antisymmetric paring (({,))_ is the subbundle (V)" of P,
defined by

(Vo ={(x,8) € P | ({(X,2),(X,%)))_=0 forall (X,%)eV}.

Note that (V)" is a subbundle of P,, and that (V,)" = P, whenever n+2 < r+s.

Almost Multi-Dirac Structures on Manifolds. The definition of an almost
multi-Dirac structure on M mimics the standard definition of Courant [1990] of
Dirac structures.

Definition 4.1. An almost multi-Dirac structure of degree n+1 on M is a
direct sum Dy @ --- @& Dpy1 of subbundles

D.cP, (forr=1,...,n+1),

which is (n + 1)-Lagrangian; namely, the sequence of the bundles D, are maxi-
mally (n + 1)-isotropic:
D, = (Dg)*" (4.5)

forr,s=1,....,n+1 and where r + s <n + 2.

When no confusion can arise, we will refer to the direct sum Dy @ --- @ Dy
simply as D. In the companion paper Vankerschaver, Yoshimura, and Leok [2011],
we define a graded version of the Courant bracket, and we refer to integrable multi-
Dirac structures as almost multi-Dirac structures which are closed under the graded
Courant bracket.

For the case of classical field theories, it will turn out that only the orthogo-
nal complements of the multi-Dirac structure of the “lowest” and “highest” order
(namely, » = 1 and r = n + 1 respectively) play an essential role to formulate the
field equations.

Proposition 4.2. Let D = D1 @ -+ @® Dy be a multi-Dirac structure of degree
n+ 1. For any (X,X) € D, and (X,X) € Ds, the following relation holds:

ipY — (=1)"ixyX = 0. (4.6)
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Proof. This is clear from the r-Lagrangian (maximally r-isotropic) property of
D,. [

The above r-Lagrangian property of the multi-Dirac structure D, in equation
(4.6) may be understood as the field-theoretic analogue of the virtual work prin-
ciple in mechanics and is related to Tellegen’s theorem in electric circuits.

Example. Let M be a manifold with a multi-Dirac structure D; of degree 1. The
isotropy property then becomes

Dy, = (Dl)LJ)
where P| = TM & T*M and the pairing is given by
(¥, %), (X, %)) _ =
for all (X,¥),(X,X) € P;. This is nothing but the definition of an (almost) Dirac

structure developed by Courant [1990]. Our concept of multi-Dirac structures also
includes the so-called higher-order Dirac structures of Zambon [2010].

1 _

Multi-Dirac Structures Induced by Differential Forms. Consider an (n+2)-
form Qp7 on a manifold M. We will show that the graph of €, (in the sense defined
below) defines a multi-Dirac structure of degree n+1. This example of a multi-Dirac
structure will be fundamental in our subsequent treatment of classical field theories,
where 23y will be the canonical multisymplectic form, but for now €23, can be an
arbitrary form.

Proposition 4.3. Let Qy; be an arbitrary (n + 2)-form on M and define the fol-
lowing subbundles D1, ..., Dpy1, where D, C Py

Dr:{(X’E)EPr| iXQM:Z} (47)

forr=1,....n+1. Then D = D1®---® Dpy1 is a multi-Dirac structure of degree
n+1on M.

Proof. To prove that D = D1 @ -+ ® D,11 is a multi-Dirac structure of degree
n + 1, we need to check the isotropy property (4.5), namely namely, D, = Dy for
allr,s=1,...,n+ 1, withr+s<n-+1.

Let us first show that D, C D" Let (X,%) € D, and (X,%) € Dg. Then, it
follows that

(X2, (%,5)))
_ % {ix2 + (-1 ir S}
— % {lji)(QM + (_l)rs+1iXié?QM}
-0,
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since ipixQy = (—1)"ixipQu. Thus, D, C Dy

Next, let us show that D3”" C D,. Let (X,%) € Dy"". By definition of Dy,
ipY 4+ (=) xS =0
for all (X,X) € D,, i.e. X € \"(TZ) such that ixQp = 2. Then, it follows

i+ (=) TaY = ipieQar + (—1)" iy S
=iy {(-1)5ipQn + (-1)"5T'S}
=0

for all X € A"(TZ) and with r + s < n + 2. Therefore, one has
ipQy =3

Thus, D" ¢ D, and it follows that D, = DSL’T7 sothat D =Dy @ -+ ® Dyi1
is a multi-Dirac structure of degree n + 1 on M. |

Local Characterization of Multi-Dirac Structures. In his paper on higher-
order Dirac structures, Zambon [2010] has given a complete local characterization
of multi-Dirac structures. The following theorem is a combination of corollary 3.9
and lemma 4.3 in that paper.

Theorem 4.4. Let T be an arbitrary vector space and consider a form w € /\"Jrl T*,
and a subspace S C T such that dim S < dimT —n or S =T. Then the sets

DT‘ = {(X7 Z) ‘ XeSA (/\TilT)j 3N — in c /\n+177'S0}’

r=1,...,n, form a multi-Dirac structure. Conversely, each multi-Dirac structure
on T is of this form, for a suitable choice of S and w.

Applications to Implicit Field Theories. We now consider Lagrangian field
theories in the context of multi-Dirac structures. Consider a fiber bundle wxy :
Y — X and let M = J'Y xy Z be the Pontryagin bundle. Let £ be a Lagrangian
density on J'Y and denote the corresponding generalized energy density by £. Let Q
be the canonical multisymplectic structure on Z and recall the pre-multisymplectic
(n + 2)-form defined on the Pontryagin bundle by Qr = 77,,€.

Using s we can define a multi-Dirac structure D = D1 & -+ - ® Dy 41 of degree
n—+1 on M by the construction of proposition 4.3. We refer to D as the canonical
multi-Dirac structure on M. Explicitly, D = D1 ® --- ® Dy41 is given by

Dy = {(X,ixQ) | X € N'(TM)}, (4.8)

forr=1,...,n+1. As dQy; = 0, this multi-Dirac structure turns out be integrable;
see Vankerschaver, Yoshimura, and Leok [2011].
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From theorem 3.4, we have that the implicit field equations can be written in
terms of a partial multivector field X and the generalized energy E as

ixQuy = (-1)"TdE.

This can be expressed in terms of the multi-Dirac structure induced by ;s by the
condition (X, (—1)"*2dE) € D,+1. Note that the other components Dy, ..., D,, of
the multi-Dirac structure are not needed to write down the field equations; we will
comment on their possible significance later on.

Taking our cue from this observation, we now define a special class of field

theories, whose field equations are specified in terms of a Lagrangian £, a multivector
field X, and a multi-Dirac structure D on the Pontryagin bundle M.
Definition 4.5. Let D = D1 & - - & Dy 11 be a multi-Dirac structure of degree n+1
on the Pontryagin bundle M and consider a Lagrangian density L with associated
generalized energy E given by (3.2). A Lagrange-Dirac system for field the-
ories is defined by a triple (X, E, Dyp41), where X is a normalized, decomposable
partial vector field, so that

(X, (=1)""2dE) € Dy1. (4.9)
Note that in the definition of a Lagrange-Dirac system, only the highest-order
component D, ;1 of the multi-Dirac structure appears.

Theorem 4.6. For any Lagrange-Dirac system (X, E, Dy11), the condition of con-
servation of the generalized energy

XLdE =0 (4.10)

is satisfied. In other words, the generalized energy E is constant along the solutions
of the Lagrange-Dirac system (X, E, Dpt1) (i-e. the integral manifolds of X ).

Proof. The proof relies on lemma A.2 for decomposable vector fields. Using the
field equations, the inner product on the left-hand side of (4.10) can be written as

XLAdE = XL (X1Qu) =0,
according to Corollary A.3. |
To see why the previous theorem implies energy conservation, decompose the

multivector field X" as in (3.7). Using lemma A.2, the interior product can then be
written as

k
XLAE =) (=)' (X,,dE) X,
pn=1

where 23“ is the n-multivector field obtained by deleting &), from X, i.e.,
n+1
XK= /\ X
A=1
AF
Since the multivector fields ./‘eu are linearly independent, the energy conservation

equation (4.10) then implies that (X,,dE) =0 for p =1,...,n+ 1. In other words,
the function F is constant on the integral sections of X.
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5 Examples

In this section, we shall present some examples of Lagrange-Dirac field theories in
the context of multi-Dirac structures. Namely, we show that the two examples of
scalar nonlinear wave equations and electromagnetism can be described as standard
Lagrange-Dirac field theories. Furthermore, as an example of the Lagrange-Dirac
field theories with nonholonomic constraints, we consider time-dependent mechanical
systems with affine constraints. Lastly, we show that the Hu-Washizu variational
principle of linear elastostatics can be understood in the context of the Hamilton-
Pontryagin principle.

5.1 Nonlinear Wave Equations

Let us consider the scalar nonlinear wave equation as discussed in Bridges [1997].
The configuration bundle is 7xy : Y — X, with X = R?, sothat n =dim X -1 =1,
and Y = X x R. Local coordinates are given by (¢, z) for U C X and (¢,z,¢) for Y,
and hence (t,z, ¢,vs,v;) for J'Y and (t,z, ¢, p,pt, p*) for Z =2 J'Y*. The nonlinear
wave equation is given by

where ¢ is a section of mxy and V' : Y — R is a nonlinear potential. The Lagrangian
for this equation is given by

L<t7x7¢7vt7vr) = % (Ut2 B Uﬂ%) + V(¢)

and the Lagrangian density is of course given by £ = Ldt A dz. The generalized
energy is then E = p + ploy + pTv, — L(t, @, ¢, vi, ).

Hamilton-Pontryagin Principle. The Hamilton-Pontryagin action functional
(3.3) for the scalar field is given by

S() = /U (1 (v7 —v2) + V(9) + pe(ds — ve) + pxw,xux)) dt A de.

Taking variations of ¢, vy, v, p',p® (with the condition that d¢ vanishes on the
boundary of U), we obtain the implicit field equations

a9 D¢ ; opt | op”

— _— = s frn s -z = — 5 _— = V/ 3 51
5 ~ U gy = Un P =0 P L T (®) (5.1)

and imposing the generalized energy constraints £ = 0, one has
= L(t7$7¢7 ’Ut,’Ux) _ptvt _vax‘ (52)

The equations (5.1) are precisely the covariant equations obtained by Bridges [1997].
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Multi-Dirac Structures. The canonical pre-multisymplectic 3-form on M is
given by

Qur = —dp' Ado Adx + dp® Adop A dt — dp A dt A de,
and one can define a multi-Dirac structure D = D1 & D of degree 2 associated with
Qur on M by the standard prescription, where we set n = 1. We omit the definition
of D1, since as discussed previously, only Ds is important for the formulation of the
dynamics:

Dr:@&zwuazA%m@@Tmﬂu&M:z}

Here, X is a partial multivector field locally given by
1
0 0 0 0
X = —+C,— +C} —
lg<%ﬂ'%d*ww+”%>

where the variables z#, ;1 = 0,1, are given by 2 = ¢ and ! = 2. The field equations
can now be expressed as

(X, —dFE) € Do,
or in other words iy€2y; = —dE. In coordinates, these equations become
oL oL oL
=C =C Vol === (U 1 ==
Vo 0 V1 15 0o T C1 95’ p a0y’ D 9o
oL° oL
%+%Q—%%:%, q+%&—%@:%?
where
L0 W _ o
T oan A

Hence, by simple rearrangements, we can obtain implicit Euler-Lagrange equations
(5.1) for nonlinear waves, together with
op 0
dxk Dk
By imposing the generalized energy constraint £ = 0, we again obtain (5.2).

(L(:Eovmla ¢7U03U1) - pOUO - plvl)‘

5.2 Electromagnetism

The multisymplectic description of electromagnetism can be found, among others, in
Gotay, Isenberg, Marsden and Montgomery [1997]. Here, we highlight the role of the
Hamilton-Pontryagin variational principle and the associated multi-Dirac structure.
The electromagnetic potential A = A, dz" is a section of the bundle ¥ = T*X
of one-forms on spacetime X. For the sake of simplicity, we let X be R* with
the Minkowski metric, but curved spacetimes can be treated equally well. The
bundle Y has coordinates (z*, 4,) while J'Y has coordinates (z#, A,, A,,). The
electromagnetic Lagrangian density is given by

EL&jB@::—idAA*dA::—iEWFWQ

where the Hodge star operator * is associated to the Minkowski metric and where
F,,, is the anti-symmetrization F),, = A, , — A, .
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Hamilton-Pontryagin Principle. The Hamilton-Pontryagin action principle is
given in coordinates by

A
o= [ (3 -a) b
U

where U is an open subset of X. The Hamilton-Pontryagin equations are given by

04,  dpr

oV — F/””/ A = — =
D ) JINY 8:):‘” diL‘V )

(5.3)
and by eliminating p*" lead to Maxwell’s equations: 9, F"" = 0.

Multi-Dirac Structures. The canonical multisymplectic form for electromag-
netism is given in coordinates by

Qur = dA, Adp™” Ad "z, —dp Ad" .

Let D = D1 @ --- @ D4 be the multi-Dirac structure induced by this form and
consider in particular the component D4 of the highest degree. In terms of this
bundle, the implicit Euler-Lagrange equations can be described by

(X7 _dE> € D47

where X is a partial vector field of degree 4 given locally by

4
0 0 0 0
X — . C - CEV C .
A <ax# oA, O g “ap>
and F is the generalized energy density given by
1
B(x", Ay, A, P ) = p o+ P Ay + L Fu B

As before, a coordinate computation then shows that the coefficients of X are given
by

oL oL
C v — A vy CMV = — = 0, 12214 — — F}U/
o 23 v aAM p 8AM’V
and oL
KA VA o
CH + Cu Cix — CZ/}LC)\ = w =0,
where R
_ aAV KA ap/@, . 8p
Cyu - @7 woo O 5 and CH = @

It is easy to show that these equations are equivalent to Maxwell’s equations (5.3)
in implicit form, together with the energy constraint (3.11).
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5.3 Time-Dependent Mechanical Systems with Affine Constraints

We now show how time-dependent mechanics with linear nonholonomic constraints
can be interpreted as a special case of Lagrange-Dirac field theories. Let Q be the
configuration space of a mechanical system and consider the bundle 7xy : Y — X,
where X = R (coordinatized by the time ) and Y = R x Q, with coordinates (¢, ¢*).
The first jet bundle is given by J'Y = R x T'Q, with local coordinates (t,q’,v").
Let £ : J'Y — AY(X) be a Lagrangian density and put £(y) = L(t,¢*,v*)dt. The
dual jet bundle Z is a bundle over Y with local coordinates (¢,q’,ps,p’) and can
be identified with T*Y = T*R x T*@. The canonical one-form on Z is given by
© = p;dq'+pydt and the canonical two-form is given by Q = —df = dq' Adp; —dp; Adt.

Non-Holonomic Affine Constraints. Consider now a distribution A on Y
which is weakly horizontal, i.e., there exists a vertical bundle W C VY such that
A®W =TY (see Krupkova [2005]). In local coordinates, let

¢ = AX(t,q)dq" + B*(t,q)dt (5.4)

with « = 1,...,k, be a basis for the annihilator A°. The distribution A gives rise
to an affine subbundle of J'Y, denoted by C and given in coordinates by

C={(t.q',v") € J'Y | A (¢, q)v" + B(t,q) = 0}.

Intrinsically, C can be defined as follows. Recall that a jet v € J'Y can be viewed
as a map from TR to T ;Y which is locally of the form v = dt ® (8/9t +v'9/dq")
(see (2.1)). With this interpretation, C is the set of all v € J'Y such that Im~y C A.
The distribution A can now be lifted to the Pontryagin bundle M = J'Y @ Z as
follows. First, let my j1y 1 J Y — Y be the canonical jet bundle projection, given
in coordinates by my j1y (t, ¢, v") = (t,q%), and define now
Apy =Tryly () C T(J'Y)
This is a distribution defined on the whole of J'Y', but only its values along C will
be needed. We therefore denote the restriction of this bundle to C by A¢. If the
annihilator of A is given by (5.4), then an easy coordinate computation shows that
Ap is spanned by the k£ contact forms

5" = A%(t,q)(dg’ — v'dt), (5.5)

with a = 1,..., k. Finally, we let Aj; be the distribution defined along points of
C x J'Y* c M, given by Ay = TW;11Y7M(AC), where 7y 0 M — JYY. The
annihilator Af, is spanned by the pullback to M of the one-forms ¢* in (5.5). This
is but one way of constructing A¢; other approaches (which, unlike our construction,
can be used for nonlinear constraints as well) can be found in de Leén and Martin de
Diego [1996]; Cantrijn, de Leén, and Martin de Diego [1999], and the references
therein.
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Dirac Structures. We now construct a Dirac structure on the Pontryagin bundle
M as follows:

DM:{(X,E)ETM@T*M| E—i)(QMEA?\/[ for XGAM}, (56)

where Qs = 75,,Q. It can be shown directly that Dy is a Dirac structure (see
Yoshimura and Marsden [2006a]); alternatively, note that Djs is of the form de-
scribed in the theorem 4.4 and hence automatically determines a (multi-)Dirac
structure.

Now, let X : M — T'Z be a partial vector field as in (3.7). In local coordinates,
we have

PR I
ot qaz Pig, TP

On the other hand, the generalized energy £ is given by £ = Edt, where

+Pra—

E(ta qi7vi7pt7pi) = Pt +szZ - L(ta qi7vi)

and the differential of F is locally given by

P oL oL ; oL , :
dE(t)qzvvzvpt’pi) = ( ot > dt + ( aqz> qu + <pi - (9’UZ> dv* + dpt + Uzdpi-

Thus, the nonholonomic Lagrange-Dirac system for time-dependent mechanics
is given by a triple (X, E, D) which satisfies the condition

(X,dFE) € D. (5.7)
This is in turn equivalent to the intrinsic nonholonomic Lagrange-Dirac equations:
iyQ)—dFE € A?M and X € Ay

In coordinates, one obtains

) . oL oL
¢ =" pi= = FNAL pi= o,
ovt

57 (5.8)

together with the affine constraints A7 (t, ¢)v’ + B¥(t,q) = 0 and the energy conser-
vation law

d .
dt (pt +pl L(ta qz,vz)) =0.

By imposing the constraint that £ = 0, we find that p; = L — p;v’. Note that
the equations of motion (5.8) are the analogues (for affine constraints) of the Dirac
equations (1.4).

One can apply a similar approach to construct multi-Dirac structures for classical
field theories with nonholonomic constraints. After constructing the distribution
Ajs in a suitable way (see e.g. Vankerschaver, Cantrijn, de Leon and Matin de
Diego [2005]), the nonholonomic multi-Dirac structure will then be given again by
theorem 4.4 and the nonholonomic field equations will be given by (5.7). At this
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point, we emphasize that in the current description of nonholonomic multi-Dirac
structures the constraints are assumed to be linear/affine in the multi-velocities,
while Ajps can be constructed for nonlinear constraints indeed. Most physically
relevant nonholonomic field theories, however, have nonlinear constraints, and the
study of nonlinear nonholonomic field theories using multi-Dirac structures will be
the subject of future work.

5.4 Elastostatics

To conclude, we show how the Hu- Washizu principle from linear elastostatics (see
Washizu [1968]) can be understood as a Hamilton-Pontryagin variational principle.
Let B be an open subset of R? representing an elastic medium and consider the
bundle 7 : Y := B x R? — B. We denote coordinates on J'Y by (X! ¢¢, F¥), where
the fiber coordinates F} represent the deformation gradient of the material. The
dual bundle Z has coordinates (X', ¢, p, 7riI ), where 7rz-1 will be seen to represent the
first Piola-Kirchhoff tensor.

Furthermore, we let W : J'Y — R be the stored-energy function of the
material, and we assume that W is a function of F} only (this assumption can easily
be relaxed). We denote the external body forces acting on the medium by b;(X)
and we assume that there are traction boundary conditions acting on the boundary
0B, given by W{ ny = 7;, where ny is the unit normal to the boundary and 7;(X) is a
prescribed traction vector. Dirichlet boundary conditions can easily be incorporated
by restricting the space of fields as in Marsden and Hughes [1994], though we will
not do so here.

Taking W as our Lagrangian, the Hamilton-Pontryagin principle then becomes

S(¢, F,m) :/B [w{ <§;§I — F}'> + W(F) — bi(X)'(X) | dV

+ / 7:(X)¢"(X)dS, (5.9)
oB

where we have incorporated the traction boundary conditions through the surface
integral. Taking variations with respect to ¢, F', and w, we then obtain the following
equations:

L +b;=0, F}= , d m =—, 1
9x1 + 0 1= gy and m oF; (5.10)
1

together with the boundary conditions 7;n; = 7;. The last of these equations shows
that 712-1 can be identified with the first Piola-Kirchhoff tensor, the second equation is
nothing but the definition of the deformation gradient, while the first equation is the
Navier-Cauchy equation in the absence of external forces. To incorporate external
forces and boundary conditions, the variational principle (5.9) can be extended along
the lines of Marsden and Hughes [1994].

The variational principle (5.9) is not yet the Hu-Washizu variational principle.
To obtain the latter, we work in the context of linear elasticity. Write the elastic
field ¢' as ¢'(z) = z'+u(z), where u is the displacement field, and where material
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and spatial points are both denoted by z*. For the stored energy function, we take
a quadratic expression of the form

Wie) = gcgke}el with e = §<UZJ + ),
where eé are referred to as the strain tensor, while the constitutive tensor czllc
characterizes the elastic medium. We now substitute these expressions into (5.9).
Up to a global sign and ignoring boundary conditions and external forces for the
sake of simplicity, we obtain the Hu-Washizu principle for linear elastostatics:

Su,e,p) = /B [pg <e;'. ~ S+ u{i)> 4 W(e)] qv.

Here, we have used the fact that the stress tensor pz = 0W(e)/ 862- is symmetric in
both indices.

It goes without saying that this derivation relies heavily on the Euclidian struc-
ture of the space in which the body moves, and that the linear approximation is
necessary. Nevertheless, it is possible to derive a Hu-Washizu principle for nonlin-
ear elasticity in terms of the Green tensor which is valid on arbitrary Riemannian
manifolds. This modified principle can be obtained from the Hamilton-Pontryagin
principle by means of symmetry reduction and will be the subject of a forthcoming

paper.

6 Conclusions and Future Work

In this paper, we have developed the Hamilton-Pontryagin principle for field the-
ories and we have studied the relation between the field equations obtained from
the Hamilton-Pontryagin principle and Lagrange-Dirac field theories, formulated in
terms of multi-Dirac structures. These ideas are shown to be a natural extension of
Dirac structures and Lagrange-Dirac dynamical systems in mechanics. Finally, we
have given a few illustrative examples of Lagrange-Dirac field theories: the Klein-
Gordon equation, Maxwell’s equations, the case of time-dependent mechanics with
affine nonholonomic constraints, and elastostatics.

Space-Time Slicings and the Adjoint Formalism. The approach in this paper
are covariant in the sense that no distinction is made between time and the spatial
variables on the base space. In fact, as we have pointed out before, the configuration
bundle mxy : Y — X can be arbitrary and in particular X does not have to represent
spacetime. While this approach has various advantages (see Kijowski and Tulczyjew
[1979]; Bridges [1997]; Gotay, Isenberg, Marsden and Montgomery [1997] for an
overview), not in the least that the resulting structures are all finite-dimensional, it
is often necessary to single out one coordinate direction as time, for instance when
considering the initial-value problem for field theories.

In related work (see Castrillén-Lépez et al [2010]) we will show that when such
a space-time slicing is chosen (as in Gotay, Isenberg and Marsden [1999]; Binz,
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Sniatycki, and Fischer [1988]), the Hamilton-Pontryagin variational principle yields
the field equations in adjoint form, bringing out the distinction between the dy-
namical variables of the theory (the physical fields) and the kinematic variables,
which are present due to gauge freedom. For instance, in the case of relativity, the
former are the metric and the extrinsic curvature on a spatial hypersurface, the lat-
ter are the lapse and shift, and the adjoint formalism reduces to the familiar ADM
equations of relativity.

Furthermore, the choice of a space-time splitting induces a correspondence be-
tween multi-Dirac structures on the jet bundle and certain infinite-dimensional Dirac
structures on the space of all fields. The latter are in turn related to the Stokes-
Dirac structures of van der Schaft and Maschke [2002] used in boundary control
theory. The precise link between Stokes-Dirac structures and infinite-dimensional
Dirac structures involves Poisson reduction and was established in Vankerschaver,
Yoshimura, Leok, and Marsden [2010].

Discretizations of Multi-Dirac Structures and Field Theories. Leok and
Ohsawa [2011] recently proposed a concept of discrete Dirac structure in mechan-
ics. At the same time, it has been shown by Bou-Rabee and Marsden [2009] that
discrete versions of the Hamilton-Pontryagin principle can be used to derive very
accurate geometric integrators for mechanical systems. We propose to explore the
field-theoretic version of these discretizations. Since multi-Dirac structures and vari-
ational principles are a natural way to describe field theories even for degenerate
Lagrangians, this approach is especially promising. In particular, we will focus on
field theories whose covariance group includes the diffeomorphism group of the base
space X, focusing on the link with the adjoint formalism.

Symmetry and Reduction of Multi-Dirac Structures. The presence of non-
trivial symmetry groups is an essential feature of many classical field theories, such
as electromagnetism, Yang-Mills theories, and elasticity. More complex examples
include the theory of perfect fluids and Einstein’s theory of relativity. It is often
useful to obtain a form of the field equations from which the symmetry has been
factored out; this is for instance what happens in writing Maxwell’s equations in
terms of the field strength F},, rather than the vector potential A,. From a bundle-
theoretic point of view, various approaches of symmetry reduction for field theories
have been proposed (see Castrillon-Lopez and Marsden [2003]; Castrillon Loépez
and Ratiu [2003]; Gay-Balmaz and Ratiu [2010] and the references therein). We
propose to develop a reduction theory for multi-Dirac structures along the lines
of the theory of symmetry reduction for Dirac structures in classical mechanics
developed by Blankenstein and Ratiu [2004]; Yoshimura and Marsden [2007, 2009].
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A  Generalities about Multi-Vector Fields

A.1 Definitions

Let M be a manifold of dimension n. A k-multivector field (where kK < n) on M is a
section X of the k-fold exterior power A¥(T'M) of the tangent bundle. The module
of all k-multivector fields is denoted by X*(M).

We define the interior product of multivector fields and forms as follows. Let
X € XF(M) and a € QY (M), where k < I. The left interior product X1« is then
the unique (I — k)-form such that

(XJa)(X') = a(X A X'

for all (I—k)-multivectors X’. Similarly, the right interior product of a multivector
X € Xk(M) and a form 8 € Q™(M), with k > m, is the unique (k —m)-multivector
X LB with the property that

(XLB)y = (BAY)(X)

for all (kK — m)-forms v on M.

Further information about multivectors and interior products can be found in
(for instance) Tulczyjew [1974]; Marle [1997]. From these papers, we quote the
following two results on the relation between the interior product and the wedge
product of vector fields and forms, respectively.

Lemma A.1 (Tulczyjew [1974]). Let X € X*(M) and o € QY (M). Then
(XAX)a=(XLa)AX + (~1)*X A (X' La)
for any multivector X', and
Xl(aAB)=(XLa)lB+ (=DFan (X1p)

for any form 5.

When the multi-vector field is decomposable, the right interior product with a
one-form can easily be computed by means of the following formula, the proof of
which follows from the previous theorem.

Lemma A.2. Let X be a k-multi-vector field which is decomposable in the sense
that X = /\I:L:1 X, where X,, (u=1,...,k) are vector fields and consider a one-

form a. Then
k

Xla= Z(_l)uﬂ (X, @) /'\?“,
pn=1

where .?\A,’M is the (k — 1)-vector field obtained by deleting X,,, i.e.
n+1
Xo= )\ A

A=1
AFp
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Corollary A.3. Let X be a decomposable k-multivector and o an l-form, where
I >k. Then XL (Xla)=0.

Proof. Let § = X1«a. With the notations of the previous lemma, we have that
k
XLB =D (~1 (X, B) X,
pn=1

but (X,,5) =0 for all p=1,...,k, since (X,, ) = iX“i/\?ii x@=0 [

In this paper, we also let /‘C’W (where p # v) be the (k — 2)-multivector obtained

by deleting both X, and X,:
n+1

Xy = /\ X,.
A=1
A#p,v
If u < v, we then have that
X\ N .)E'lw = (—1)M+1(5u/\.)21, — (—1)y+1(51,/\.)eu.

If 4 > v, note that A?W = )&,N. The above formula can then be applied.

A.2 Proof of (3.12)

The computation of equation (3.12) is somewhat involved and depends on a number
of coordinate identities, listed here. First, recall that X is an (n + 1)-multivector
field with local expression (3.7), and that the multi-symplectic form Q is locally
given by equation (2.3).

Recall the volume form 7 on X is locally expressed by d"*'2 and denote

n a n mn— n
d"z, = @J d"lz, d lx/ﬂ, = @J d"z,,
The following contractions will be useful:
X, d"z, = (=1)"76,, (A1)
and, for p < v, )
Xl dzy = (=1)" T (S, ada? + dada”). (A.2)

Now return to the calculation of equation (3.12) and the contraction of X with
Qs is now given by

X1Qu = X (dy® Adply Ad"x,,) — X (dp A d" ),

and the two terms on the right-hand side will be calculated separately.
We begin with the first term. Using lemma A.1, we have

X1 (dy* Ndphy A x,,) = (X Ldy™) ) (dpfy Ad™x,) + (—1)" T dy A (X (dphy Ad" ).
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Both terms can be calculated using lemma A.2 and using (A.1) and (A.2). After
some rearrangements, the result is that

X1 (dy? Adpy Nd"xy,) = (—1)" T2 (C;?C’QA — Cj\qCﬁu)dx“ + C;?dpi .
For the second term, we use the same techniques to conclude that
X1 (dp Ad"z) = (=1)"" [dp — C,dat] .

Putting the results for both terms together, we obtain (3.12).
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