
Chapter 6

Lagrangian and Hamiltonian Dynamics
on SO(3)

This chapter treats the Lagrangian dynamics and Hamiltonian dynamics of
a rotating rigid body. A rigid body is a collection of mass particles whose
relative positions do not change, that is the body does not deform when
acted on by external forces. A rigid body is a useful idealization.

The most general form of rigid body motion consists of a combination of
rotation and translation. In this chapter, we consider rotational motion only.
Combined rotational and translational dynamics of a rigid body are studied
in the subsequent chapter.

We begin by identifying the configurations of a rotating rigid body in
three dimensions as elements of the Lie group SO(3). Equations of motion
for the Lagrangian and Hamiltonian dynamics, expressed as Euler–Lagrange
(or Euler) equations and Hamilton’s equations, are developed for rigid body
rotations in three dimensions. These results are illustrated by several exam-
ples of the rotational dynamics of a rigid body.

There are many books and research papers that treat rigid body kinematics
and dynamics from both theoretical and applied perspectives. It is a common
approach in the published literature to describe rigid body kinematics and
dynamics in terms of rotation matrices, but not to fully exploit such geometric
representations. For example, books such as [5, 10, 26, 30, 32, 70] introduce
rotation matrices but make substantial use of local coordinates, such as Eu-
ler angles, in analysis and computations. The references [23, 40, 68, 77] are
notable for their emphasis on rotation matrices as the primary representation
for kinematics and dynamics of rigid body motion on SO(3) in applications
to spacecraft and robotics. In the context of multi-body spacecraft control,
[84] was one of the first publications formulating multi-body dynamics using
the configuration manifold (SO(3))n.
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274 6 Lagrangian and Hamiltonian Dynamics on SO(3)

6.1 Configurations as Elements in the Lie Group SO(3)

Two Euclidean frames are introduced; these aid in defining the attitude con-
figuration of a rotating rigid body. A reference Euclidean frame is arbitrarily
selected; it is often selected to be an inertial frame but this is not essential.
A Euclidean frame fixed to the rigid body is also introduced; this fixed frame
rotates as the rigid body rotates. The origin of this body-fixed frame can be
arbitrarily selected, but it is often convenient to locate it at the center of
mass of the rigid body.

As a manifold embedded in GL(3) or R3×3, recall that

SO(3) =
{
R ∈ GL(3) : RTR = RRT = I3×3, det(R) = +1

}
,

has dimension three. The tangent space of SO(3) at R ∈ SO(3) is given by

TRSO(3) =
{
Rξ ∈ R

3×3 : ξ ∈ so(3)
}
,

and has dimension three. The tangent bundle of SO(3) is given by

TSO(3) =
{
(R,Rξ) ∈ SO(3)× R

3×3 : ξ ∈ so(3)
}
,

and has dimension six.
We can view R ∈ SO(3) as representing the attitude of the rigid body, so

that SO(3) is the configuration manifold for rigid body rotational motion. An
attitude matrix R ∈ SO(3) can be viewed as a linear transformation on R

3 in
the sense that a representation of a vector in the body-fixed frame is trans-
formed into a representation of the vector in the reference frame. Thus, the
transpose of an attitude matrix RT ∈ SO(3) denotes a linear transformation
from a representation of a vector in the reference frame into a representation
of the vector in the body-fixed frame. These two important properties are
summarized as:

• If b ∈ R
3 is a representation of a vector expressed in the body-fixed frame,

then Rb ∈ R
3 denotes the same vector in the reference frame.

• If x ∈ R
3 is a representation of a vector expressed in the reference frame,

then RTx ∈ R
3 denotes the same vector in the body-fixed frame.

These are important relationships that are used extensively in the subsequent
developments.

In addition, R ∈ SO(3) can be viewed as defining a rigid body rotation
on R

3 according to the rules of matrix multiplication. In this interpretation,
R ∈ SO(3) is viewed as a rotation matrix that defines a linear transformation
that acts on rigid body attitudes. This makes SO(3) a Lie group manifold
using standard matrix multiplication as the group operation, as discussed
in Chapter 1. Since the dimension of SO(3) is three, rigid body rotational
motion has three degrees of freedom.
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6.2 Kinematics on SO(3)

The rotational kinematics of a rotating rigid body are described in terms of
the time evolution of the attitude and attitude rate of the rigid body given
by (R, Ṙ) ∈ TSO(3). As in Chapter 2, the rotational kinematics equations
for a rotating rigid body are given by

Ṙ = Rξ,

where ξ ∈ so(3).
We make use of the isomorphism between the Lie algebra so(3) and R

3

given by ξ = S(ω) with ξ ∈ so(3), ω ∈ R
3. This perspective is utilized in

the subsequent development. This leads to the expression for the attitude or
rotational kinematics given by

Ṙ = RS(ω), (6.1)

where ω ∈ R
3 is referred to as the angular velocity vector of the rigid body

expressed in the body-fixed Euclidean frame.
It is sometimes convenient to partition the rigid body attitude or rotation

R ∈ SO(3) as a 3 × 3 matrix into its rows. We use the notation ri ∈ S2 to
denote the i-th column of RT ∈ SO(3) for i = 1, 2, 3. This is equivalent to
the partition

R =

⎡
⎣r

T
1

rT2
rT3

⎤
⎦ .

Thus, the rotational kinematics of a rotating rigid body can also be described
by the three vector differential equations

ṙi = −ξri, i = 1, 2, 3,

or equivalently by

ṙi = S(ri)ω, i = 1, 2, 3.

We subsequently describe the attitude configuration of a rotating rigid
body by the equivalent descriptions R ∈ SO(3) or ri ∈ S2, i = 1, 2, 3, de-
pending on whichever is the most convenient description.
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6.3 Lagrangian Dynamics on SO(3)

A Lagrangian function is introduced. Euler–Lagrange equations are derived
using Hamilton’s principle that the infinitesimal variation of the action inte-
gral is zero. The Euler–Lagrange equations are first expressed for an arbitrary
Lagrangian function; then Euler–Lagrange equations are obtained for the case
that the kinetic energy term in the Lagrangian function is a quadratic func-
tion of the angular velocity vector.

6.3.1 Hamilton’s Variational Principle

The Lagrangian function is defined on the tangent bundle of SO(3), that is
L : TSO(3) → R

1.
We identify the tangent bundle TSO(3) with SO(3)×so(3) or with SO(3)×

R
3 using the isomorphism between so(3) and R

3. Thus, we can express the
Lagrangian as a function L(R, Ṙ) = L(R,Rξ) = L(R,RS(ω)) defined on the
tangent bundle TSO(3). We make use of the modified Lagrangian function
L̃(R,ω) = L(R,RS(ω)), where we view L̃ : TSO(3) → R

1 according to the
kinematics (6.1).

In studying the dynamics of a rotating rigid body, the Lagrangian function
is the difference of a kinetic energy function and a potential energy function;
thus the modified Lagrangian function is

L̃(R,ω) = T (R,ω)− U(R),

where the kinetic energy function T (R,ω) is viewed as being defined on the
tangent bundle TSO(3) and the potential energy function U(R) is defined on
SO(3).

The subsequent development describes variations of functions with values
in the special orthogonal group SO(3); rather than using the abstract Lie
group formalism, we obtain the results explicitly for the rotation group. In
particular, we introduce variations of a rotational motion t → R(t) ∈ SO(3),
denoted by t → Rε(t) ∈ SO(3), by using the exponential map and the iso-
morphism between so(3) and R

3.
The variation of R : [t0, tf ] → SO(3) is a differentiable curve Rε : (−c, c)×

[t0, tf ] → SO(3) for c > 0 such that R0(t) = R(t), and Rε(t0) = R(t0),
Rε(tf ) = R(tf ) for any ε ∈ (−c, c).

The variation of a rotational motion can be described using the exponential
map as

Rε(t) = R(t)eεS(η(t)),
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where ε ∈ (−c, c) and η : [t0, tf ] → R
3 is a differentiable curve that vanishes

at t0 and tf . Consequently, S(η(t)) ∈ so(3) defines a differentiable curve with
values in the Lie algebra of skew symmetric matrices that vanishes at t0 and
tf , and eεS(η(t)) ∈ SO(3) defines a differentiable curve that takes values in
the Lie group of rotation matrices and is the identity matrix at t0 and tf .
Thus, the time derivative of the variation of the rotational motion of a rigid
body is

Ṙε(t) = Ṙ(t)eεS(η(t)) + εR(t)eεS(η(t))S(η̇(t)).

Suppressing the time dependence in the subsequent notation, the varied curve
satisfies

ξε = (Rε)T Ṙε

= e−εS(η)ξeεS(η) + εS(η̇)

= ξ + ε (S(η̇) + ξS(η)− S(η)ξ) +O(ε2).

Define the variation of the angular velocity by ξε = S(ωε) and use the fact
that ξ = S(ω) to obtain

S(ωε) = S(ω) + ε(S(η̇) + S(ω)S(η)− S(η)S(ω)) +O(ε2).

We use a skew symmetric matrix identity to obtain

S(ωε) = S(ω) + ε(S(η̇) + S(ω × η)) +O(ε2),

or equivalently

S(ωε) = S(ω + ε(η̇ + ω × η)) +O(ε2).

Thus, the variation of the angular velocity satisfies

ωε = ω + ε (η̇ + ω × η) +O(ε2).

From these expressions, we determine the infinitesimal variations

δR =
d

dε
Rε

∣∣∣∣
ε=0

= RS(η), (6.2)

δω =
d

dε
ωε

∣∣∣∣
ε=0

= η̇ + ω × η = η̇ + S(ω)η. (6.3)

This framework allows us to introduce the action integral and Hamilton’s
principle to obtain Euler–Lagrange equations that describe the rotational
dynamics of a rigid body.

The action integral is the integral of the Lagrangian function, or equiv-
alently the modified Lagrangian function, along a rotational motion of the
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rigid body over a fixed time period. The variations are taken over all differ-
entiable curves with values in SO(3) for which the initial and final values are
fixed.

The action integral along a rotational motion of a rotating rigid body is

G =

∫ tf

t0

L̃(R,ω) dt.

The action integral along a variation of a rotational motion of the rigid body is

Gε =

∫ tf

t0

L̃(Rε, ωε) dt.

The varied value of the action integral along a variation of a rotational motion
of the rigid body can be expressed as a power series in ε as

Gε = G+ εδG+O(ε2),

where the infinitesimal variation of the action integral is

δG =
d

dε
Gε

∣∣∣∣
ε=0

.

Hamilton’s principle states that the infinitesimal variation of the action in-
tegral along any rotational motion of the rigid body is zero:

δG =
d

dε
Gε

∣∣∣∣
ε=0

= 0, (6.4)

for all possible infinitesimal variations η : [t0, tf ] → R
3 satisfying η(t0) =

η(tf ) = 0.

6.3.2 Euler–Lagrange Equations: General Form

We first compute the infinitesimal variation of the action integral as

d

dε
Gε

∣∣∣∣
ε=0

=

∫ tf

t0

{
∂L̃(R,ω)

∂ω
· δω +

∂L̃(R,ω)

∂R
· δR

}
dt.

Examining the first term, we obtain
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∫ tf

t0

∂L̃(R,ω)

∂ω
· δω dt =

∫ tf

t0

∂L̃(R,ω)

∂ω
· (η̇ + ω × η) dt

= −
∫ tf

t0

{
d

dt

(
∂L̃(R,ω)

∂ω

)
+ S(ω)

∂L̃(R,ω)

∂ω

}
· η dt,

where the first term is integrated by parts, using the fact that η(t0) = η(tf ) =
0, and the second term is rewritten using a cross product identity.

The second term above is now rewritten. We use the notation ri ∈ S2 and
δri ∈ TriS

2 to denote the i-th column of RT ∈ SO(3) and δRT ∈ TRSO(3),
respectively. This is equivalent to partitioning R and δR into row vectors as

R =

⎡
⎣r

T
1

rT2
rT3

⎤
⎦ , δR =

⎡
⎣δr

T
1

δrT2
δrT3

⎤
⎦ .

We use the fact that δri = S(ri)η to obtain

∫ tf

t0

∂L̃(R,ω)

∂R
· δR dt =

∫ tf

t0

3∑
i=1

∂L̃(R,ω)

∂ri
· δri dt

=

∫ tf

t0

3∑
i=1

∂L̃(R,ω)

∂ri
· S(ri)η dt

= −
∫ tf

t0

3∑
i=1

(
S(ri)

∂L̃(R,ω)

∂ri

)
· η dt. (6.5)

Substituting, the expression for the infinitesimal variation of the action inte-
gral is obtained:

d

dε
Gε

∣∣∣∣
ε=0

= −
∫ tf

t0

{
d

dt

(
∂L̃(R,ω)

∂ω

)
+ S(ω)

∂L̃(R,ω)

∂ω
+

3∑
i=1

S(ri)
∂L̃(R,ω)

∂ri

}
· η dt.

From Hamilton’s principle, the above expression for the infinitesimal vari-
ation of the action integral should be zero for all differentiable variations
η : [t0, tf ] → R

3 with fixed endpoints. The fundamental lemma of the calcu-
lus of variations leads to the Euler–Lagrange equations.

Proposition 6.1 The Euler–Lagrange equations for a modified Lagrangian
function L̃ : TSO(3) → R

1 are

d

dt

(
∂L̃(R,ω)

∂ω

)
+ ω × ∂L̃(R,ω)

∂ω
+

3∑
i=1

ri × ∂L̃(R,ω)

∂ri
= 0. (6.6)
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This form of the Euler–Lagrange equations, together with the rotational kine-
matics equations (6.1), describe the Lagrangian flow of a rotating rigid body
on the tangent bundle TSO(3) in terms of (R,ω) ∈ TSO(3).

6.3.3 Euler–Lagrange Equations: Quadratic Kinetic Energy

We now determine a more explicit expression for the kinetic energy of a
rotating rigid body. This expression is used to obtain a standard form of the
Euler–Lagrange equations. For simplicity, the reference frame is assumed to
be an inertial frame, and the origin of the body-fixed frame is assumed to be
located at the center of mass of the rigid body.

Let ρ ∈ B ⊂ R
3 be a vector from the origin of the body-fixed frame to

a mass element of the rigid body expressed in the body-fixed frame. Here
B denotes the set of material points that constitute the rigid body in the
body-fixed frame. Thus, Ṙρ is the velocity vector of this mass element in the
inertial frame. The kinetic energy of the rotating rigid body can be expressed
as the body integral

T (R,ω) =
1

2

∫
B
‖Ṙρ‖2 dm(ρ)

=
1

2

∫
B
‖RS(ρ)ω‖2 dm(ρ)

=
1

2
ωT

(∫
B
S(ρ)TS(ρ) dm(ρ)

)
ω,

where dm(ρ) denotes the mass of the incremental element located at ρ ∈ B.
Thus, we can express the kinetic energy as a quadratic function of the angular
velocity vector

T (R,ω) =
1

2
ωTJω,

where

J =

∫
B
S(ρ)TS(ρ) dm(ρ),

is the 3× 3 standard inertia matrix of the rigid body that characterizes the
rotational inertia of the rigid body in the body-fixed frame.

The inertia matrix can be shown to be a symmetric and positive-definite
matrix. It has three positive eigenvalues and three eigenvectors that form an
orthonormal basis for R3. This special basis defines the principal axes of the
rigid body and it is sometimes convenient to select the body-fixed frame to
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be aligned with the principal axes of the body. In this case, the inertia matrix
is diagonal.

Consequently, the modified Lagrangian function has the special form

L̃(R,ω) =
1

2
ωTJω − U(R). (6.7)

This gives the standard form of the equations for a rotating rigid body, often
referred to as the Euler equations for rigid body rotational dynamics, as

Jω̇ + S(ω)Jω −
3∑

i=1

S(ri)
∂U(R)

∂ri
= 0. (6.8)

These Euler equations (6.8), together with the rotational kinematics (6.1),
describe the Lagrangian flow of a rotating rigid body in terms of the evolution
of (R,ω) ∈ TSO(3) on the tangent bundle TSO(3).

If the potential energy terms in (6.8) are globally defined on R
3×3, then

the domain of definition of the rotational kinematics (6.1) and the Euler
equations (6.8) on TSO(3) can be extended to TR3×3. This extension is nat-
ural and useful in that it defines a Lagrangian vector field on the tangent
bundle TR3×3 Alternatively, the manifold TSO(3) is an invariant manifold
of this Lagrangian vector field on TR3×3 and its restriction to this invariant
manifold describes the Lagrangian flow of (6.1) and (6.8) on TSO(3).

6.4 Hamiltonian Dynamics on SO(3)

We introduce the Legendre transformation to obtain the angular momen-
tum and the Hamiltonian function. We make use of Hamilton’s phase space
variational principle to derive Hamilton’s equations for a rotating rigid body.

6.4.1 Hamilton’s Phase Space Variational Principle

As in the prior section, we begin with a modified Lagrangian function L̃ :
TSO(3) → R

1, which is a real-valued function defined on the tangent bundle
of the configuration manifold SO(3); we assume that the modified Lagrangian
function

L̃(R,ω) = T (R,ω)− U(R),

is given by the difference between a kinetic energy function T (R,ω) defined on
the tangent bundle and a configuration dependent potential energy function
U(R).
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The angular momentum of the rotating rigid body in the body-fixed frame
is defined by the Legendre transformation

Π =
∂L̃(R,ω)

∂ω
, (6.9)

where we assume the Lagrangian has the property that the map ω ∈ so(3) →
Π ∈ so(3)∗ is invertible. The angular momentum is viewed as being conjugate
to the angular velocity vector.

The modified Hamiltonian function H̃ : T∗SO(3) → R
1 is defined on the

cotangent bundle of SO(3) by

H̃(R,Π) = Π · ω − L̃(R,ω),

using the Legendre transformation.
Consider the modified action integral of the form,

G̃ =

∫ tf

t0

{
Π · ω − H̃(R,Π)

}
dt.

The infinitesimal variation of the action integral is given by

δG̃ =

∫ tf

t0

{
Π · δω − ∂H̃(R,Π)

∂R
· δR+ δΠ ·

(
ω − ∂H̃(R,Π)

∂Π

)}
dt.

Recall from (6.2) and (6.3) that the infinitesimal variations can be written as

δR = RS(η),

δω = η̇ + S(ω)η,

for differentiable curves η : [t0, tf ] → R
3. Following the arguments used to

obtain (6.5),

∫ tf

t0

∂H̃(R,Π)

∂R
· δR dt = −

∫ tf

t0

3∑
i=1

(
S(ri)

∂H̃(R,Π)

∂ri

)
· η dt.

6.4.2 Hamilton’s Equations: General Form

We now derive Hamilton’s equations. Substitute the preceding expressions
into the expression for the infinitesimal variation of the modified action inte-
gral and integrate by parts to obtain

δG̃ =

∫ tf

t0

Π · (η̇ + S(ω)η) +

3∑
i=1

(
S(ri)

∂H̃(R,Π)

∂ri

)
· η
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+ δΠ ·
(
ω − ∂H̃(R,Π)

∂Π

)
dt

=

∫ tf

t0

{
−Π̇ − S(ω)Π +

3∑
i=1

(
S(ri)

∂H̃(R,Π)

∂ri

)}
· η

+ δΠ ·
(
ω − ∂H̃(R,Π)

∂Π

)
dt.

Invoke Hamilton’s phase space variational principle that δG̃ = 0 for all
possible functions η : [t0, tf ] → R

3 and δΠ : [t0, tf ] → R
3 that satisfy

η(t0) = η(tf ) = 0. This implies that the expression in each of the braces
of the above equation should be zero. We thus obtain Hamilton’s equations,
expressed in terms of (R,Π).

Proposition 6.2 Hamilton’s equations for a modified Hamiltonian function
H̃ : T∗SO(3) → R

1 are

ṙi = ri × ∂H̃(R,Π)

∂Π
, i = 1, 2, 3, (6.10)

Π̇ = Π × ∂H̃(R,Π)

∂Π
+

3∑
i=1

ri × ∂H̃(R,Π)

∂ri
. (6.11)

Thus, equations (6.10) and (6.11) define Hamilton’s equations of motion for
the dynamics of the Hamiltonian flow in terms of the evolution of (R,Π) ∈
T∗SO(3) on the cotangent bundle TSO(3).

The following property follows directly from the above formulation of
Hamilton’s equations on SO(3):

dH̃(R,Π)

dt
=

3∑
i=1

∂H̃(R,Π)

∂ri
· ṙi + ∂H̃(R,Π)

∂Π
· Π̇

=
∂H̃(R,Π)

∂Π
· S(Π)

∂H̃(R,Π)

∂Π
= 0.

The modified Hamiltonian function is constant along each solution of Hamil-
ton’s equation. This property does not hold if the modified Hamiltonian func-
tion has a nontrivial explicit dependence on time.
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6.4.3 Hamilton’s Equations: Quadratic Kinetic Energy

Suppose the kinetic energy is a quadratic in the angular velocity vector

L̃(R,ω) =
1

2
ωTJω − U(R).

The Legendre transformation gives

Π = Jω,

and the modified Hamiltonian function can be expressed as

H̃(R,Π) =
1

2
ΠTJ−1Π + U(R). (6.12)

Hamilton’s equations for a rotating rigid body are described on the cotangent
bundle T∗SO(3) as:

ṙi = ri × J−1Π, i = 1, 2, 3, (6.13)

Π̇ = Π × J−1Π +

3∑
i=1

ri × ∂U(R)

∂ri
. (6.14)

Equations (6.13) and (6.14) define Hamilton’s equations of motion for rigid
body dynamics and they describe the Hamiltonian flow in terms of the evo-
lution of (R,Π) ∈ T∗SO(3) on the cotangent bundle T∗SO(3).

If the potential energy terms in (6.14) are globally defined on R
3×3, then

the domain of definition of (6.13) and (6.14) on T∗SO(3) can be extended
to T∗

R
3×3. This extension is natural and useful in that it defines a Hamilto-

nian vector field on the cotangent bundle T∗
R

3×3 Alternatively, the manifold
T∗SO(3) is an invariant manifold of this Hamiltonian vector field on T∗

R
3×3

and its restriction to this invariant manifold describes the Hamiltonian flow
of (6.13) and (6.14) on T∗SO(3).

6.5 Linear Approximations of Dynamics on SO(3)

Geometric forms of the Euler–Lagrange equations and Hamilton’s equations
on the configuration manifold SO(3) have been presented. This yields equa-
tions of motion that provide insight into the geometry of the global dynamics
on SO(3).

A linear vector field can be determined that approximates the Lagrangian
vector field on TSO(3), at least locally in an open subset of TSO(3). Such lin-
ear approximations allow a straightforward analysis of local dynamics prop-
erties.
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A common approach in the literature on the dynamics of rotating rigid
bodies involves introducing local coordinates in the form of three angle coor-
dinates; the most common local coordinates are Euler angles, but exponential
local coordinates have some advantages as described in Appendix B. These
descriptions often involve complicated trigonometric or transcendental ex-
pressions and introduce complexity in the analysis and computations.

Although our main emphasis is on global methods, we make use of local
coordinates as a way of describing a linear vector field that approximates
a vector field on TSO(3), at least in the neighborhood of an equilibrium
solution. This approach is used subsequently in this chapter to study the
local flow properties near an equilibrium. As further background, linearized
equations are developed in local coordinates for SO(3) in Appendix B.

6.6 Dynamics on SO(3)

We study several physical examples of a rotating rigid body in three dimen-
sions. In each, the configuration manifold is SO(3); consequently each of the
dynamics has three degrees of freedom. Lagrangian and Hamiltonian formu-
lations of the equations of motion are presented; a few simple flow properties
are identified.

6.6.1 Dynamics of a Freely Rotating Rigid Body

We consider a freely rotating rigid body, also referred to as the free rigid
body, in the sense that no moments act on the body. In this case, the prior
development holds with zero potential energy U(R) = 0. This is the simplest
case of a rotating rigid body in three dimensions.

An inertial Euclidean frame is selected arbitrarily. The origin of the body-
fixed Euclidean frame is assumed to be located at the center of mass of the
rigid body which is assumed to be fixed in the inertial frame. A schematic of
a freely rotating rigid body is shown in Figure 6.1.

6.6.1.1 Euler–Lagrange Equations

The attitude kinematics equation for the free rigid body is described by

Ṙ = RS(ω). (6.15)

The modified Lagrangian function L̃ : TSO(3) → R
1 is

L̃(R,ω) =
1

2
ωTJω.
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R ∈ SO(3)

Fig. 6.1 Freely rotating rigid body

Following the results in (6.8) with zero potential energy, the Euler–Lagrange
equations of motion for the free rigid body, referred to as the Euler equations,
are given by

Jω̇ + ω × Jω = 0, (6.16)

where J =
∫
B S(ρ)TS(ρ)dm(ρ) is the standard 3 × 3 inertia matrix of the

rigid body in the body-fixed frame. These equations of motion (6.15) and
(6.16) define the Lagrangian flow for the free rigid body dynamics described
by the evolution of (R,ω) ∈ TSO(3) on the tangent bundle of SO(3).

6.6.1.2 Hamilton’s Equations

Using the Legendre transformation, let

Π =
∂L̃(R,ω)

∂ω
= Jω

be the angular momentum of the free rigid body expressed in the body-fixed
frame. The modified Hamiltonian is

H̃(R,Π) =
1

2
ΠTJ−1Π.

The rotational kinematics equation can be written as

Ṙ = RS(J−1Π). (6.17)

Using (6.16), Hamilton’s equations are given by

Π̇ = Π × J−1Π, (6.18)
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Thus, Hamilton’s equations of motion (6.17) and (6.18) describe the Hamil-
tonian dynamics of the free rigid body as (R,Π) ∈ T∗SO(3) as they evolve
on the cotangent bundle of SO(3).

6.6.1.3 Conservation Properties

There are two conserved quantities, or integrals of motion, for the rotational
dynamics of a free rigid body. First, the Hamiltonian, which is the rotational
kinetic energy and coincides with the total energy E in this case, is conserved;
that is

H =
1

2
ωTJω

is constant along each solution of the dynamical flow of the free rigid body.
In addition, there is a rotational symmetry: the Lagrangian is invariant

with respect to the tangent lift of arbitrary rigid body rotations. This sym-
metry leads to conservation of the angular momentum in the inertial frame;
that is

RΠ = RJω

is constant along each solution of the dynamical flow of the free rigid body.
Consequently the magnitude of the angular momentum in the body-fixed
frame is also conserved, that is

‖Jω‖2

is constant along each solution of the dynamical flow of the free rigid body.
These results are well known for the free rigid body and they guarantee that
the free rigid body is integrable [10].

There are additional conservation properties if the distribution of mass in
the rigid body has a symmetry. There are many published results for such
cases.

6.6.1.4 Equilibrium Properties

The equilibria or constant solutions are easily identified. The free rigid body
is in equilibrium at any attitude in SO(3) if the angular velocity vector is
zero.

To illustrate the linearization of the dynamics of a rotating rigid body, con-
sider the equilibrium solution (I3×3, 0) ∈ TSO(3). According to Appendix B,
θ = (θ1, θ2, θ3) ∈ R

3 are exponential local coordinates for SO(3) in a neigh-
borhood of I3×3 ∈ SO(3). Following the results in Appendix B, the linearized
differential equations defined on the six-dimensional tangent space of TSO(3)
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at (I3×3, 0) ∈ TSO(3) are given by

Jξ̈ = 0.

These linearized differential equations approximate the rotational dynamics
of the rigid body in a neighborhood of (I3×3, 0) ∈ TSO(3). These simple
linear dynamics are accurate to first-order in the perturbations expressed in
local coordinates. Higher-order coupling effects are important for large per-
turbations of the angular velocity vector of the rigid body from equilibrium.

Solutions for which the angular velocity vector are constant can also be
identified; these are referred to as relative equilibrium solutions and they
necessarily satisfy

ω × Jω = 0.

Thus, the relative equilibrium solutions occur when the angular velocity vec-
tor is collinear with an eigenvector of the inertia matrix J . A comprehensive
treatment of relative equilibria of the free rigid body is given in [36].

6.6.2 Dynamics of a Three-Dimensional Pendulum

A three-dimensional pendulum is a rigid body supported by a fixed, fric-
tionless pivot, acted on by uniform, constant gravity. The terminology three-
dimensional pendulum refers to the fact that the pendulum is a rigid body,
with three rotational degrees of freedom, that rotates under uniform, constant
gravity. The formulation of a three-dimensional pendulum seems first to have
been introduced in [87] and its dynamics developed further in [18, 20, 21, 58].
The development that follows is based on these sources.

An inertial Euclidean frame is selected so that the first two axes lie in
a horizontal plane and the third axis is vertical. The origin of the inertial
Euclidean frame is selected to be the location of the pendulum pivot. The
body-fixed frame is selected so that its origin is located at the center of mass
of the rigid body. Let m be the mass of the three-dimensional pendulum and
let ρ0 ∈ R

3 be the nonzero vector from the center of mass of the body to the
pivot, expressed in the body-fixed frame. Let J be the constant 3× 3 inertia
matrix of the rigid body described subsequently. As before, g denotes the con-
stant acceleration of gravity. A schematic of a three-dimensional pendulum
is shown in Figure 6.2.

The attitude of the rigid body is R ∈ SO(3) and ω ∈ R
3 is the angular

velocity vector of the rigid body. The attitude kinematics equation for the
three-dimensional pendulum is

Ṙ = RS(ω). (6.19)
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R ∈ SO(3)

Fig. 6.2 Three-dimensional pendulum

6.6.2.1 Euler–Lagrange Equations

Let ρ ∈ R
3 be a vector from the origin of the body-fixed frame to a mass

element of the rigid body expressed in the body-fixed frame. Thus, Ṙ(−ρ0+ρ)
is the velocity vector of this mass element in the inertial frame. The kinetic
energy of the rotating rigid body can be expressed as the body integral

T (R,ω) =
1

2

∫
B
‖Ṙ(−ρ0 + ρ)‖2 dm(ρ)

=
1

2

∫
B
‖RS(−ρ0 + ρ)ω‖2 dm(ρ)

=
1

2
ωTJω,

where the moment of inertia matrix is

J =

∫
B
S(ρ)TS(ρ)dm(ρ) +mST (ρ0)S(ρ0).

The gravitational potential energy of the three-dimensional pendulum
arises from the gravitational field acting on each material particle in the
pendulum body. This can be expressed as

U(R) = −
∫
B
geT3 Rρdm(ρ) = −mgeT3 Rρ0.

The modified Lagrangian function of the three-dimensional pendulum can
be expressed as:

L̃(R,ω) =
1

2
ωTJω +mgeT3 Rρ0.

The Euler–Lagrange equations for the three-dimensional pendulum are given
by

Jω̇ + ω × Jω −mgρ0 ×RT e3 = 0. (6.20)
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These equations (6.19) and (6.20) define the rotational kinematics and
the Lagrangian dynamics of the three-dimensional pendulum described by
(R,ω) ∈ TSO(3).

6.6.2.2 Hamilton’s Equations

Hamilton’s equations of motion are easily obtained. According to the Legen-
dre transformation,

Π =
∂L̃(R,ω)

∂ω
= Jω

is the angular momentum of the three-dimensional pendulum expressed in
the body-fixed frame. Thus, the modified Hamiltonian is

H̃(R,Π) =
1

2
ΠTJ−1Π −mgS(ρ0)R

T e3.

Hamilton’s equations of motion are given by the rotational kinematics

Ṙ = RS(J−1Π). (6.21)

and

Π̇ = Π × J−1Π +mgρ0 ×RT e3, (6.22)

Thus, the Hamiltonian dynamics of the three-dimensional pendulum, de-
scribed by equations (6.21) and (6.22), characterize the evolution of (R,Π)
on the cotangent bundle T∗SO(3).

6.6.2.3 Conservation Properties

There are two conserved quantities, or integrals of motion, for the three-
dimensional pendulum. First, the Hamiltonian, which coincides with the total
energy E in this case, is conserved, that is

H =
1

2
ωTJω −mgρT0 R

T e3,

and it is constant along each solution of the dynamical flow of the three-
dimensional pendulum.

In addition, the modified Lagrangian is invariant with respect to the lifted
action of rotations about the vertical or gravity direction. By Noether’s the-
orem, this symmetry leads to conservation of the component of angular mo-
mentum about the vertical or gravity direction; that is
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h = ωTJRT e3,

and it is constant along each solution of the dynamical flow of the three-
dimensional pendulum.

6.6.2.4 Equilibrium Properties

The equilibrium or constant solutions of the three-dimensional pendulum are
easily obtained. The conditions for an equilibrium solution are:

ω × Jω −mgρ0 ×RT e3 = 0,

RS(ω) = 0.

Since R ∈ SO(3) is non-singular, it follows that the angular velocity vector
ω = 0. Thus, an equilibrium attitude satisfies

ρ0 ×RT e3 = 0,

which implies that

RT e3 =
ρ0
‖ρ0‖ ,

or

RT e3 = − ρ0
‖ρ0‖ .

An attitude R is an equilibrium attitude if and only if the vertical direction
or equivalently the gravity direction RT e3, resolved in the body-fixed frame,
is collinear with the body-fixed vector ρ0 from the center of mass of the
rigid body to the pivot. If RT e3 is in the opposite direction to the vector
ρ0, then (R, 0) ∈ TSO(3) is an inverted equilibrium of the three-dimensional
pendulum; if RT e3 is in the same direction to the vector ρ0, then (R, 0) is a
hanging equilibrium of the three-dimensional pendulum.

Without loss of generality, it is convenient to assume that the constant
center of mass vector, in the body-fixed frame, satisfies

ρ0
‖ρ0‖ = −e3.

Consequently, if R ∈ SO(3) defines an equilibrium attitude for the three-
dimensional pendulum, then an arbitrary rotation of the three-dimensional
pendulum about the vertical is also an equilibrium attitude. In summary,
there are two disjoint equilibrium manifolds for the three-dimensional pen-
dulum.
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The manifold {
R ∈ SO(3) : RT e3 =

ρ0
‖ρ0‖

}
,

is referred to as the inverted equilibrium manifold, since the center of mass
is directly above the pivot.

We now obtain linearized equations at the inverted equilibrium (I3×3, 0) ∈
TSO(3). According to Appendix B, θ = (θ1, θ2, θ3) ∈ R

3 are exponential
local coordinates for SO(3) in a neighborhood of I3×3 ∈ SO(3). Following
the results in Appendix B, the linearized differential equations for the three-
dimensional pendulum are defined on the six-dimensional tangent space of
TSO(3) at (I3×3, 0) ∈ TSO(3) and are given by

Jξ̈ −mg ‖ρ0‖
⎡
⎣1 0 0
0 1 0
0 0 0

⎤
⎦ ξ = 0.

These linearized differential equations approximate the rotational dynamics
of a rotating rigid body in a neighborhood of (I3×3, 0) ∈ TSO(3). These linear
dynamics are accurate to first-order in the perturbations expressed in local
coordinates.

The eigenvalues of the linearized equations can be shown to have the fol-
lowing pattern: two pairs of eigenvalues that are real with equal magnitudes
and opposite signs and one pair of eigenvalues at the origin. Since there is a
positive eigenvalue, this inverted equilibrium solution is unstable.

Next, the manifold

{
R ∈ SO(3) : RT e3 = − ρ0

‖ρ0‖
}
,

is referred to as the hanging equilibrium manifold, since the center of mass
is directly below the pivot.

We obtain linearized differential equations at the hanging equilibrium
(−I3×3, 0) ∈ TSO(3). According to Appendix B, θ = (θ1, θ2, θ3) ∈ R

3 are
exponential local coordinates for SO(3) in a neighborhood of −I3×3 ∈ SO(3).
The linearized differential equations for the three-dimensional pendulum are
defined on the six-dimensional tangent space of TSO(3) at (−I3×3, 0) ∈
TSO(3) and are given by

Jξ̈ +mg ‖ρ0‖
⎡
⎣1 0 0
0 1 0
0 0 0

⎤
⎦ ξ = 0.

These linearized differential equations approximate the rotational dynam-
ics of a rotating rigid body in a neighborhood of the hanging equilib-
rium (−I3×3, 0) ∈ TSO(3). These linear dynamics, with two pairs of purely
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imaginary eigenvalues and one pair of zero eigenvalues, are accurate to first-
order in the perturbations expressed in local coordinates.

Solutions for which the angular velocity vector are constant can also be
identified; these are relative equilibrium solutions and they necessarily satisfy

ω × Jω −mgρ0 ×RT e3 = 0.

Thus, the relative equilibrium solutions occur when the angular velocity vec-
tor is collinear with an eigenvector of the inertia matrix J , and the direction
of this angular velocity vector, in the inertial frame, is collinear with the
gravity direction.

6.6.3 Dynamics of a Rotating Rigid Body in Orbit

Consider the rotational motion of a rigid body in a circular orbit about a
large central body. A Newtonian gravity model is used, which gives rise to a
differential gravity force on each mass element of the rigid body; this grav-
ity gradient moment is included in our subsequent analysis. The subsequent
development follows the presentations in [50, 51].

Three Euclidean frames are introduced: an inertial frame whose origin is
at the center of the central body, a body-fixed frame whose origin is located
at the center of mass of the orbiting rigid body, and a so-called local vertical,
local horizontal (LVLH) frame, whose first axis is tangent to the circular
orbit, the second axis is perpendicular to the plane of the orbit, and the
third axis is along the orbit radius vector. The origin of the LVLH frame is
located at the center of mass of the rigid body and remains on the circular
orbit, so that the LVLH frame necessarily rotates at the orbital rate. The
LVLH frame is not an inertial frame, but it does have physical significance;
it is used to describe the gravity gradient moment. A schematic of a rotating
rigid body in a circular orbit is shown in Figure 6.3.

Fig. 6.3 Rotating rigid body in a circular orbit
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We define three sets of rotation matrices in SO(3): Rbi ∈ SO(3) denotes a
rotation matrix from the body-fixed frame to the inertial frame, Rli ∈ SO(3)
denotes a rotation matrix from the LVLH frame to the inertial frame, and
Rbl ∈ SO(3) denotes a rotation matrix from the body-fixed frame to the
LVLH frame. Thus, the three rotation matrices satisfy Rbl = (Rli)TRbi. We
show that the dynamics of a rotating rigid body in a circular orbit can be
expressed in terms of the rotation matrix Rbi ∈ SO(3), so that SO(3) is the
configuration manifold.

Let ω ∈ R
3 be the angular velocity of the rigid body expressed in the

body-fixed frame. The 3×3 constant matrix J is the standard inertia matrix
of the rigid body in the body-fixed frame. The scalar orbital angular velocity

is ω0 =
√

GM
r30

, where M denotes the mass of the central body, G is the

universal gravitational constant, and r0 is the constant radius of the circular
orbit. The inertial frame is selected so that the orbital plane is orthogonal
to the second inertial axis; hence the orbital angular velocity vector is ω0e2
in the inertial frame. The LVLH frame is selected so that the orbit radius
vector of the body is r0e3 in the LVLH frame.

6.6.3.1 Euler–Lagrange Equations

Based on the prior developments in this chapter, the on-orbit rigid body
rotational kinematics equations are given as follows. The attitude of the body-
fixed frame with respect to the inertial frame is described by the rotational
kinematics

Ṙbi = RbiS(ω),

the attitude of the LVLH frame with respect to the inertial frame is described
by the rotational kinematics

Ṙli = RliS(ω0e2),

and the attitude of the body-fixed frame with respect to the LVLH frame is
described by the rotational kinematics

Ṙbl =RblS(ω − ω0R
blT e2).

The modified Lagrangian L̃ : TSO(3) → R
1 is given by

L̃(Rbi, ω) =
1

2
ωTJω − U(Rbi),

where U(Rbi) is the gravitational potential energy of the rigid body in orbit.
Thus, the Euler–Lagrange equations of motion are given by
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Jω̇ + ω × Jω = Mg,

where

Mg =
3∑

i=1

ri × ∂U(Rbi)

∂ri
,

is the gravity gradient moment on the rigid body due to the gravity poten-
tial U(Rbi). In the gravity gradient moment expression, r1, r2, r3 denote the
column partitions of (Rbi)T ∈ SO(3).

Since the orbital angular velocity ω0 is constant, the rotational kinematics
equation for Rli ∈ SO(3) can be explicitly solved to obtain

Rli(t) = Rli(t0)e
S(ω0e2)(t−t0).

This describes the rotation of the LVLH frame with respect to the inertial
frame.

The gravity potential for the full orbiting rigid body is obtained by inte-
grating the gravity potential for each element in the body over the body; this
leads to

U(Rbi) = −
∫
B

GM

‖x+Rbiρ‖ dm(ρ),

where x ∈ R
3 is the position of the center of mass of the orbiting rigid body

in the inertial frame, and ρ ∈ R
3 is a vector from the center of mass of the

rigid body to the body element with mass dm(ρ) in the body-fixed frame.
We now derive a closed form approximation for the gravitational moment

Mg using the fact that the rigid body is in a circular orbit so that the norm
of x is constant. The size of the rigid body is assumed to be much smaller
than the orbital radius.

Since the rigid body position vector in the LVLH frame is r0e3, the position
vector of the rigid body in the inertial frame is given by x = r0R

lie3. Using
this expression, the matrix of derivatives of the gravitational potential energy
is

∂U(Rbi)

∂Rbi
=

∫
B

GM r0R
li e3ρ

T

‖ r0e3 +Rblρ ‖3
dm(ρ)

=
GM

r0

∫
B

(
Rlie3ρ̂

T
) ‖ρ‖

r0[
1 + 2

(
eT3 R

blρ̂
) ‖ρ‖

r0
+ ‖ρ‖2

r20

] 3
2

dm(ρ),

where ρ̂ = ρ
‖ρ‖ ∈ R

3 is the unit vector along the direction of ρ. Since the size

of the rigid body is significantly smaller than the orbital radius, it follows

that ‖ρ‖
r0

 1. Using a Taylor series expansion, we obtain the second-order
approximation:



296 6 Lagrangian and Hamiltonian Dynamics on SO(3)

∂U(Rbi)

∂Rbi
=

GM

r0

∫
B
Rlie3ρ̂

T

{
‖ρ‖
r0

− 3eT3 R
blρ̂

‖ρ‖2
r20

}
dm(ρ).

Since the body-fixed frame is located at the center of mass of the rigid body,∫
B ρ dm(ρ) = 0. Therefore, the first term in the above equation vanishes.

Since eT3 R
blρ is a scalar, it can be shown that the above partial derivative

matrix can be written as

∂U(Rbi)

∂Rbi
= −3ω2

0R
lie3e

T
3 R

bl

(
1

2
tr[J ] I3×3 − J

)
.

This can be used to obtain an expression for the gravity gradient moment on
the full rigid body:

Mg =

3∑
i=1

ri × ∂U(Rbi)

∂ri
= 3ω2

0R
blT e3 × JRblT e3.

In summary, the Euler equations can be written as

Jω̇ + ω × Jω = 3ω2
0R

blT e3 × JRblT e3, (6.23)

and the attitude kinematics equation with respect to the LVLH frame is

Ṙbl = RblS(ω − ω0R
blT e2). (6.24)

These rotational equations of motion (6.23) and (6.24) define the Lagrangian
flow of an on-orbit rigid body as the dynamics described by (Rbl, ω) ∈ TSO(3)
evolve on the tangent bundle of SO(3). Rotational dynamics that describe the
attitude of the rigid body in the inertial frame or in the body-fixed frame
can be obtained from the above development.

6.6.3.2 Hamilton’s Equations

Hamilton’s equations are easily obtained by defining the angular momentum

Π =
∂L̃(R,ω)

∂ω
= Jω.

Thus, the modified Hamiltonian function is

H̃(Rbi, Π) =
1

2
ΠTJ−1Π + U(Rbi).

Hamilton’s equations of motion for the on-orbit rigid body can be written as
the attitude kinematics equation with respect to the LVLH frame, namely
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Ṙbl = RblS(J−1Π − ω0R
blT e2), (6.25)

and the Euler equations

Π̇ = Π × J−1Π + 3ω2
0R

blT e3 × JRblT e3. (6.26)

These equations (6.25) and (6.26) define the Hamiltonian flow of the rota-
tional dynamics of an on-orbit rigid body as described by (Rbl, Π) ∈ T∗SO(3)
on the cotangent bundle of SO(3). Rotational dynamics that describe the at-
titude of the rigid body in the inertial frame or in the body-fixed frame can
be obtained from the above development.

6.6.3.3 Conservation Properties

The Hamiltonian, which coincides with the total energy E in this case, is

H =
1

2
ωTJω + U(Rbi);

the Hamiltonian is constant along each solution of the dynamical flow.

6.6.3.4 Equilibrium Properties

The orbiting rigid body is in a relative equilibrium when the attitude of the
body with respect to the LVLH frame is constant. The relative equilibria can
be obtained by assuming that (Rbl, ω) are constant in (6.23) and (6.24). This
leads to the requirement that the constant angular velocity of the orbiting
body is

ω = ω0R
blT e3,

and the attitude of the rigid body in the LVLH frame is such that the gravity
moment on the rigid body is zero, namely

RblT e3 × JRblT e3 = 0.

Thus, an attitude Rbl ∈ SO(3) is a relative equilibrium of the orbiting rigid

body if RblT e3 ∈ R
3 is an eigenvector of the inertia matrix J .
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6.6.4 Dynamics of a Rigid Body Planar Pendulum

A rigid body planar pendulum is a rigid body that is constrained to ro-
tate about an inertially fixed revolute joint under the influence of uniform,
constant gravity. Since the revolute joint allows one degree of freedom rota-
tion about its axis, each material point in the rigid body necessarily rotates
along a circular arc, centered at the closest point on the axis, in a fixed
two-dimensional plane. This motivates the designation of rigid body planar
pendulum. This is a generalization of the lumped mass planar pendulum ex-
ample that was introduced in Chapter 4 using the configuration manifold
S1.

As usual we consider an inertial Euclidean frame in R
3 and we select

a body-fixed frame. The inertial frame is selected so that the third axis is
vertical. For convenience, the origin of the inertial frame is located on the
axis of the revolute joint at the point on the axis that is closest to the center
of mass of the rigid body; the origin of the body-fixed frame coincides with
the center of mass of the rigid body. We denote the direction vector of the
axis of the revolute joint, in the inertial frame, by a ∈ S2 and we denote the
vector from the center of mass of the rigid body to the origin of the inertial
frame, expressed in the body-fixed frame, by ρ0 ∈ R

3. The mass of the rigid
body is m and the inertia matrix of the rigid body, computed subsequently,
is denoted by J . A schematic of a rigid body planar pendulum is shown in
Figure 6.4.

R ∈ M

Fig. 6.4 Rigid body planar pendulum

It is an important observation that rotations of the rigid body about the
axis leave material points in the rigid body located on the axis unchanged. If
R ∈ SO(3) denotes the attitude of the rigid body, then it follows that Ra = a
expresses the fact that the direction of the revolute joint axis is unchanged
under rotations about that axis. Thus, the configuration manifold for the
rigid body planar pendulum is
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M = {R ∈ SO(3) : Ra = a} .

This is a differentiable submanifold of SO(3) with dimension one. Conse-
quently, the rigid body planar pendulum has one degree of freedom.

6.6.4.1 Kinematics and Variations

Since the configuration manifold is a submanifold of SO(3), the kinematics
and the expressions for the infinitesimal variations must be suitably modified
from the prior development in this chapter.

The angular velocity vector of the rigid body Ω ∈ R
3 is introduced ac-

cording to the usual rigid body kinematics

Ṙ = RS(Ω).

We first see that the constraint Ra = a implies that Ṙa = 0; thus S(Ω)a = 0,
that is Ω × a = 0. This implies that Ω is collinear with a, that is there is
ω : [t0, tf ] → R

1 such that

Ω = ωa,

where ω is the scalar angular velocity of the rigid body about its rotation
axis. Thus, the rigid body angular velocity vector, in the body-fixed frame,
has magnitude given by the scalar angular velocity in the direction of the
axis of rotation. Thus, the rotational kinematics of the rigid body can be
expressed as

Ṙ = RS(ωa). (6.27)

From the prior analysis in this chapter, it follows that the infinitesimal
variation of the rigid body attitude is

δR = RS(η),

where η : [t0, tf ] → R
3 is a differentiable curve that vanishes at its endpoints.

Since Ra = a, it follows that

δRa = 0.

This constraint is satisfied if S(a)η = 0, or equivalently η = βa, where β :
[t0, tf ] → R is a differentiable curve that vanishes at its endpoints. Thus,

δR = RS(βa).
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Further, the infinitesimal variation of the angular velocity vector is

δΩ = η̇ + S(ωa)η

= β̇a+ ωS(a)βa

= β̇a,

since S(a)a = 0. Thus,

δω = aT δΩ = β̇.

6.6.4.2 Euler–Lagrange Equations

We now derive Euler–Lagrange equations for the rigid body planar pendulum.
The above expressions for the infinitesimal variations play a key role.

The inertial position of a material point located in the rigid body at ρ ∈ B
is given by R(−ρ0 + ρ) ∈ R

3. The kinetic energy of the rigid body is

T =
1

2

∫
B

∥∥∥Ṙ(−ρ0 + ρ)
∥∥∥2

dm(ρ)

=
1

2

∫
B
‖RS(Ω)(−ρ0 + ρ)‖2 dm(ρ)

=
1

2
ΩTJΩ,

where the rigid body moment of inertia matrix is

J =

∫
B
ST (ρ)S(ρ) dm(ρ) +mST (ρ0)S(ρ0).

The gravitational potential energy of the rigid body is

U(R) =

∫
B
geT3 R(−ρ0 + ρ) dm(ρ)

= −mgeT3 Rρ0.

The modified Lagrangian function is

L̃(R,Ω) =
1

2
ΩTJΩ +mgeT3 Rρ0,

or equivalently

L̃(R,ω) =
1

2
aTJaω2 +mgeT3 Rρ0.

The infinitesimal variation of the action integral is
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d

dε
Gε

∣∣∣∣
ε=0

=

∫ tf

t0

aTJaω δω +mgρT0 δR
T e3 dt.

Use the expression

δRT e3 = −S(βa)RT e3 = βS(RT e3)a

to obtain the infinitesimal variation of the action integral:

d

dε
Gε

∣∣∣∣
ε=0

=

∫ tf

t0

aTJaωβ̇ +mgρT0 S(R
T e3)aβ dt.

Integrating by parts and using the fact that the variations vanish at the
endpoints, we obtain

d

dε
Gε

∣∣∣∣
ε=0

= −
∫ tf

t0

{
aTJaω̇ −mgρT0 S(R

T e3)a
} · β dt.

Hamilton’s principle and the fundamental lemma of the calculus of variations
give the Euler–Lagrange equation

aTJa ω̇ −mgaT (ρ0 ×RT e3) = 0. (6.28)

The equations (6.27) and (6.28) describe the dynamical flow of the rigid body
planar pendulum on the tangent bundle TM .

6.6.4.3 Hamilton’s Equations

According to the Legendre transformation,

π =
∂L̃(R,ω)

∂ω
= aTJaω

is the scalar angular momentum of the rigid body pendulum about its axis
of rotation. Thus, the modified Hamiltonian is

H̃(R, π) =
1

2

π2

aTJa
−mgeT3 Rρ0.

Hamilton’s equations of motion are given by the rotational kinematics

Ṙ = RS
( πa

aTJa

)
, (6.29)

and

π̇ = mgaT (ρ0 ×RT e3). (6.30)
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The Hamiltonian dynamics of the rigid body planar pendulum, characterized
by equations (6.29) and (6.30), are described by the evolution of (R, π) on
the cotangent bundle T ∗M .

6.6.4.4 Reduced Equations for the Rigid Body Planar Pendulum

As we have shown, each material point in the rigid body rotates along a planar
circular arc about a center on the axis of the revolute joint. In particular,
the center of mass vector ρ0 rotates along a planar circular arc, with center
at the origin of the inertial frame. The two-dimensional plane containing
each such circular arc is inertially fixed and orthogonal to the axis a ∈ S2.
This suggests that it should be possible to describe such rotations in terms of
planar rotations in S1 as discussed previously in Chapter 4. This connection is
clarified in the following development, where the rigid body planar pendulum
equations are used to obtain reduced equations that evolve on S1.

To this end, define the direction of the position vector of the center of
mass of the rigid body, expressed in the inertial frame:

ζ =
Rρ0

‖Rρ0‖ =
Rρ0
‖ρ0‖ ,

which follows since ‖Rρ0‖ = ‖ρ0‖. Thus, ζ ∈ S2.
It is easy to see that the rotational kinematics (6.27) can be used to obtain

ζ̇ = ṘRT ζ

= RS(ωa)RT ζ

= S(Rωa)ζ

= S(ωa)ζ,

where we have used a matrix identity and the fact that a = Ra.
We now construct a Euclidean orthonormal basis for the inertial frame

given by the ordered triple in S2:

a1, a2, a.

Since aT ζ = 0, we can express

ζ = q1a1 + q2a2,

where q = (q1, q2) ∈ S1. Substituting this into the above rotational kinemat-
ics, we obtain

q̇1a1 + q̇2a2 = ωS(a) {q1a1 + q2a2}
= ω {q1a2 − q2a1} .
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Consequently,

q̇1 = −ωq2,

q̇2 = ωq1.

In vector form, this can be written as

q̇ = ωSq, (6.31)

where S is the constant 2× 2 skew-symmetric matrix used in Chapter 4.
We now express the Euler–Lagrange equation (6.28) in a different form.

Consider the expression

−mgaT (ρ0 ×RT e3) = mgaTS(RT e3)ρ0

= mgaTRTS(e3)Rρ0

= mg ‖ρ0‖ aTS(e3)ζ
= mg ‖ρ0‖

{
aTS(e3)a1q1 + aTS(e3)a2q2

}
,

where we have used a matrix identity and the fact that Ra = a. The Euler–
Lagrange equation can be expressed as

aTJa ω̇ +mg ‖ρ0‖
{
aTS(e3)a1q1 + aTS(e3)a2q2

}
= 0. (6.32)

Thus, the rotational kinematics (6.31) and the Euler–Lagrange equation (6.32)
describe the dynamics of the rigid body planar pendulum in terms of
(q, ω) ∈ TS1. These are referred to as reduced equations since they describe
only the dynamics of the position vector of the center of mass of the rigid
body in the inertial frame.

Following a similar development, a reduced form for Hamilton’s equations
can be obtained that describe the evolution on the cotangent bundle T∗M .
These results require introduction of the reduced Lagrangian, expressed on
the tangent bundle TS1, definition of the conjugate momentum using the
Legendre transformation, and derivation of the reduced Hamilton’s equations
on T∗S1. These details are not given here.

6.6.4.5 Conservation Properties

The Hamiltonian, which coincides with the total energy E in this case, is
conserved. This can be expressed as

H =
1

2
aTJaω2 −mgeT3 Rρ0,

which is constant along each solution of the dynamical flow of the rigid body
planar pendulum.
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6.6.4.6 Equilibrium Properties

The equilibrium or constant solutions of the rigid body planar pendulum
occur when the angular velocity ω = 0 and the rigid body attitude satisfies
the algebraic equations on the configuration manifold M :

mgaT (ρ0 ×RT e3) = 0,

which implies that the time derivative of the angular velocity vanishes. This
requires that the direction of gravity, expressed in the body-fixed frame, and
the center of mass vector ρ0 be collinear.

6.7 Problems

6.1. In this problem, we derive an alternative expression of the moment
caused by an attitude-dependent potential, summarized in Proposition 6.1.

(a) Consider two matrices A,B ∈ R
3×3. Let ai, bi ∈ R

3 be the i-th column of
AT and BT for i ∈ {1, 2, 3}, respectively, such that the matrices A and
B are partitioned into

A =

⎡
⎣a

T
1

aT2
aT3

⎤
⎦ , B =

⎡
⎣b

T
1

bT2
bT3

⎤
⎦ .

Show that

BTA−ATB =

3∑
i=1

bia
T
i − aib

T
i =

3∑
i=1

S(ai × bi).

(b) Using the above identify, show that the moment caused by an attitude-
dependent potential can be rewritten as

−
3∑

i=1

ri × ∂L̃(R,ω)

∂ri
=

(
RT ∂L̃(R,ω)

∂R
− ∂L̃(R,ω)

∂R

T

R

)∨

,

where ∂L̃(R,ω)
∂R ∈ R

3×3 is defined such that its i, j-th element corresponds to
the derivative of L(R,ω) with respect to the i, j-th element of R for i, j ∈
{1, 2, 3}.
6.2. Consider the attitude dynamics of a rigid body described in Section 6.3.3.
Here, we rederive the Euler–Lagrange equation given in (6.8) to include the ef-
fects of an external moment according to the Lagrange–d’Alembert principle.
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Suppose that there exists an external moment M ∈ R
3 acting on the rigid

body. Assume it is resolved in the body-fixed frame.

(a) Let ρ ∈ R
3 be the vector from the mass center of the rigid body to a mass

element dm(ρ). Let dF (ρ) ∈ R
3 be the force acting on dm(ρ). Assume

that both of ρ and dF (ρ) are expressed in the body-fixed frame. As there
is no external force,

∫
B dF (ρ) = 0. Due to the external moment, we have∫

B ρ×dF (ρ) = M . Show that the virtual work due to the external moment
is given by

δW =

∫
B
RdF (ρ) · δRρ =

∫
B
η · (ρ× dF (ρ)) = η ·M,

where δR = Rη̂ for η ∈ R
3.

(b) From the Lagrange–d’Alembert principle, show that the Euler–Lagrange
equation is given by

Jω̇ + S(ω)Jω −
3∑

i=1

S(ri)
∂U(R)

∂ri
= M.

6.3. Consider the dynamics of a rotating rigid body that is constrained to
planar rotational motion in R

2. That is, the configuration manifold is taken
as the Lie group of 2× 2 orthogonal matrices with determinant +1, namely
SO(2). The rotational kinematics, expressed in terms of the rotational motion
t → R ∈ SO(2), are given by

Ṙ = RSω,

for some scalar angular velocity t → ω ∈ R
1; as before, S is the standard

2× 2 skew-symmetric matrix. The modified Lagrangian function is given by

L̃(R,ω) =
1

2
Jω2 − U(R),

where J is the scalar moment of inertia of the rigid body and U(R) is the
configuration dependent potential energy function.

(a) What are expressions for the infinitesimal variations of R ∈ SO(2), Ṙ ∈
TRSO(2), and ω ∈ R

1?
(b) Use Hamilton’s principle to derive the Euler equations for the planar

rotations of the rigid body.
(c) Use the Legendre transformation to derive Hamilton’s equations for the

planar rotations of the rigid body.
(d) What are conserved quantities of the dynamical flow on TSO(2)?
(e) What are conditions that define equilibrium solutions of the dynamical

flow on TSO(2)?



306 6 Lagrangian and Hamiltonian Dynamics on SO(3)

6.4. Consider a planar pendulum, with scalar moment of inertia J , under
constant, uniform gravity. Assume the configuration manifold of the planar
pendulum is taken to be the Lie group SO(2). Use the results in the prior
problem for the following.

(a) What are the Euler equations for the planar pendulum on the tangent
bundle TSO(2)?

(b) What are Hamilton’s equations for the planar pendulum on the cotangent
bundle T∗SO(2)?

(c) What are the conserved quantities of the dynamical flow on TSO(2)?
(d) What are the equilibrium solutions of the dynamical flow on TSO(2)?

6.5. Consider a double planar pendulum under constant, uniform gravity.
The first link rotates about an inertially fixed one degree of freedom revolute
joint. The two links are connected by another revolute joint fixed in the two
links, constraining the two links to rotate in a common vertical plane. The
scalar moments of inertia of the two pendulums are J1 and J2 about the
two joint axes. Assume the configuration manifold of the planar pendulum
is taken to be the Lie group product (SO(2))2. Use the results in the prior
problem for the following.

(a) What are the Euler–Lagrange equations for the double planar pendulum

on the tangent bundle T (SO(2))2?
(b) What are Hamilton’s equations for the double planar pendulum on the

cotangent bundle T∗ (SO(2))2?
(c) What are the conserved quantities of the dynamical flow on T (SO(2))2?

(d) What are the equilibrium solutions of the dynamical flow on T (SO(2))2?

6.6. Consider the rigid body planar pendulum considered in subsection 6.6.4.
The configuration manifold is M = {R ∈ SO(3) : Ra = a}.
(a) Show that the configuration manifold M , which is a submanifold of the

Lie group SO(3), is a one-dimensional matrix Lie group.
(b) Show that the configuration manifold M is diffeomorphic to SO(2).

6.7. Consider the free rotational motion of a symmetric rigid body in R
3.

Assume the moment of inertia in the body-fixed frame is J = JsI3×3, where
Js > 0 is a scalar.

(a) What are the Euler equations for the free rotational motion of a symmetric
rigid body?

(b) Given initial conditions ω(t0) = ω0 ∈ R
3, R(t0) = R0 ∈ SO(3), determine

analytical expressions for the angular velocity and for the rigid body
attitude, the latter described using exponential matrices.

6.8. Consider the free rotational motion of an asymmetric rigid body in R
3.

Assume the body-fixed frame is selected so that the moment of inertia is
J = diag(J1, J2, J3), where Ji > 0, i = 1, 2, 3, are distinct.



6.7 Problems 307

(a) What are the Euler equations for the free rotational motion of an asym-
metric rigid body?

(b) What are the equilibrium solutions for the dynamical flow defined by the
Euler equations? These equilibrium solutions of the Euler equations can
be viewed as relative equilibrium solutions for the complete rotational
dynamics of the asymmetric rigid body.

(c) For each equilibrium solution of the Euler equations, describe the time
dependence of the resulting rigid body attitude in SO(3).

6.9. Consider the free rotational motion of a rigid body, with an axis of
symmetry, in R

3. Assume the body-fixed frame is selected so that the moment
of inertia is J = diag(J1, J1, J2), where Ji > 0, i = 1, 2, are distinct.

(a) What are the Euler equations for the free rotational motion of a rigid
body with an axis of symmetry?

(b) What are the equilibrium solutions for dynamical flow defined by the
Euler equations? These equilibrium solutions of the Euler equations can
be viewed as relative equilibrium solutions for the complete rotational
dynamics of the rigid body with an axis of symmetry.

(c) For each equilibrium solution of the Euler equations, describe the time
dependence of the resulting rigid body attitude in SO(3).

6.10. Consider the rotational motion of a rigid body in R
3. Let b ∈ B ⊂ R

3

denote the location of a material point in the body, expressed in the body-
fixed frame.

(a) Assume an external force F ∈ R
3, expressed in the inertial frame, acts

on the rigid body at the single point in the rigid body denoted by b ∈ B.
Show that the component of the force RTF ∈ R

3 in the direction b ∈ B
does not influence the rotational dynamics of the rigid body.

(b) What are the Euler equations for the rotational motion of a rigid body,
expressed in terms of the external force acting on the rigid body in the
inertial frame?

(c) Assume an external force F ∈ R
3, expressed in the body-fixed frame, acts

on the rigid body at the single point in the rigid body denoted by b ∈ B.
Show that the component of the force F ∈ R

3 in the direction b ∈ B does
not influence the rotational dynamics of the rigid body.

(d) What are the Euler equations for the rotational motion of a rigid body,
expressed in terms of the external force acting on the rigid body in the
body-fixed frame?

6.11. Consider the dynamics of a rigid body, consisting of material points
denoted by B in a body-fixed frame, under the influence of a gravitational
field. The configuration R ∈ SO(3) denotes the attitude of the rigid body.
Assume the origin of the body-fixed frame is located at the center of mass of
the rigid body. A gravitational force acts on each material point in the rigid
body. The net moment of all of the gravity forces is obtained by integrating
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the gravity moment for each mass increment of the body over the whole
body. The gravitational field, expressed in the inertial frame, is given by
G : R

3 → TR3. The incremental gravitational moment vector on a mass
increment dm(ρ) of the rigid body, located at ρ ∈ B in the body-fixed frame,
is given in the inertial frame by Rρ × dm(ρ)G(Rρ) or, equivalently in the
body-fixed frame, by ρ× dm(ρ)RTG(Rρ). Thus, the net gravity moment, in
the body-fixed frame, is

∫
B ρ×RTG(Rρ) dm(ρ).

(a) What are the Euler equations for the rotational dynamics of the rigid
body in the gravitational field?

(b) What are Hamilton’s equations for the rotational dynamics of the rigid
body in the gravitational field?

(c) What are the conditions for an equilibrium solution of a rotating rigid
body in the gravitational field?

(d) Suppose the gravitational field G(x) = −ge3 is constant. What are the
simplified Euler equations for the rotational dynamics of the rigid body?
What are the conditions for an equilibrium solution of a rotating rigid
body in a constant gravitational field?

6.12. Consider the dynamics of a charged rigid body, consisting of material
points denoted by B in a body-fixed frame, under the influence of an electric
field and a magnetic field. The configuration R ∈ SO(3) denotes the attitude
of the rigid body. Assume the origin of the body-fixed frame is located at
the center of mass of the rigid body. An electric force and a magnetic force
act on each material point in the rigid body. The net moment of all of the
electric and magnetic forces is obtained by integrating the incremental elec-
tric and magnetic moments for each volume increment of the body over the
whole body. The electric field, expressed in the inertial frame, is given by
E : R3 → TR3; the magnetic field, expressed in the inertial frame, is given
by B : R3 → TR3 The incremental electric and magnetic moment vector
on a volume increment with charge dQ, located at ρ ∈ B in the body-fixed
frame, is given in the inertial frame by Rρ × dQ(E(Rρ) + Ṙρ × B(Rρ)) or,
equivalently in the body-fixed frame, by ρ × dQRT (E(Rρ) + Ṙρ × B(Rρ)).
Thus, the total electric and magnetic moment, in the body-fixed frame, is∫
B ρ×RT (E(Rρ) + Ṙρ×B(Rρ)) dQ.

(a) What are the Euler equations for the rotational dynamics of the rigid
body in the electric field and the magnetic field?

(b) What are Hamilton’s equations for the rotational dynamics of the rigid
body in the electric field and the magnetic field?

(c) What are the conditions for an equilibrium solution of a rotating rigid
body in the electric and the magnetic field?

(d) Suppose the electric field E(x) = −Ee3 and the magnetic field B(x) =
Be2 are constant, where E and B are scalar constants. What are the
simplified Euler equations for the rotational dynamics of the rigid body?
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What are the conditions for an equilibrium solution of a rotating rigid
body in this constant electric and magnetic field?

6.13. Consider the rotational motion of a rigid body in R
3 acted on by a

force F ∈ R
3. The Euler equations are

Jω̇ + ω × Jω = r × F.

In the body-fixed frame, r =
∑3

i=1 aiei is a constant vector and F =∑3
i=1 fiR

T ei is the force. These are expressed in terms of scalar constants
ai, fi, i = 1, 2, 3.

(a) Show that the moment vector is constant in the inertial frame.
(b) What are conditions on the constants ai, fi, i = 1, 2, 3 that guarantee

that the Euler equations have an equilibrium solution?
(c) What are conditions on the constants ai, fi, i = 1, 2, 3 that guarantee

that the rigid body dynamical flow on TSO(3) has an equilibrium solution
(R,ω) = (I3×3, 0) ∈ TSO(3)? Are there other equilibrium solutions in this
case? What are they?

6.14. Consider the rotational motion of a rigid body in R
3 acted on by a

moment vector that is constant in the body-fixed frame. The Euler equations
are

Jω̇ + ω × Jω = M,

where M =
∑3

i=1 aiei is the constant moment vector for scalar constants
ai, i = 1, 2, 3.

(a) Confirm that the moment vector is constant in the body-fixed frame.
(b) Assume the rigid body is asymmetric so that the moment of inertia matrix

J = diag(J1, J2, J3) with distinct entries. Obtain algebraic equations that
characterize when the Euler equations have relative equilibrium solutions;
that is, the angular velocity vector is constant.

6.15. Consider two concentric rigid spherical shells with common inertially
fixed centers. The shells, viewed as rigid bodies, are free to rotate subject to
a potential that depends only on the relative attitude of the two spherical
shells. The configuration manifold is (SO(3))2 and the modified Lagrangian
function L̃ : T(SO(3))2 → R

1 is given by

L̃(R1, R1, ω1, ω2) =
1

2
ωT
1 J1ω1 +

1

2
ωT
2 J2ω2 −Ktrace(RT

1 R2 − I3×3),

where (Ri, ωi), i = 1, 2, denote the attitudes and angular velocity vectors
of the two spherical shells and J1, J2 are 3 × 3 inertia matrices of the two
spherical shells and K is an elastic constant.



310 6 Lagrangian and Hamiltonian Dynamics on SO(3)

(a) What are the Euler–Lagrange equations for the two concentric shells on

the tangent bundle T (SO(3))2?
(b) What are Hamilton’s equations for the two concentric shells on the cotan-

gent bundle T∗ (SO(3))2?
(c) What are the conserved quantities of the dynamical flow on T (SO(3))2?

(d) What are the equilibrium solutions of the dynamical flow on T (SO(3))2?
(e) Determine the linearization that approximates the dynamical flow in a

neighborhood of a selected equilibrium solution.

6.16. It can be shown that the problem of finding the geodesic curves on the
Lie group SO(3) is equivalent to the problem of finding smooth curves on

SO(3) that minimize
∫ 1

0
‖ω‖2 dt and connect two fixed points in SO(3).

(a) Using curves described on the interval [0, 1] by t → R(t) ∈ SO(3), show

that geodesic curves satisfy the variational property δ
∫ 1

0
‖ω‖2 dt = 0 for

all smooth curves t → R(t) ∈ SO(3) that satisfy the boundary conditions
R(0) = R0 ∈ SO(3), R(1) = R1 ∈ SO(3).

(b) What are the Euler–Lagrange equations and Hamilton’s equations that
geodesic curves on SO(3) must satisfy?

(c) Use the equations and boundary conditions for the geodesic curves to
describe the geodesic curves on SO(3).

6.17. Consider the problem of finding the geodesic curves on the Lie group

SO(3) that minimize
∫ 1

0
ωTJω dt and connect two fixed points in SO(3). Here

J is a symmetric, positive-definite 3× 3 matrix that is not a scalar multiple
of the identity I3×3.

(a) Using curves described on the interval [0, 1] by t → R(t) ∈ SO(3), show

that geodesic curves satisfy the variational property δ
∫ 1

0
ωTJω dt = 0 for

all smooth curves t → R(t) ∈ SO(3) that satisfy the boundary conditions
R(0) = R0 ∈ SO(3), R(1) = R1 ∈ SO(3).

(b) What are the Euler–Lagrange equations and Hamilton’s equations that
such geodesic curves on SO(3) must satisfy?

(c) Describe the impediments in obtaining an analytical expression for such
geodesics on SO(3).

6.18. Consider n rotating rigid bodies that are coupled through the potential
energy; the configuration manifold is (SO(3))n. With respect to a common
inertial Euclidean frame, the attitudes of the rigid bodies are given by Ri ∈
SO(3), i = 1, . . . , n, and we use the notation R = (R1, . . . , Rn) ∈ (SO(3))n;
similarly, ω = (ω1, . . . , ωn) ∈ (R3)n. Suppose the kinetic energy of the rigid
bodies is a quadratic function in the angular velocities of the bodies, so that
the modified Lagrangian function L̃ : T(SO(3))n → R

1 is given by

L̃(R,ω) =
1

2

n∑
i=1

ωT
i Jiωi +

n∑
i=1

aTi ωi − U(R),
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where Ji are 3 × 3 symmetric and positive-definite matrices, i = 1, . . . , n,
ai ∈ R

3, i = 1, . . . , n, and U : (SO(3))n → R
1 is the potential energy that

characterizes the coupling of the rigid bodies.

(a) What are the Euler–Lagrange equations for this modified Lagrangian for
n coupled rigid bodies?

(b) What are Hamilton’s equations for the modified Hamiltonian associated
with this modified Lagrangian for n coupled rigid bodies?
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